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Abstract 

The authors have investigated the axisymmetric and three-dimensional, steady, incompressible, and bioconvective flow of Ag-

TiO2/water hybrid nanofluid between two infinite and parallel rotating disks. Practical uses of flows between two rotating disks 

include brake systems in vehicles, engines, disks in computers, atomizers, rotating air cleaners, gas turbines, and evaporators. This 
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study was conducted within a Darcy-Forchheimer porous medium and considered the impact of a magnetic field, heat source, and 

thermal radiation. The governing mathematical equations are transformed into coupled and nonlinear ordinary differential equations 

through similarity transformations. Subsequently, these equations are numerically solved using MATLAB's built-in function 

"bvp4c". A multilayer perceptron based artificial neural network (ANN) model has been formulated to predict the Nusselt number 

(heat transfer rate) on both the lower and upper surfaces of the disk. The model utilizes the Levenberg-Marquardt training algorithm, 

renowned for its exceptional learning capability, as the training method for the ANN. Moreover, the authors generated a dataset 

consisting of 84 data points for each case using numerical methods to construct the proposed Multilayer Perceptron Artificial Neural 

Network. The computed mean squared error values for the developed ANN model, targeting Nusselt number predictions, were 

found to be 2×10−6, 5×10−6, 9×10−6, and 3×10−6. Additionally, the regression (R2) values, serving as an additional performance 

parameter, were determined as 0.999317, 0.997672, 0.999963, and 0.999840, respectively. A comprehensive assessment of these 

outcomes, strongly affirms that the ANN model has been crafted with a high degree of accuracy for predicting Nusselt numbers. 

 

Keywords- Hybrid nanofluid, Rotating disks, Artificial neural network (ANN), Thermal radiation, Magnetohydrodynamics 

(MHD). 

 

 

 

1. Introduction 
After their introduction by Choi and Eastman (1995), nanofluids have received considerable attention in 

recent years due to their potential to enhance the performance of heat transfer systems (Govardhan et al., 

2020; Altamimi et al., 2023; Ismail and Bhadauria, 2023). A nanofluid (NF) is a colloidal suspension of 

nanoparticles (NPs) in a base fluid, typically with particle sizes ranging from 1 to 100 nm (Ahmed and Xu, 

2020; Ismail et al., 2024; Saranya et al., 2022). The use of NPs in a base fluid offers a new approach to 

improving the thermal conductivity of conventional fluids, which is limited by the intrinsic properties of 

the fluid itself (Rao and Ramreddy, 2019; Kanika et al., 2020). The extensive research conducted by Wang 

et al. (2012) also found similar results of improved thermal conductivity of NFs. A hybrid nanofluid (HNF) 

is a type of NF that uses two different solid NPs in a base fluid to enhance heat transfer (HT) properties. 

HNFs are created by suspending the NPs in a base fluid, which is a liquid. The combination of two NPs 

allows for enhanced HT performance, as each type of particle has its unique properties that can improve 

HT efficiency (Ismail et al., 2023a; Saranya et al., 2021; Muneeshwaran et al., 2021). NFs are rigorously 

used in the medication field drug delivery process, and flow dynamic mechanism of the micro-circulatory 

system (Bhadauria and Kumar, 2021; Kumar et al., 2023b; Kumar et al., 2023a; Kumar & Bhadauria, 2023a, 

Kumar & Bhadauria, 2023b). Ahmed et al. (2022) studied the flow and heat transfer characteristics of a 

hybrid nanofluid within a lid-driven square cavity that is filled with a porous medium. When a magnetic 

field is applied to a HNF, the magnetic field interacts with the charged particles in the fluid, including the 

NPs and the liquid molecules (Ahmed and Xu, 2021; Ismail et al., 2023b; Krishna et al., 2019). Ahmed et 

al. (2023) conducted research on homogeneous heterogeneous reactions within the magnetohydrodynamic 

boundary layer of a stagnated flow involving an Al2O3-Cu/water based hybrid nanofluid flow over a 

stretching shrinking sheet. This interaction can cause the charged particles to move in circular paths 

perpendicular to the magnetic field, which generates an electric field that is perpendicular to both the 

magnetic field and the current flow. This effect is known as the Hall current effect in HNF flow. To stabilize 

the flow field in real-life applications a magnetic field is often applied.  

