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Abstract

In this paper, a class of third order singularly perturbed delay differential equation with large delay is considered for
numerical treatment. The considered equation has discontinuous convection-diffusion coefficient and source term. A
quintic trigonometric B-spline collocation technique is used for numerical simulation of the considered singularly
perturbed delay differential equation by dividing the domain into the uniform mesh. Further, uniform convergence of
the solution is discussed by using the concept of Hall error estimation and the method is found to be of first-order
convergent. The existence of the solution is also established. Computation work is carried out to validate the theoretical
results.
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1. Introduction

The frequent emerge of singular perturbed delay differential equations (SPDDE) in every field of
science and technology has triggered the researchers for numerical treatment of these equations.
These equations involve two sensitive parameters: perturbation (&) and retarded (or delay)(&)
parameter. The study of these differential equations is a stiff job for the researchers due to
startlingadapt of the solution at boundary as € — 0, and such variation in solution at the boundary
is well known as boundary layer. The other factor which provokes the mathematicians for
analysis of SPDDE is recurrent emerge of these equations in real life problems. Ample
mathematical models in science and technology result in SPDDE. Reader can refer (Stein, 1965;
Stein, 1967; Longtin and Milton, 1988; Nelson and Perelson, 2002; Rihan, 2013; Wilkie and
Hahnfeldt, 2013) for some of applications of SPDDE in biosciences.

The delay differential equations are also the result of mathematical models of the real-life
problems in various fields. One such model exists in study of the development of the bearing of
the population of a system of organisms. This system can be well explained by its mathematical
modeling with delay as the prominent insight of the dynamic conduct of the system. This time
delay appears in a polluted ecosystem, and is one of the important factors affecting the expansion
of the biological system. Therefore, delay differential equations are the result of mathematical
modeling explaining organic structure. The disparity and bifurcation in the system emerge due to
the time delay. One of the common bifurcations (the division of system into two parts) is hop
bifurcation which refers to the division of the system at a point where the firmness turns around
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and periodic solution arises as a particular variable changes its values. One such mathematical
model of the singular biological system is proposed by Zhang et al. (2016) by considering the
delay parameter into account.

The model is framed by considering t as the time delay of the transformation of immature
organisms into mature organisms, u(t) and v(t) taken as the densities of the immature and mature
organisms, E(t) as capture capability of mature creatures at time t, p; as a unit price, c is a unit
cost, and m is economic profit. p;v(t)E (t) represents the total revenue, and cE(t) denotes the
total cost. The delay model of the biological system given by:

u(t) = pv(t) — qu(t — 1) — dqu(t) — pu  (Hu(t)
v(t) = qu(t — 1) — dv(t) — Br(t) — E®)v(t) — dpou (v (1)
and U4 (t) = 0 — huy(t),0 = E(t)(p,v(t) — c) —m.

A range of numerical methods have been proposed in recent years for numerical treatment of
these differential equations. Some of the reported work can be cited from (Andargie and Reddy,
2013; Nicaise and Xenophontos, 2013; Swamy et al., 2015; Cimen, 2017). With the incitement
from the reported work, this paper is an extension of numerical simulation of SPDDE.

This paper is organized as follows. In the next section (Section 2) the considered SPDDE is stated
followed by the existence of the solution of the problem stated in Section 3. In Section 4, the
method applied is interpreted with convergence of the scheme explored in Section 5. Section 6,
involves the estimated solution for some numerical examples with conclusion in Section 7.

2. Problem Statement
The problem is to find solution yeC*(Q)NC?(Q)NC3(Q*) so that it satisfies the following
equation:

Ly(x) = —ey""(x) + a(x)y" (x) + b(x)y"'(x) + c()y(x) + d(x)y'(x = 1)
= f(x), xeQ)” (1)

with boundary conditions
y(x) = d(x),xe[-1,0], y'(2) =y 2

where € is very-very small positive number and a(x), f(x) are discontinuous functions as shown
below:

_ (ay(x),x€[0,1] _ (f1(x), xe[0,1]
a(x) = {a;(x),xe(l,Z] and £ (x) = {f;(x),xe(l,Z]

with the conditions a,(1-) #a,(1+), A -)#fL,(1+), a(x)>a;(x)>a+2>3,
b(x) 2y =0,¥0 < c(x) <y <0, <d(x) <0such that 2a+4y,+5n,>0 (Subburayan and
Mahendran, 2018).

