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Abstract

Self-similar solutions of the system of non-linear partial differential equations are obtained using the Lie group of
invariance technique. The system of equations governs the one dimensional and unsteady motion for the isothermal
flow of an ideal gas. The medium has been taken the uniform. From the expressions of infinitesimal generators
involving arbitrary constants, different cases arise as per the choice of the arbitrary constants. In this paper, the case of
a collapse of an implosion of a cylindrical shock wave is shown in detail along with the comparison between the
similarity exponent obtained by Guderley's method and by Crammer's rule. Also, the effects of the adiabatic index and
the ambient density exponent on the flow variables are illustrated through the figures. The flow variables are computed
behind the leading shock and are shown graphically.
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1. Introduction

Study of shock waves propagation is always a topic of great interest for researchers. Because this
phenomenon is well- marked in the disassembled nature of the absorption of energy. Shock
waves form when the velocity of the object becomes higher than the velocity of sound. The
equations of gas dynamics govern the continuous flow behind the shock, which is solved subject
to the Rankine-Hugoniot conditions. These equations are present in the form of non-linear partial
differential equations. There are many forms of self-similar solutions describing the implosions.
A theoretical study on the imploding shock wave was first performed by Guderley (1942). His
work was based on an analytical study. After a decade, Perry and Kantrowitz (1951) followed his
work by producing shocks experimentally. Van Dyke and Guttman (1982), and Hafner (1988),
used another approach to study the imploding shock waves in a perfect gas. Many research
groups have worked afterward on the topic to better understand the dynamics of shock waves.
Among the recent research on the topic, we wish to mention the work of Hydon (2000), Singh et
al. (2010), and Nath and Singh (2017).

The Lie group method of invariance is widely used to compute the invariant solutions for the
problem of gas dynamics involving shock phenomena. This method helps us to simplify the
complicated problem involving any physical phenomena into the solvable mathematical system
of equations. The basic idea of Lie group method for solving the physical problem, which has
been formulated in the form of mathematical equations, can be found in the work presented by
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Logan (1987), Bluman and Kumei (1989), Sharma and Radha (1995), Hydon (2000), Arora and
Chauhan (2019) used this method in their work to obtain the exact similarity solutions of KDV-
Burgers equations. In 2013, Arora et al. (2013) used the Lie group method to obtain the high
accuracy results for the implosion problem in a non-ideal relaxing gas. Arora and Sharma (2016)
studied the propagation of cylindrical shock waves in magnetogasdynamics with a radiation
effect. A particular solution is obtained by them for the problem in an ideal gas.

Generally, it is very difficult to obtain the solution of the system hyperbolic PDEs. Therefore, we
seek similarity solutions subject to the shock conditions along which the system of PDEs is
transformed into the system of ODEs. For determining the similarity solutions, there are two
methods to obtain the value of similarity exponent. For the first method, similarity exponent is
obtained by either conservation laws or by dimensional considerations and in the second method;
the similarity exponent is determined by integrating the reduced ODEs (Zeldovich and Raizer,
1965). In the present work, we have used the second method to obtain the values of similarity
exponent.

When effects of radiation are already present implicitly, then the assumption for the isothermal
flow becomes physically realistic. As the shock propagates, the temperature (behind the shock)
starts increasing and becomes very high. Due to this, the temperature gradient approaches to zero.
Hence, the flow becomes isothermal. Vishwakarma and Nath (2007) have determined the
similarity solution of shock wave in a non-ideal gas for the isothermal flow where density varies
exponentially. Recently, Chauhan and Arora (2019) studied the strong shock problem in a dusty
gas for isothermal thermal flow with an added magnetic field. They have also shown the
comparison between isothermal and adiabatic flows. The shock wave propagation influenced by
the magnetic field is very interesting, especially in the coronal heating problem. This problem is
related to the temperature of the sun as its corona has a much higher temperature than that of its
surface. Therefore, the effect of the magnetic field on a characteristic wave or shock wave is
important to know the physics of the phenomena as well. In the past few years, many researchers
have worked on the topic to better understand the physics of the involved physical phenomena
(Singh and Vishwarkarma, 1983; Singh et al., 2010; Chauhan et al., 2019).