 

The rotating system or a rotating parallel disc system is a widely studied platform for investigating fluid 

dynamics and HT phenomena. It consists of two parallel discs rotating in opposite or the same directions, 

with a thin gap between them filled with fluid. The rotating parallel disc system has been used in various 

applications, including the cooling of electronic devices, the study of turbulence, and the investigation of 

boundary layer flows. The system offers several advantages, including the ability to control the velocity 

gradient between the discs, the ease of visualization and measurement of the fluid flow, and the simplicity 

of the experimental setup. Cochran (1934) was the pioneer who initially investigated the fluid flow over 

the rotating frame. Nadeem and Saleem (2014) studied mixed convection fluid flow using a rotating cone 
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under the effects of the magnetic field. Turkyilmazoglu (2022) employed a horizontal uniform magnetic 

field to regularize the flow field triggered due to a rotating disk. In recent years, researchers have studied 

the effect of various parameters on the heat transfer and fluid flow in the rotating parallel disk system (Xu, 

2019), rotating cone system (Salah et al., 2023; Nadeem and Saleem, 2014), rotating disk (Saranya and Al-

Mdallal, 2021) rotating cylinder system (Selimefendigil et al., 2017), and the gap size between the discs 

(Wang et al., 2022). Additionally, the system has been modified to include different types of disc surfaces, 

such as rough or patterned surfaces (Rahman et al., 2013), and heterogeneous catalysis (Yu et al., 2021) to 

investigate their effect on the fluid flow and HT performance. Sabu et al. (2021) examined the flow of 

nanofluid influenced by two rotating disks. Their study specifically delved into the Reiner-Rivlin nanofluid 

flow employing the two-phase nanofluid model. They concluded that an augmentation in the non-

Newtonian property of the liquid leads to a greater drainage of fluid in the radial direction away from the 

disk compared to the fluid surrounding the disk, particularly in the presence of centrifugal force during 

rotation. Mahanthesh et al. (2021) conducted a study on the flow of graphene oxide/ethylene glycol 

nanofluid over a rotating disk, incorporating both exponential and thermal heat sources. 

 

The study of bioconvective micropolar flows in HNFs involves the investigation of fluid flows that are 

driven by microorganisms in a fluid medium containing suspended NPs. In this context, the motion of the 

microorganisms is coupled with the motion of the NPs and the surrounding fluid, resulting in complex fluid 

dynamics and transport phenomena. The applications of this phenomenon span various fields, including 

enzyme biosensors, biofuels, biotechnology, microsystems, transportation processes, encompassing 

biological tissues, and microbial-enhanced oil recovery. Additionally, bioconvective nanofluid finds 

extensive use in areas such as nanoparticle stability, sterilization applications within thermal sciences, 

architectural design, advancement of nanoparticle processing, automobile coolants, and polymer coating, 

among other diverse uses. One of the key interests in the study of bioconvective micropolar flows in HNFs 

is the enhancement of heat transfer properties. Anantha et al. (2019) investigated the various parameters 

such as temperature-dependent thermal conductivity, thermal radiation, electrical energy influence, and 

joule heating using the convective micropolar model and found that the heat source/sink and thermal 

radiation parameters share a propensity thus enhancing the temperature of the fluid. NPs can enhance the 

thermal conductivity of the fluid (Wang et al., 2012), while the motion of microorganisms can induce 

additional fluid mixing and further improve heat transfer. The supportive results were also given by Wang 

et al. (2012). This combination of thermal conductivity enhancement and fluid mixing has important 

applications in heat exchangers and thermal management systems. Shi et al. (2021) developed the 

mathematical model of a bioconvective flow of a Cross nanoliquid with a magnetic field over a stretched 

sheet and studied it. 