1472



International Journal of Mathematical, Engineering and Management Sciences u@m
Vol. 4, No. 6, 1471-1482, 2019
https://dx.doi.org/10.33889/IIMEMS.2019.4.6-116

Here, the functions a(x) and f (x) are sufficiently smooth and bounded on Q*, b(x), c(x) and d(x)
are sufficiently smooth functions on Q, where Q* = Q*UQ~, 0~ = (0,1),Q% = (1,2) and Q =
(0,2).

Now, to handle the delay parameter Taylor’s series up to second order accuracy is used as
Yy =1 =y'(x)—y"x).
By using Taylor’s series expansion in equation (1), we get the equation in form:

P(x)y"" (x) + Q()y" (x) + R(x)y' (x) + S(x)y(x) = f(x) ©)
where P(x) = —¢, Q(x) = a(x) —d(x), R(x) = b(x)+d(x) and S(x) = c(x).

3. Existence of Solution
Theorem: The equation (1)-(2) has solution y = (y;,y,) where y;eC°(Q)NC*(QU{2}) and
y,eCO(Q)NCT(Q)NC?(QY).

Proof: Proof of this theorem is by construction.

Lety, = (Y4, yYig) and Yg = (Yra, Yrpg) be the particular solution of the following problems:

Via(x) —yp(x) = 0,xeQ”
—eyrp(x) + a(x)y[p(x) + b()y[p(x) + c(X)yLa(x) + d(xX)y a(x — 1) = f(x), xeQ™
Via(x) = ¢(x),y5 = ¢’ (x), xe[-1,0]

and

{ Yra(X) — yrp(x) = 0,xeQ*
—eypp () + a(x)ypp (x) + b(X)ygp (x) + c(X)Yra(x) + d(X)ypa(x — 1) = f(x), xeQt’

Now we consider the function ¥ = (y4,y,) as:

Via(x) + AD14(x), xeQ™
Yra(X) + D24 () [y2(2) — Yra(2)] + BB34(x), xeQ*

.VLB(x) + A®1B(X),X6.Q_
Yre (%) + 025 () [¥2(2) — yrp(2)] + BD35(x), xeQ

yi(x) = {

y2(x) = {

where the functions @; = (@14, @15), 05 = (D24, P,5) and @3 = (B34, P35) satisfies the
following boundary value problems respectively:

18(%) + a()B1p(x) + b(x)P15(x) + c(X)P14(x) + d(x)P14(x — 1) = f(x), xeQ

{ P14(x) — B15(x) = 0,xeQU{2}
—£0
B14(x) =0 forxe[—1,0],0,5(x) = 0 forxe[—1,0] and B,5(2) =1
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054(x) — B25(x) = 0,xeQU{2}
—&e@3p(x) + a(x)P3p(x) + b(x)P3p(x) + c(X)P24(x) + d(X)P5,4(x — 1) = f(x), xeQ
Do4(x) =0 forxe[—1,0],0,5(x) = 0 forxe[—1,0] and@,5(2) =1

P34(x) — B3p(x) = 0,xeQU{2}
—&e@3p(x) + a(x)P3p(x) + b(x)P3p(x) + c(X)P34(x) + d(x)P3,(x — 1) = f(x), xeQ
B34(x) =0 forxe[—1,0],D35(x) = 0 forxe[—1,0] and@;5(2) = 0.

It is apparent that y satisfy (1)-(2) and the constants A and B can be obtained by procedure given
by Subburayan and Mahendran (2018) to show existence of the solution.

4. Quintic Trigonometric B-Spline Collocation Method
The first order trigonometric function is given by

1,forx; <x <xi4q

Tsl'i(x) - {O, otherwise

and the Tt" ordered trigonometric i function is given by

X = X; [ Xjpr — X
TS5(x) = sin () Be-1,(0) + sin (1 5—) Br_y 141 (%)

T‘r—l,y(x)
Xy+r+1—xy)

where B;_;,,(x) = Sin( 5
0,%, =Xy47-1

Xy < Xyypoq fory =iory =i+ 1.