In this paper, we have applied Lie group method to find the self-similar solutions of the equations
which govern the one-dimensional unsteady cylindrically symmetric motion for the isothermal
flow of an ideal gas, with the effect of the axial magnetic field, and obtained infinitesimal
generators. The main advantage of this method is to reduce the number of independent variables
by one. The values of the similarity exponent are obtained for two different values of the
adiabatic index. The patterns of flow variables just behind the shock are obtained by performing
numerical computations using the software Mathematica. The rest of the paper is summarized as
follows: Section 1 contains a brief introduction to the topic and historical background of earlier
studies. Section 2 presents the fundamental equations of motions governing the conservation
laws. Rankine-Hugoniot (RH) jump conditions are also presented in this section. In Section 3, the
Lie group of invariance technique is used to obtain the infinitesimal group of generators of the
given system of equations. With the help of infinitesimals, the given system of partial differential
equations (PDESs) is reduced into the system of ordinary differential equations (ODES). In Section
4, a detailed study is shown about the collapse of an imploding shock in the neighborhood of the
implosion. Section 5 presents the results and discussion about the study. In the disturbed region,
the effects of the ambient density exponent and the adiabatic index on the flow parameters are
also discussed in this section. Section 6 is the conclusion.
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2. Equations of Motions and Boundary Conditions

The basic equations of motion, which describe the one-dimensional unsteady and cylindrically
symmetric motion for isothermal flow of a perfectly conducting gas, with the effect of the axial
magnetic field, are given as follows (Singh and Vishwakarma, 1983):

Lrul 4 py By, (1)
‘;—Z+u3—:+%(g—f+h2—z)=0, @)
T tu +ht+ 2=, 3)
> ta=o @

Here p, u, p, and h represent the density, velocity, pressure and magnetic field, respectively. The
effects of heat conduction and viscosity are not considered, and the electrical conductivity of the
gas is supposed to be infinite. The equation of state is given by

p = pRT. Q)

Here R is the specific gas constant and T is the temperature. Let r = R(t) denotes the shock
wave front motion, propagating into a medium specified with the help of following equations:

uo =0, po = ay(constant), po=po(r), ho=he(r), (6)
where the suffix 0 indicates the flow in undisturbed medium and a, is a fix constant. Let V' be

the velocity of the shock wave, then the jump conditions behind a strong shock for the given
problem may be written as (Whitham, 2011):

2V y+1 __2V%p, _y+1

m, = mpo, TR = Eho. (7)

where y is the adiabatic index.

3. Similarity Analysis

For obtaining the similarity solutions, we find a set of an infinitesimal group of transformations
(Arora, 2005) in such a way that the equations (1) -(4) remain invariant with respect to this group
of transformations and yield the similarity solutions. Let us consider the infinitesimal group of
transformations as follows:

r"=r+ ex(p,uhpr,t), t"=t+ eyYP(p,u,hp,r,t),
u'=u+ eU(p,u,hprt), p"=p+ eSlpuhprt), 8
p*=p+ eP(p,u,h,prt), h"=h+ eE(p,uhp,rt),

where y, ¥, U, S, P and E are the infinitesimal generators such that the equations (1)-(4) along
with the shock conditions (7) remain unchanged under the above infinitesimal group (8), € is very
small quantity such that we can neglect its second and higher power terms. This group decreases
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the number of independent variables of the given system by one and thus, we obtain the system of
first order nonlinear ordinary differential equations.

The notations used are as follows:
aui

U= p, U, =1U, U3 =P, Uy =h, x; =, xzzrandpji-z FP where i =1,2,3,4and j =
]
1,2.

The system of basic equations (1)-(4), which can be expressed as

F(x,u,pl) =0, s=1234

is said to be invariant with respect to the Lie group (8) iff

LF; = a4 F., wheres =1,2,3,4 and r=1,2,3,4 (9)
where L represents the Lie derivative given as:

[ BT Sy
= xaxj uaui p]ap]l

wWithél =, &2 = y, &L =S, & =U, & =P, & =Eand

jo_ 0%, 0%k i 0% 0% i n
S, = axj+ ou Ul ax;  ou, OUFT (10)

wherel=1,2, j=1,2, n=1,2,3,4 and k=1,2,3,4.