 

The exploration of heat transfer properties of NFs and HNFs between two parallel disks has garnered 

significant attention in recent years. This attention is attributed to its dual significance. The fluid flow 

around a rotating body has gained importance in various applications such as gas turbines, food processing 

technologies, medical devices, air purification devices, power generators, electric aerodynamic 

engineering, and food processing machinery. Practical uses of flows between two rotating disks include 

brake systems in vehicles, engines, disk in computer, atomizers, rotating air cleaners, gas turbines, and 

evaporators. Literatures published in past have not identified the influence of Darcy-Forchheimer porous 

medium and Hall effects. These two phenomena are common occurring phenomena during fluid flow in 

industrial applications. Thus, to study the influence of these two phenomena is quite important. In addition, 

authors wanted to present the application of neural network to study heat transmission rate of the fluid flow 

in present model. Keeping in mind, the aforementioned literature, applications and research gaps, authors 

have studied the heat transmission characteristics of a Darcy-Forchheimer bioconvective HNF flow 

between two rotating disks featuring an irregular heat sink/source and thermal radiation. This is 
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accomplished through the application of the Levenberg-Marquardt approach and a feedforward neural 

network. The results are presented in graphs and tabular form in the presence and absence of a magnetic 

field. The paper is organized in the form of following sections: Problems assumptions and model 

development is discussed in Section 2. Development of ANN and its framework is discussed in Section 3. 

The numerical methodology followed to solve the differential equations is discussed in Section 4. The 

results obtained through numerical method and ANN are analysed and discussed in Section 5. At last, the 

important conclusion are presented in Section 6. 

 

2. Flow Model 
Authors have examined the axisymmetric and three-dimensional, steady, incompressible, and 

bioconvective flow of Ag-TiO2/water HNF between two infinite and parallel rotating disks within a Darcy-

Forchheimer porous medium and under the influence of a magnetic field Bo in z-direction (Figure 1). To 

explore the rate of heat transmission, the Cattaneo-Christov model, along with considerations for thermal 

radiation and an irregular heat source/sink is employed. Furthermore, Joule heating and viscous dissipation 

effects are not considered. The notations used for cylindrical coordinate system are (r, , z). 

 

 
 

Figure 1. Physical representation. 

 

 

After applying the boundary layer approximations, the pertinent flow equations assume the following form 

(Mabood et al., 2022; Yaseen et al., 2022): 

 

Continuity equation 
𝜕𝑢

𝜕𝑟
+

𝜕𝑤

𝜕𝑧
+

𝑢

𝑟
= 0                                                                                                                                           (1) 
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Momentum equations 

𝜌ℎ𝑛𝑓 (𝑢
𝜕𝑢

𝜕𝑟
+ 𝑤

𝜕𝑢

𝜕𝑧
−

𝑣2

𝑟
) =  −

𝜕𝑝

𝜕𝑟
+  𝜇ℎ𝑛𝑓  (

𝜕2𝑢

𝜕𝑟2 +  
𝜕2𝑢

𝜕𝑧2 +
1

𝑟

𝜕𝑢

𝜕𝑟
−

𝑢

𝑟2 ) −  
𝜎ℎ𝑛𝑓 𝐵0

2

1+𝑚2  (𝑢 − 𝑚 𝑣) −
𝜇ℎ𝑛𝑓

𝑘𝑓𝑛
 𝑢 −

𝜌ℎ𝑛𝑓𝐹

√𝑘𝑓𝑛
 𝑢2                                                                                                                                                       (2) 

 

𝜌ℎ𝑛𝑓 (𝑢
𝜕𝑣

𝜕𝑟
+ 𝑤

𝜕𝑣

𝜕𝑧
+

𝑢𝑣

𝑟
) =  𝜇ℎ𝑛𝑓  (

𝜕2𝑣

𝜕𝑟2 + 
𝜕2𝑣

𝜕𝑧2 +
1

𝑟

𝜕𝑣

𝜕𝑟
−

𝑣

𝑟2 ) − 
𝜎ℎ𝑛𝑓 𝐵0

2

1+𝑚2  (𝑚𝑢 + 𝑣) −
𝜇ℎ𝑛𝑓

𝑘𝑓𝑛
 𝑣 −

𝜌ℎ𝑛𝑓𝐹

√𝑘𝑓𝑛
 𝑣2   (3) 

 

𝜌ℎ𝑛𝑓 (𝑢
𝜕𝑤

𝜕𝑟
+ 𝑤

𝜕𝑤

𝜕𝑧
) = −

𝜕𝑝

𝜕𝑧
+ 𝜇ℎ𝑛𝑓 (

𝜕2𝑤

𝜕𝑟2 +
𝜕2𝑤

𝜕𝑧2 +
1

𝑟

𝜕𝑤

𝜕𝑟
)                                                                             (4) 

 