The quintic trigonometric b-spline collocation method is used for the numerical simulation of the
considered SPDDE. The domain 0< x < 2 is partitioned into a uniform mesh with each sub
intervals of length 1/N with resultant partition {0=x, < x; < x, < -+ ....< xy = 2} where N is
the total number of partition points and {75 _,(x), Ts5 1 (x), ..., Ts n+2(x)} form the basis for
function defined over the interval [x,, x,]. The approximated solution is considered as:

y(x) = L% a;Ts (%) (4)

where Ts;(x)’s are the trigonometric B-spline basis function of fifth order as described by
Zakaria et al. (2017) and «a;’s are unknown coefficients to be determined . At the nodal points
x;, the function y(x) and its derivatives are defined as:

() = kiaip + kpai g thsaitkoai itk gy, ¥ () = kaaip + ks theaip itk
y'(x) =kgai_ o+ koaiiy  + kot koaipr  + kgai, 0 V'(x) =kyai,+
kiptti 1 +ki3atip1tkiatiyy

where the constants k;for quintic Trigonometric B-spline are as follows:

sin(h/4)* _ 5+8cosh
sinh sin(%) sin(Zh)sin(sz—h) 727 4cosh cos(%)(l+2€osh)(1+Zcosh+26052h)’

k]_:
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Kw = 6+6 coshsechsec(h/2)? _ —5sin(h/2)? __ —5(1+4cosh)cosec(h/2)sec(h)
3 4+8cosh+8coszh ' * 7 4sin(3h/2)sin(2h)sin(5h/2) ' > ~ 8(1+2cosh)(1+2cosh+2coszh)’
k. = 5(1+4cosh)cosec(h/2)sec(h) _ 5sin(h/2)?
6 ™ g(1+2cosh)(1+2cosh+2cos2h)’ 7  4sin(3h/2)sin(2h)sin(5h/2)’
ko = 5(3+5cosh)
8~ 16cosh(1+2cosh)(1+2cosh+2cos2h)sin(h)?’
ko = 5(3+5cosh) - 5(2+5cosh+2cos2h)
9 ™ 32cosh cos(h/2)(1+2cosh)(1+2cosh+2cos2h)sin(h/2)? "’ 10 = 8cosh(1+2cosh+2cos2h)sin(h)? '
- —5(—1+25cosh)
11 7 128 cosh cos(h/2)(1+2cosh)(1+2cosh+2cos2h)sin(h/2)3’
ki, = —5(1-27cosh+2cos2h)
12 64cosh(1+2cosh)(1+2cosh+2cos2h)sin(h/2)3’
koa = 5(1—27cosh+2cos2h)
13 = 64cosh(14+2cosh)(1+2cosh+2cos2h)sin(h/2)3 "’
_ 5(—1+4+25cosh)
k14

" 128 coshcos(h/2)(1+2cosh)(1+2cosh+2cos2h)sin(h/2)3’

Now, to apply the collocation technique collocation points are selected in such a way that they
concur with the nodal points. By substituting the values of y;, y; y;"” andy;"" at the nodal points in
equation (3) we get a system of N+1 linear equations in N+5 unspecified variables as:

Wilai_, + Wolai_q + Walay + Wy'lay + Wiy =fi, 0<i<N (5)

where Wyt = k1 P(x) + kgQ(x) + kyR(x) + kyS(x),
Wzi = k2P (x) + koQ(x) + ksR(x) + k,S(x), W3i = k10Q(x) + k35(x)
Wt = kyzP(x) + koQ(x) + kgR(x) + kyS(x), Ws' = ko P(x) + kgQ(x) + k,R(x) + k S(x).

To calculate the four unknown variables a_;, a_,, ay,1 and ay.,», one can use the two given
boundary conditions and two assumed conditions as following:

() yo =@ (ii) y'(2) =y and (iii) y"(0) = 0, (iv) y"(2) = 0.

By solving the system of equations y, = @ and y"'(0) = 0, we obtained values of a_, and a_;
as:

Rkg—Lky _

_ Lk,—Rko
kgky—kikg 2

2 = Tk Ai(say)and a_, =

where, L=—k g — koat; — kga, and R=0 — ksay — k,ay — ki,

Similarly, by solving the system of equations y'(2) = y and y"'(2) = 0, we obtained values of
An+2 aNd ay 41 8S:

_ Lik;—Rq kg

a — _ Rikg—Like_
N+ ™ koky—kgks

=A; and Ant2 = m— Ay
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Where, le_kgaN_z - kgaN_l - kloaN and Rlzy - k4_aN_2 - k5aN_1.