So, the Eqg. (9) can be written as

j 0F:

Sx

j oF;

+ase

pj 3_173 = as-F., where 1,5 =1,2,3,4. (11)

ax]- aui

ubstitution of & from g. into Eq. yields a polynomial equation in pt. Equating to
Substituti ff{,}f Eq. (10) Eq. (11) yield | | i E

zero the coefficients of p]i-pln on both sides of Eq. (11), we obtain a system of non-linear PDES in

the terms of the infinitesimals generators y, ¥, U, S, P and E. After solving these systems of
PDEs, we get the following set of infinitesimals:

x=(ayp+2a)r, Y=at+b, S= (a;1+a)p,
U= (0(22 + a)u, P = (a11 + 2“22 + 3a)p, E = %(all + 2“22 + 3a)h, (12)

where a1, @,,, a and b are the arbitrary constants.

Case 1: Considering a # 0 and (a5, + 2a) = 0, the change variables # and t are defined as
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Ff=r, t=t+

als

(13)

We find that Eq. (1) -(12) remain invariant under the above transformations (13). Therefore,
using (13) and suppressing the asterisk sign, we have

X = (a22 + 20.)7", l/) =aq, S= (all + a)p,
U= ((ZZZ + a)u, P = (a11 + 2a22 + 3a)p, E = %(an + Zazz + 3a)h. (14)

The invariant surface conditions given in (Logan, 1987) are as follows:

Ype + xpr =S, Yyu, + yu, =U,
Ype + xpr =P,  Yh + xh, =E. (15)

After performing integration of the equations in (15) together with equations (14), the flow
variables are obtained in the following forms

p= tII5©), u= tEDFE),

p= t@IEDPE),  h= eI, (16)
where

6 — a22+2a (17)

a

and S, U, P and E are dependent only on the similarity variable &, which is obtained as
§= 5 (18)

Since the shock is a similarity curve. Therefore, it may be normalized at ¢ = 1. So, the expression
for the shock path R(t) and the shock velocity V (t) are given as

R =1, v="" (19)
At the shock, & = 1, we have the expressions for the flow variables given as follows:

pleey = IS, uleey = t@VT(),

Plecy = tPDIP),  hley = GPTHDEQ), (20)

From the invariance conditions, the following forms of p,(r) and hy(r) are obtained as follows:

po() = pcr®,  ho(r) = her? (21)
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and at the shock & = 1, the boundary conditions are obtained as follows:

U : 3 +1

uQ) = T 51) = ;:szc'
P(1) = ﬁaZpC, EQ) = MAY(J;il)Pcl/Z& .
together with

: ;—:21 . % (23)

1/2
where p. and 6 are the constants associated with the medium and M, = V’,;l" is the Alfven Mach
0

number.
Using Eq. (18), (19) and (21), we obtain the Eq. (16) in the following forms:
p=po (R)S®, u=vU(E),

p=po(RO)VPE),  h= p*VE®), (24)

s(5y = 3O grey= IO pegy = PO sy - EG
where S(¢) = o U = 5 P(é) = 5p, and E(¢§) = ™G

[

Substituting Eq. (24) in the equations (1) -(4) and using Eq. (16), (19) and (24) and dropping the
sign (°) the transformed system of ODEs is obtained as

U
SO+ (U—8)S' +SU' +=S =0,

$
W-osu' + sy + P+ EE =0, (25)
u §—1 6
— E’ ’E — [ —E:
(U= OF +U'E+[p+=—5—+5]E=0,

P'S — PS' = 0.