Energy equation 

𝑢
𝜕𝑇

𝜕𝑟
+ 𝑤

𝜕𝑇

𝜕𝑧
+ 𝛾𝑡 (

𝜕𝑇

𝜕𝑟
(𝑢

𝜕𝑢

𝜕𝑟
+ 𝑤

𝜕𝑢

𝜕𝑧
) +

𝜕𝑇

𝜕𝑧
(𝑢

𝜕𝑤

𝜕𝑟
+ 𝑤

𝜕𝑤

𝜕𝑧
)

+2𝑢𝑤
𝜕2𝑇

𝜕𝑧𝜕𝑟
+ 𝑢2 𝜕2𝑇

𝜕𝑟2 + 𝑤2 𝜕2𝑇

𝜕𝑧2

) =
1

(𝜌𝐶𝑝)
ℎ𝑛𝑓

(𝑘ℎ𝑛𝑓 +
16𝜎∗𝑇𝐻

3

3𝑘∗ ) (
𝜕2𝑇

𝜕𝑟2 +
𝜕2𝑇

𝜕𝑧2 +

1

𝑟

𝜕𝑇

𝜕𝑟
) +

𝑞′′′

(𝜌𝐶𝑝)
ℎ𝑛𝑓

                                                                                                                                             (5) 

 

Concertation equation 

𝑢
𝜕𝐶

𝜕𝑟
+ 𝑤

𝜕𝐶

𝜕𝑧
+ 𝛾𝑐 (

𝜕𝐶

𝜕𝑟
(𝑢

𝜕𝑢

𝜕𝑟
+ 𝑤

𝜕𝑢

𝜕𝑧
) +

𝜕𝐶

𝜕𝑧
(𝑢

𝜕𝑤

𝜕𝑟
+ 𝑤

𝜕𝑤

𝜕𝑧
)

+2𝑢𝑤
𝜕2𝐶

𝜕𝑧𝜕𝑟
+ 𝑢2 𝜕2𝐶

𝜕𝑟2 + 𝑤2 𝜕2𝐶

𝜕𝑧2

) = 𝐷 [
1

𝑟

𝜕𝐶

𝜕𝑟
+

𝜕2𝐶

𝜕𝑟2 +
𝜕2𝐶

𝜕𝑧2]                                   (6) 

 

Microorganisms equation 

𝑢𝑁𝑟 + 𝑤𝑁𝑧 = 𝐷𝑚  (𝑁𝑟𝑟 +
1

𝑟
𝑁𝑟 + 𝑁𝑧𝑧) −

𝑏𝑊𝑐

𝐶𝑤−𝐶𝐻
 𝐶𝑧𝑁𝑧 −

𝑏𝑊𝑐

𝐶𝑤−𝐶𝐻
 𝑁𝐶𝑧𝑧                                                       (7) 

 

The disks are situated at z = 0 (lower disk) and z = H (upper disk). The lower and upper disks rotate around 

an axial direction with angular velocities b1 and b2, respectively. Additionally, the lower disk exhibits a 

radial shrinking rate of a1, while the upper disk has a radial shrinking rate of a2. It is assumed that the outer 

surfaces of both the lower and upper disks are subjected to convection, being heated by hot fluids at 

temperatures Tw and TH, respectively. This heat transfer process involves respective heat transfer 

coefficients of h1 and h2. The boundary conditions (BCs) in the view of aforementioned discussion are: 

𝑢 = 𝑎1𝑟, 𝑣 = 𝑏1𝑟, 𝑤 = 0, 𝑘ℎ𝑛𝑓
𝜕𝑇

𝜕𝑧
= −ℎ1(𝑇𝑤 − 𝑇),  𝐶 = 𝐶𝑤, 𝑁 = 𝑁𝑤  at  𝑧 = 0

𝑢 = 𝑎2𝑟, 𝑣 = 𝑏2𝑟, 𝑤 =
𝑑ℎ

𝑑𝑡
, 𝑘ℎ𝑛𝑓

𝜕𝑇

𝜕𝑧
= −ℎ2(𝑇 − 𝑇𝐻), 𝐶 = 𝐶𝐻, 𝑁 = 𝑁𝐻  at 𝑧 = 𝐻

}                                    (8) 