Substituting these values in equation (5) for i=0, 1, N-1 and i=N, we get following equations:

aoWs® + ay W, ° + a, Wi = f — AW, ° — A4,W,°

CZOW21 + a1W31 + a2W41 + 0(3W51 = f1 - Alel

and

= fn-1

an— Wi + ay W + agWsN = fy — AsW,N — A WEN

_ A3W5N—1

i)

(6)
()
(8)

©)

Now, by considering above equations (6) to (9) and other equations from equation (5) for i=2, 3
... N-2, a system of order N+1 is obtained with N+1 variables as A a =B where a =

Qg ,qq, Az, een oo

NARRTA
W, W,
W2 W,
0
0
0

with coefficient matrix B=
[f (Xo) - A1W10 - AZWZO’ f (Xl) - A2W11’ f (Xz), ey f (XN—Z)’ f (XN—l) - %WSN_li f (XN) - A3W4N - A4W5N ]t .

5. Anatomy of Convergence

W51

W2 o W

W, W
W N -2 W N -2

1 2

N-1
Wl

..., ay. Ais a penta-diagonal matrix given by

W,
W l;l—2
3
W N-1
2
WlN

0
0
A
Ew4N -2 W5N -2
W3N -1 W4N -1
W2N W3N

This section is preserved for the exploration of the convergence of the quantic trigonometric B-
spline collocation technique. We have assumed C as a hon-specific positive constant independent
of §,e and N, which may capture different values at different points and h=1/N and N=2" to
ensure at least one point in boundary layer.

Lemma 5.1 (Kumar and Kadalbajoo, 2012) If the functions a(x), b(x), c(x), d(x) and f(x) are

sufficiently smooth and are independent of &, then the solution y of (1) —(2) satisfies

e <c(1+ g—ke—“—f),k =0,1,2..
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For proof of this lemma, one can follow procedure similar to as given in Kellogg and Tsan
(1978).

Lemma 5.2 Hall error estimation: If f(x) € C2[0,1] and y(x) € C*[0,1], then |D/(y — Y)|| <
Ailly*Iln*~7,j = 0,1,2, ... where A; are the constants (Hall, 1968).

Lemma 5.3 If A is diagonally dominant by rows and a = min;(|a;;| — X:zj|a;;|). Then
lA™ | < 1/a (Varah, 1975).

Theorem 5.1 Let S(x) be the approximation obtained by collocation method to the solution y(x)
of boundary value problem (1)-(2). If feC?2[0,1], then the error estimate is given by
sup, max;|y(x;) — S(x;)] < CN~1In3N, where 0 < i < N and O<e < 1.

Proof: Consider Y(x) be the unique spline interpolate to the solution y(x) of SPDDE given in (1)-
(2) given by (4) and the estimated error is given by |y(x) — S(x)|.

Now by using Hall error estimation as defined in Lemma 5.2 we get the following estimation:
|LyCx;) = LY (xp)| = |=elly™ (x) = Y (x| + la(x) — A ly" () = Y (x|

+1b(x) + Ay (xp) = Y (x)| + eIy (x) — Y (x)|
< (ceAzh + (la@)l + 1B IDAR? + (DO + 1A IDAL R + eI AehH) Ly *].

Using Lemma 5.1, we get

ILy(x) — LY (x)| < (ceAzh + (llaG)ll + 1b(x)[DAh* + (Ib()| + |d(x) DA, R
+llc()IAgh?) C(1 + e~ Fe~*/¢) (10)

where e71 < CInN. Thus, |Ly(x;) — LY (x;)| < CN~1In3N.

Therefore, we have |Ly(x;) — LY (x;)| = |f(x;) — LY (x;)| < CN~1In3N (11)

Now consider the boundary value problem as LY(x) = f(x;) with conditions Y (x,) =

$(0),Y(xy) =y.