For the strong shocks, the R-H conditions are given by

2 y+1

ul) = —-;, S(1) = )

W=tg SO==5

_ 2 oyl
P =25 EMD= 1o (26)

Case 2: Let us consider the case when a = 0 and a,, = 0. Therefore, a new set of infinitesimals
is obtained as
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x=(azr, Y=>b, S= (a;1)p
U= (az)u, P = (a;;+2a3)p, E= %(an + 2ayy)h. (27)

The equations in (15) together with equations (27), after performing integration, yield the flow
variables in the following form:

p=eatls), u= eSty(e),
p= e DBE),  h= el IR, (28)
where
5= 22
a

The expression for the similarity variable &, shock path R(t) and the shock velocity V (t) are
given as

E=e7% R(t)= e%, V=25eb. (29)

Therefore, the flow variables p, u, p, h, po(r) and hy(r) are obtained in the following forms:
p=po(R®)3©,  u=v0E,

p=po(RO)VZPE),  h= pVEE), (30)

po() = pcr®,  ho(r) = hert

g = % ) = dut2az; (31)
a’ az,
; ; ; S _ 5@ 5 _u®
where 6 and p, are the constants associated with the medium. Also, S(¢) = o U = =
c

5 P > E
PE) = Grand £ = T3

(o

From Eq. (29), we see that the shock path is exponentially varying. Substituting Eq. (30) in the
equations (1)-(4), we obtain the following system of ODEs after suppressing the asterisk signs

U
59+(U—€)S’+SU’+€S=O,

(U-8SU"+SU+P' +EE'=0, (32)
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(U—E)E’+<%+U’>E+(1+§)=O,

P'S—-PS'=0.

For the strong shocks, the R-H conditions are given by

2 y+1

ui) = —;, S = ,

W=y SO=5

_ 2 _ y+1
PAY= 2, ED = (33)

The system (32) together with the jump conditions (33) may be solved for the shock of infinite
strength.

4. Imploding Shocks

In this section, we consider an imploding shock wave in the implosion's neighborhood, when an
imploding shock is about to collapse at the center or axis, we assume the origin of time t at which
the shock reaches the center to be the instant, thereby t < 0 in (25). Thus, we slightly modify
the definition of &, by using the following transformations:

T

&= o R() = A(—-t)%. (34)

Therefore, for the flow variables, the intervals —co <t <0, R<r <ooand 1 <& < co. At any
finite radius r, the gas density, pressure, velocity and the speed of sound are bounded, but for t =
0 and finite r, & = oo (i.e. instant of collapse). For the variables p, u, p and h to be bounded, the
boundary conditions at the, { = oo is as follows:

- E(») _ P(o) _
U(@)=0, 3=0, 5o =0 (35)

Table 1. Values of similarity exponent § for different values of y and ambient density exponent 8

Y [ Computed & Guderley’s & % Error
0.1 0.7063 0.7062 0.01
0.5 0.6237 0.5875 3.62
7.5 1.0 0.5375 0.5250 1.25
15 0.4710 0.4750 0.40
2.0 0.4000 0.4501 5.01
0.1 0.6800 0.6750 0.50
5/3 0.5 0.5812 0.5375 4.37
1.0 0.4400 0.5001 6.01
15 0.4187 0.4180 0.07
2.0 0.3750 0.3725 0.25
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The system (25) can be written in the form of matrix as:
BW' =, (36)

where W = (S,U, P, E)'". The matrix B and the column vector C can be obtained with the help
of the system (25). It may be noticed that there is an unknown value ¢ in the system (25), which
cannot be obtained from the dimensional considerations; it is computed for a system of ODEs
from a non-linear eigenvalue problem. Now, the system (36) can be solved for the variables U,
S’, P’ and E’ using the Cramer's rule in the following manner:

Ay As A

§'=22, U=, P'=2, E =74 (37)

where A represents matrix B's determinant and is given by

2
a=sw-9w-o2-E1) (38)
Also, Ay (k = 1,2, 3,4) represent the matrix B's determinants, which can be obtained from matrix
A by interchanging its k™ column with column vector C. In the interval [1, o), it may be noticed
that U < ¢. So,A>0at ¢ =1and A< 0 at & = oo, which implies that there exist a ¢ € [1, o) at
which A becomes zero. Therefore, the solutions of the system (37) become singular. Hence for
obtaining a solution of (36), we choose the value of the exponent & in such a manner that A
becomes zero only at the points, where the determinants A,, A,, A, and A, also becomes zero
simultaneously. Introducing the variable Z to obtain the correct value of exponent § as follows:

2(§) = | -7 - @] (39)
whose first derivative, in view of (37) is as follows

az (A3+2EA,) . (E%+P)
=2 -0 -n - DA /0 (40)

Therefore, the equations (37), with the help of Eq. (40), become

du _ Ay dS A, dP _ A4 dE A, (41)
Az~ As’ dz A’ dz T A’ dZ T As’
where

(A3+2EA,)
S

E?+P . P+E?
Bs=[2(U = §)( A, — ) - + 228, with § = U+ (2 +5)V2

5. Results and Discussion

On integrating Egs. (41) for 1< ¢ < o by assigning some value to J, we obtain the values of S, U,
P, E and at Z = 0. The computed values of ¢ are listed in Table 1 for different values of similarity
exponent ¢ and y, which also depict the comparison with the corresponding values of ¢ obtained
by Guderley's method. From Table 1, we observe that as the value of y and @ increase, the value
of similarity exponent ¢ decreases Ma? and y are taken as Ma? = 0.02, y = 7/5, 5/3. The magnetic
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field effects on the flow are evincive when Ma? > 0.01 (Rosenau and Frankenthal, 1976). It can

be easily observed that the computed results are in good agreement with those obtained from
Guderley's method.
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Figure 1. Flow profiles of (i) density, (ii) velocity, (iii) pressure and (iv) magnetic field for y = 7/5, 5/3

The expressions of the flow variables, obtained from Eq. (37), where the shock wave collapse at t
=0,X=0(t=0,r#£0, =), are given as

U~ 5(6—1)/6, S~K, P~$;2(5—1)/6, E ~$;2(6—1)/6 as ‘E_)OO (42)

where K is a constant.
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Figure 2. Flow profiles of (i) density, (ii) velocity, (iii) pressure and (iv) magnetic field for y = 7/5 and

#=05,1.0,15

From the expressions in (42), we observe that the velocity U and the pressure P tend to zero as
¢<oo, at the instant collapse due to the value of 6 smaller than unity, while the density S remains
bounded thereat. The system (37) is integrated into the range 1< ¢ < o and the profiles of the

variables p, u, p and h are illustrated in Figures 1-3. The numerical solutions of flow variables in
the neighborhood of implosion are consistent with the results, which are asymptotic in nature.

When we go towards the center of collapse, from the flow profiles shown in Figures 1-3, we
observe that the density, pressure and magnetic field increase while the velocity decreases behind
the shock. The gas-particle, which passes through the shock leads to the compression of shock,

which increases the density, pressure and magnetic field behind the shock and it may also be
attributed to the area contraction or the convergence of the shock wave.
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Figure 3. Flow profiles of (i) density, (ii) velocity, (iii) pressure and (iv) magnetic field for y = 5/3 and
6=05,10,15

From Figures 1-3, it can be easily observed that the profiles of all the flow variables have
monotonic behavior. From Figure 1(i-iv), it is observed that as the value of y increases, all the
flow variables decrease. As we increase the value of ambient density exponent 6, the density and
the pressure increase while velocity decreases (see Figures 2 and 3). Also, the flow patterns of
density and pressure are the same for y = 7/5, 5/3 (Eq. (4) shows the same result). Further, it may
be noted that the Crammer's rule produces a very good approximation for similarity exponents in

an ideal medium (see Table 1).
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6. Conclusion

In this work, the Lie group method is adapted to solve the system of equations describing the
unsteady and isothermal flow of an ideal gas. The solutions are obtained for the flow of a
perfectly conducting gas behind a strong shock. By using the invariance condition of the Lie
group method, we have obtained the set of infinitesimal generators given by (12). A system (25)
of ordinary differential equations is obtained with the help of infinitesimal generators and for
numerical results, the system (25) is integrated by 4™ order Runge-Kutta method for different
values of y and exponent ambient density € to obtain the suitable values of similarity exponent 6.
Also, we have obtained the values of 6 by Guderley's method and shown the comparison between
the Guderley's 6 and computed o by Crammer's rule for y = 7/5, 5/3 in Table 1. The flow profiles
of the variables p, u, p, and h are presented in Figures 1-3. Monotonic behavior is present in the
profiles of all the flow variables.
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