 

where, “(𝑢, 𝑣, 𝑤) are the velocity components along with (𝑟, 𝛩, 𝑧) directions”, respectively, “C is NPs 

concentration”, “k* is the mean absorption coefficient”, “p is pressure”, “T is temperature”, “σ* is the 

Stefan-Boltzmann constant”, “F is the Forchheimer coefficient and kfh is the porous medium permeability”, 

D is Brownian diffusion coefficient, Dm is microorganisms diffusion “𝛾𝑡 is the thermal relaxation time”, “𝛾𝑐 

is the solutal relaxation time”, “N is Motile Microorganisms concentration”, “b is chemotaxis constant”, 

and “Wc is swimming cells speed”, Furthermore, “k is thermal conductivity, 𝜇is dynamic viscosity, 𝐶𝑝is 

heat capacity, 𝜌is density, and 𝜎is electrical conductivity”. Moreover, subscript hnf is for hybrid nanofluid, 

nf is for nanofluid, and f, bf is for fluid. In addition, the last term in the energy Equation (5) i.e. 𝑞′′′denotes 

the significance of “non-uniform heat source/sink” and it is demarcated as follows: 
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𝑞′′′ =
𝑘ℎ𝑛𝑓𝑢𝑤(𝑇𝑤−𝑇𝐻)

𝑟𝑣ℎ𝑛𝑓
{𝐴∗ 𝑑𝑓

𝜕𝜉
+ 𝐵∗𝜃}                                                                                                              (9) 

 

where, 𝑢𝑤 = 𝑏1𝑟 and the heat source/sink corresponding to space coefficients and corresponding to 

temperature dependence are signified by constants 𝐴∗ and 𝐵∗, respectively. As a result, the heat source 

phenomena is characterized by 𝐴∗ > 0 and 𝐵∗ > 0, whereas the heat sink phenomena is characterized by 

𝐴∗ < 0 and 𝐵∗ < 0. The properties and thermophysical correlations of the HNF model are depicted in 

Table 1 and Table 2, respectively (Khan et al., 2022). The volume fraction of NPs is denoted by 𝜙𝑖. 

 
Table 1. The thermophysical properties (Khan et al., 2022). 

 

Properties 𝜌(𝑘𝑔/𝑚3) 𝑐𝑝(𝐽 𝑘𝑔𝐾) 𝑘 (𝑊/𝑚𝑘) 𝜎 (𝑆/𝑚) Pr 

Water 997.1 4179 0.613 5.5 × 10−6 6.2 

Ag 10,500 235 429 62.1 × 106  

TiO2 4250 686.2 8.9538 2.6 × 106  

 

 

Table 2. Thermophysical properties of hybrid nanofluid (Khan et al., 2022). 
 

Properties Correlations 

Dynamic viscosity 𝜇ℎ𝑛𝑓 =
𝜇𝑓

(1 − 𝜑1 − 𝜑2)2.5
 

Density 𝜌ℎ𝑛𝑓 = (1 − 𝜑ℎ𝑛𝑓)𝜌𝑓 +  𝜑1𝜌𝑛1 + 𝜑2𝜌𝑛2 

Heat capacity (𝜌𝐶𝑝)ℎ𝑛𝑓 = (1 − 𝜑ℎ𝑛𝑓)(𝜌𝐶𝑝)𝑓 + 𝜑1(𝜌𝐶𝑝)𝑛1 + 𝜑2(𝜌𝐶𝑝)𝑛2 

Thermal conductivity 
𝑘ℎ𝑛𝑓

𝑘𝑓

=

𝜑1𝑘𝑛1 + 𝜑2𝑘𝑛2

𝜑ℎ𝑛𝑓
+ 2𝑘𝑓 + 2(𝜑1𝑘𝑛1 + 𝜑2𝑘𝑛2) − 2𝜑ℎ𝑛𝑓𝑘𝑓

𝜑1𝑘𝑛1 + 𝜑2𝑘𝑛2

𝜑ℎ𝑛𝑓
+ 2𝑘𝑓 − (𝜑1𝑘𝑛1 + 𝜑2𝑘𝑛2) + 𝜑ℎ𝑛𝑓𝑘𝑓

 