Aa=B is a linear system of equations obtained from the above problem, which follows that

Al@—a) =B—B ) ) ) (12)
where B — B = [f(x) — f(xo), f(x1) = f(x1), .., f (xy) — f(xp)]*
By using (11), ||B — B|| < CN~1In3N (13)

The matrix A is strictly diagonal dominant for sufficiently small values of h and
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F(xg), for first row
|ai_i| - (|al~li_1| + |aili+1|): L(xy), for last row
M (x;), otherwise

where  F(xo) = — (ki3 + k14)P(x0) + (k1o — kg — kg)Q(xo) — (kg + k7)R(xo) + (k3 — ky —
k1)S(xo),

L(xy) = —(kqq + k12)P(xy) + (k1o — kg — kg)Q(xy) + (ks — ky)R(xy) + (kg — kz —
k1)S(xn),

and M(x;) = —eA’ + (a(x;) — d(x))A" — (b(x) + d(xi))A’” +c(x)A"",
Where A, = kll + klO + k13 + k14,A” = klO - 2k8 - Zkg,A,” = k4 + k5 + k6 + k7,A”” =

ks — 2ky — 2k,.

It is apparent, that A is strictly diagonally dominant. So, by using above and Lemma 5.3, it is
concluded that

A7t <C (14)
Now combining (12), (13), and (14), |a — @| < CN~1In3N,0 <i < N.

Similarly, estimating |a; — &,| from the boundary and assumed conditions as defined in Section
4, we get,

max|a; — @| < CN“Yn3N, for—2<i<N+2 (15)
Now by using Lemma 5.1 and (15) to estimate|S(x) — Y (x)| = X3 (a; — @) Ts,i(x), we get
|S(x) — Y (x)| < CN~1In3N, which leads to result of theorem with triangleinequality.

sup () max(i) |y(x;) — S(x;)] < CN~1In3N, where 0 < i < N and 0<e < 1.

Hence the theorem is proved.

6. Numerical Examples

To validate the proposed scheme two examples are considered for the numerical simulation. As

the exact solution of the equation is not known hence the double mesh principle is used to
calculate the maximum absolute error and DN=max|y’ — y2¥| where 1 <i < N.

Example 1: —ey""(x) + a(x)y" (x) + b(x)y'(x) + c(x)y(x)d(x)1/2y'(x — 1) = 0,
y(x) =1+ x,xe[—1,0],y'(2) =2
where a; = 16,a, = 10,b(x) =0,c(x) = -1,d(x) =-1,f; =1,f, = —1.
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i)

The maximum absolute error obtained for example 1 at different domain partitions is presented in
Table 1 and Figure 1 depicts the solution of Example 1 for N=128.

Table 1. Maximum absolute error of Example 1

Epsilon N=16 N=32 N=64 N=128 N=256 N=512 N=1024
e=2"° 129E+00 | 1.08E+00 | 1.41E-01 6.13E-03 2.69E-04 2.46E-02 1.93E-01
e=2"7 1.10E+00 | 1.04E+00 | 1.18E-01 2.00E-03 1.38E-06 8.69E-09 7.16E-08
=28 1.00E+00 | 1.01E+00 | 1.04E-01 7.20E-04 8.63E-07 1.29E-11 7.84E-18
e=2"° 9.52E-01 9.98E-01 9.69E-02 5.81E-04 1.41E-07 1.22E-13 2.29E-23
g=2710 9.26E-01 9.90E-01 9.31E-02 6.46E-04 1.24E-07 4.94E-15 1.81E-27
g=2"11 9.13E-01 9.86E-01 9.12E-02 6.71E-04 1.19E-07 1.95E-15 1.05E-30
g=2"12 9.06E-01 9.84E-01 9.03E-02 6.82E-04 1.15E-07 1.10E-15 1.16E-30
e=2"13 9.03E-01 9.83E-01 8.98E-02 6.87E-04 1.12E-07 7.29E-16 2.74E-31
g=2"1* 9.01E-01 9.83E-01 8.96E-02 6.89E-04 1.11E-07 5.61E-16 1.82E-31
g=2715 9.00E-01 9.83E-01 8.94E-02 6.90E-04 1.10E-07 4.82E-16 1.38E-31
g=2"16 9.00E-01 9.83E-01 8.94E-02 6.91E-04 1.10E-07 4.44E-16 1.17E-31
e=271 9.00E-01 9.82E-01 8.93E-02 6.91E-04 1.10E-07 4.25E-16 1.07E-31
g=2718 9.00E-01 9.82E-01 8.93E-02 6.91E-04 1.09E-07 4.15E-16 1.02E-31
e=2"1 9.00E-01 9.82E-01 8.93E-02 6.91E-04 1.09E-07 4.11E-16 9.97E-32
g=2"20 9.00E-01 9.82E-01 8.93E-02 6.91E-04 1.09E-07 4.08E-16 9.85E-32
g=2"21 9.00E-01 9.82E-01 8.93E-02 6.91E-04 1.09E-07 4.07E-16 9.79E-32
g=2"22 9.00E-01 9.82E-01 8.93E-02 6.91E-04 1.09E-07 4.07E-16 9.76E-32
e=2"23 9.00E-01 9.82E-01 8.93E-02 6.91E-04 1.09E-07 4.06E-16 9.75E-32
50 : . : : . . . ; :
40 { a
30 =
20
10}
ok 2
o0k o
ook i
-30 L L L L L I L L L
0 0.2 0.4 06 0.8 1 12 14 16 18 2

Figure 1. Graph of solution of Example 1 for N=128 and epsilon=0.25
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Example 2: —&y""(x) + a(x)y" (x) + b(x)y'(x) + c(x)y(x)d(x)1/2y'(x —1) =0

y(x) =1+ x,xe[—1,0],y'(2) =2
where a; = 10 + exp(x?),a, = 10 + exp(—x),b(x) = 3,c(x) = -1,d(x) = -1,f1 = 1,f, =
—1.

Table 2, demonstrates the maximum absolute error obtained for example 2 at different values of
N. Figure 2 shows the solution of Example 2 for N=128.

Table 2. Maximum absolute error of Example 2

Epsilon N=16 N=32 N=64 N=128 N=256 N=512 N=1024
e=27°¢ 3.37E+00 7.46E-01 7.90E-02 6.84E-03 2.04E-04 1.67E-02 2.48E-01
e=27" 3.13E+00 5.87E-01 8.32E-02 2.23E-03 5.57E-06 5.61E-09 9.54E-06
e=2"8 3.01E+00 5.16E-01 8.74E-02 9.33E-04 7.23E-07 1.02E-11 4.45E-18
e=2"° 2.95E+00 4.83E-01 8.79E-02 4.20E-04 7.41E-08 1.49E-13 2.19E-23
g=2710 2.92E+00 4.67E-01 8.78E-02 2.06E-04 4.57E-08 1.67E-15 1.34E-27
g=2"1 2.91E+00 4.59E-01 8.77E-02 1.91E-04 6.42E-08 2.49E-15 1.68E-29
e=2712 2.90E+00 4.55E-01 8.76E-02 1.97E-04 7.28E-08 1.85E-15 3.69E-31
e=2"13 2.90E+00 4.53E-01 8.76E-02 1.98E-04 7.57E-08 1.42E-15 2.65E-31
e=2"1 2.90E+00 4.52E-01 8.75E-02 1.99E-04 7.69E-08 1.21E-15 2.34E-31
g=2715 2.89E+00 4.52E-01 8.75E-02 2.00E-04 7.74E-08 1.10E-15 1.96E-31
g=271¢ 2.89E+00 451E-01 8.75E-02 2.00E-04 7.76E-08 1.05E-15 1.74E-31
e=271 2.89E+00 451E-01 8.75E-02 2.00E-04 7.78E-08 1.02E-15 1.63E-31
g=2718 2.89E+00 451E-01 8.75E-02 2.00E-04 7.78E-08 1.01E-15 1.57E-31
e=2"1 2.89E+00 451E-01 8.75E-02 2.00E-04 7.78E-08 1.00E-15 1.54E-31
g=27%0 2.89E+00 451E-01 8.75E-02 2.00E-04 7.79E-08 1.00E-15 1.53E-31
e=2"21 2.89E+00 451E-01 8.75E-02 2.00E-04 7.79E-08 1.00E-15 1.52E-31
e=27% 2.89E+00 451E-01 8.75E-02 2.00E-04 7.79E-08 9.99E-16 1.52E-31
g=2728 2.89E+00 451E-01 8.75E-02 2.00E-04 7.79E-08 9.99E-16 1.52E-31
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Figure 2. Graph of solution of Example 2 for N=128 and epsilon=0.25

7. Conclusion

A class of third order SPDDE for ordinary delay differential equations with large delay is
considered with discontinuous convection-diffusion coefficient and source term. In section 3
existence of the solution of the problem is shown. With the uniform partition of the domain, the
solution is approximated by quintic trigonometric B-spline basis by collocation technique.
Discussion of convergence is carried out by the Hall theorem and the order of convergence of the
method presented in this paper is of the almost first order. It can be concluded from the numerical
results that maximum absolute error declines as N increases. Hence the presented scheme is
efficient to simulate the considered SPDDE and other related types of differential equations.