Electrical conductivity 
𝜎ℎ𝑛𝑓

𝜎𝑓

=

𝜑1𝜎𝑛1 + 𝜑2𝜎𝑛2

𝜑ℎ𝑛𝑓
+ 2𝜎𝑓 + 2(𝜑1𝜎𝑛1 + 𝜑2𝜎𝑛2) − 2𝜑ℎ𝑛𝑓𝜎𝑓

𝜑1𝜎𝑛1 + 𝜑2𝜎𝑛2

𝜑ℎ𝑛𝑓
+ 2𝜎𝑓 − (𝜑1𝜎𝑛1 + 𝜑2𝜎𝑛2) + 𝜑ℎ𝑛𝑓𝜎𝑓

 

 

 

The following similarity transformations are regarded as (Mabood et al., 2022; Yaseen et al., 2022): 

𝑢 = 𝑟𝑏1𝑓′(𝜂), 𝑣 = 𝑟𝑏1𝑔(𝜂), 𝑤 = −2𝐻𝑏1𝑓(𝜂), 𝜂 =
𝑧

𝐻
, 𝜃 =

𝑇−𝑇𝐻

𝑇𝑤−𝑇𝐻
, 𝜑 =

𝐶−𝐶𝐻

𝐶𝑤−𝐶𝐻
, 𝑃 = 𝑏1𝜌ℎ𝑛𝑓𝑣ℎ𝑛𝑓 [𝑃(𝜂) +

𝑟2𝜀

2𝐻2]                                                                                                                                                             (10) 

 

 

With the use of above transformations, Equation (1) is identically satisfied and rest of the equations are 

expressed in the following form: 

𝑅𝑒
𝜔2

𝜔1
(𝑓′2 − 2𝑓𝑓′′ − 𝑔2 +

𝜔3

𝜔2

𝑀

1+𝑚2
(𝑓′ − 𝑚𝑔) + 𝐹∗𝑓′2) + 𝑅𝑒 𝜆 𝑓′ + 𝜀 − 𝑓′′′ = 0                                 (11) 

𝑔′′ − 𝑅𝑒 𝜆 𝑔 − 𝑅𝑒
𝜔2

𝜔1
(

𝜔3

𝜔2

𝑀

1+𝑚2
(𝑔 + 𝑚𝑓′) + 𝐹∗𝑔 − 2(𝑓𝑔′ − 𝑔𝑓′)) = 0                                                 (12) 

𝑃′ = −
𝜔2

𝜔1
𝑅𝑒 4 𝑓𝑓′ − 2𝑓′′                                                                                                                          (13) 

(𝜔5 + 𝑅𝑑 − 𝜔4 𝑃𝑟𝑅𝑒 𝜏 𝑓2)𝜃′′ +
𝑅𝑒 𝜔5𝜔2

𝜔1
{𝐴∗𝑓′ + 𝐵 ∗ 𝜃} + 𝜔4 𝑃𝑟𝑅𝑒(2𝑓𝜃′ − 𝜏(𝑓𝑓′𝜃′)) = 0                  (14) 

𝑅𝑒 𝐿𝑒𝜏𝑐  𝑓𝑓′𝜙′ − 2𝑅𝑒 𝐿𝑒𝑓 𝜙′ = (1 − 𝑅𝑒 𝐿𝑒𝛿 𝑓2)𝜙"                                                                               (15) 
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ζ" - (2Lb Re f + Pe ϕ') ζ' - (Nλ + ζ)Pe ϕ" = 0                                                                                            (16) 

 

The BCs are transformed as: 

𝑓(𝜂) = 0,  𝑓′(𝜂) = 𝑘1, 𝑔(𝜂) = 1, 𝜃′(𝜂) = −
𝛾1

𝜔5
(1 − 𝜃(𝜂)),

𝜙(𝜂)=1, 𝜁(𝜂) = 1, 𝑃(𝜂) = 0
}     at 𝜂 = 0  

 

𝑓(𝜂) = 0,  𝑓′(𝜂) = 𝑘2,  𝑔(𝜂) = 𝛺,  𝜃′(𝜂) = −
𝛾2

𝜔5
𝜃(𝜂),   

𝜙(𝜂) = 0,𝜁(𝜂) = 0,
}      at 𝜂 = 1                                                   (17) 

 