Conflict of Interest
The authors confirm that this article contents have no conflict of interest.

Acknowledgement
The authors would like to express their sincere thanks to the editor and referee for their valuable
suggestions towards the improvement of the paper.

References

Andargie, A., & Reddy, Y. N. (2013). Parameter fitted scheme for singularly perturbed delay differential
equations. International Journal of Applied Science and Engineering, 11(4), 361-373.

Cimen, E. (2017). A priori estimates for solution of singularly perturbed boundary value problem with
delay in convection term. Journal of Mathematical Analysis, 8(1), 202-211.

Hall, C.A. (1968). On error bounds for spline interpolation. Journal of Approximation Theory, 1(2), 209-
218.

Kellogg, R.B., & Tsan, A. (1978). Analysis of some difference approximations for a singular perturbation
problem without turning points. Mathematics of Computation, 32(144), 1025-1039.

1481



International Journal of Mathematical, Engineering and Management Sciences u@m
Vol. 4, No. 6, 1471-1482, 2019
https://dx.doi.org/10.33889/IIMEMS.2019.4.6-116

Kumar, D., & Kadalbajoo, M.K. (2012). Numerical treatment of singularly perturbed delay differential
equations using B-Spline collocation method on Shishkin mesh. Journal of Numerical Analysis,
Industrial and Applied Mathematics, 7(3-4), 73-90.

Longtin, A., & Milton, J.G. (1988). Complex oscillations in the human pupil light reflex with “mixed” and
delayed feedback. Mathematical Biosciences, 90(1-2), 183-199.

Nelson, P.W., & Perelson, A.S. (2002). Mathematical analysis of delay differential equation models of
HIV-1 infection. Mathematical Biosciences, 179(1), 73-94.

Nicaise, S., & Xenophontos, C. (2013). Robust approximation of singularly perturbed delay differential
equations by the hp finite element method. Computational Methods in Applied Mathematics, 13(1), 21-
37.

Rihan, F.A. (2013). Delay differential equations in biosciences: parameter estimation and sensitivity
analysis. In Recent Advances in Applied Mathematics and Computational Methods: Proceedings of the
2013 International Conference on Applied Mathematics and Computational Methods (Venice, Italy
September 2013) (pp. 50-58).

Stein, R.B. (1965). A theoretical analysis of neuronal variability. Biophysical Journal, 5(2), 173-194.
Stein, R.B. (1967). Some models of neuronal variability. Biophysical Journal, 7(1), 37-68.

Subburayan, V., & Mahendran, R. (2018). An e-uniform numerical method for third order singularly
perturbed delay differential equations with discontinuous convection coefficient and source term.
Applied Mathematics and Computation, 331, 404-415.

Swamy, D.K., Phaneendra, K., Babu, A.B., & Reddy, Y.N. (2015). Computational method for singularly
perturbed delay differential equations with twin layers or oscillatory behaviour. Ain Shams
Engineering Journal, 6(1), 391-398.

Varah, J.M. (1975). A lower bound for the smallest singular value of a matrix. Linear Algebra and its
Applications, 11(1), 3-5.

Wilkie, K P., & Hahnfeldt, P. (2013). Mathematical models of immune-induced cancer dormancy and the
emergence of immune evasion. Interface Focus, 3(4), 20130010.

Zakaria, N.F., Hassan, N.A., Hamid, N.N.A., Majid, A.A., & Ismail, A.l.LM. (2017, April). Solving
boussinesq equation using quintic B-spline and quintic trigonometric B-spline interpolation methods.
In AIP Conference Proceedings 1830(1), p. 020041. AIP Publishing.

Zhang, Y., Jie, Y., & Meng, X. (2016). The modelling and control of a singular biological economic system
in a polluted environment. Discrete Dynamics in Nature and Society, 2016, Article ID 3925386, 7

pages.
@ @ Original content of this work is copyright © International Journal of Mathematical, Engineering and Management Sciences. Uses under the
Creative Commons Attribution 4.0 International (CC BY 4.0) license at https://creativecommons.org/licenses/by/4.0/

1482