Here, the non-dimensional parameter namely, 𝑅𝑒 (=
𝑏1𝐻2

𝑣𝑓
) represents Reynolds number, 𝐹∗ (=

𝐹𝑟

√𝑘𝑓𝑛
) 

represents the inertial coefficient, 𝜆 (=
𝑣𝑓

𝑏1𝑘𝑓𝑛
) represents the porosity parameter, 𝑀 (=

𝜎𝑓𝐵0
2

𝜌𝑓𝑏1
) represents 

the magnetic field,  𝑃𝑟 (=
𝑣𝑓

𝛼𝑓
) represents Prandtl number,  𝑅𝑑 (=

16𝜎∗𝑇𝐻
3

3𝑘𝑓𝑘∗ ) represents radiation parameter, 

𝜏(= 4𝛾𝑡𝑏1) represents the thermal relaxation parameter, 𝛿 (=
𝐻

𝑟
) represents the dimensionless length, 

𝑘1 (=
𝑎1

𝑏1
) and 𝑘2 (=

𝑎2

𝑏1
) represent shrinking parameters, 𝛺 (=

𝑏2

𝑏1
) is the rotation parameter, 𝛾1 (=

𝐻ℎ1

𝑘𝑓
) 

and 𝛾2 (=
𝐻ℎ2

𝑘𝑓
) are Biot numbers, 𝐿𝑒 (=

𝑣𝑓

𝐷
) is Lewis number, 𝐿𝑏 (=

𝑣𝑓

𝐷𝑚
) is bioconvection Lewis number, 

𝑃𝑒 (=
𝑏𝑊𝑐

𝐷𝑚
) is bioconvection Peclet number, 𝑁𝜆 (=

𝑁𝐻

(𝑁𝑤−𝑁𝐻)
) is bioconvection constant, 𝜏(= 4𝛾𝑐𝑏1)is 

solutal relaxation parameter, and 𝜔1 (=
𝜇𝑓

𝜇ℎ𝑛𝑓
) , 𝜔2 (=

𝜌ℎ𝑛𝑓

𝜌𝑓
) , 𝜔3 (=

𝜎ℎ𝑛𝑓

𝜎𝑓
) ,  𝜔4 (=

(𝜌𝐶𝑝)
ℎ𝑛𝑓

(𝜌𝐶𝑝)
𝑓

) ,  𝜔5 (=

𝑘ℎ𝑛𝑓

𝑘𝑓
) are constants. 

 

Differentiating the Equation (11) with respect to 𝜂 for eliminating the pressure variable 𝜀, the following 

form is obtained: 

𝑅𝑒
𝜔2

𝜔1
(−2𝑓𝑓′′′ − 2𝑔𝑔′ +

𝜔3

𝜔2

𝑀

1+𝑚2
(𝑓′′ − 𝑚𝑔′) + 2𝐹∗𝑓′𝑓′′) + 𝑅𝑒 𝜆 𝑓′′ = 𝑓 iv                                         (18) 

 

According to the Equation (11) and Equation (17), the pressure variable 𝜀 is defined as following: 
 

𝜀 = 𝑓′′′(0) − 𝑅𝑒
𝜔2

𝜔1
(

𝑓′2(0) − 2𝑓(0)𝑓′′(0) − 𝑔(0)2

+
𝜔3

𝜔2

𝑀

1+𝑚2 (𝑓′(0) − 𝑚𝑔(0)) + 𝐹∗𝑓′(0)2) − 𝑅𝑒 𝜆 𝑓′(0)                                        (19) 

 

Using integration from 0 to 𝜂, to solve the Equation (13) for P, the following form is obtained: 

𝑃 = −2 {(𝑓′ − 𝑓′(0)) +
𝜔2

𝜔1
𝑅𝑒(𝑓)2}                                                                                                         (20) 

 

The Nusselt numbers, which represent HT rate at lower disk and upper disk, are expressed respectively as 

(Mabood et al., 2022; Yaseen et al., 2022): 
 

𝑁𝑢𝑟0 = −(𝜔5 + 𝑅𝑑)𝜃′(0) and 𝑁𝑢𝑟1 = −(𝜔5 + 𝑅𝑑)𝜃′(1)                                                                       (21) 
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3. ANN Modeling 
An ANN model is designed to estimate the Nusselt number (HT rate) at the surface of the lower and upper 

disk. The Multilayer Perceptron (MLP), a widely adopted network type, is favoured as a structural choice 

in ANN models. The structural composition of MLP networks involves interconnected input, hidden, and 

output layers. Figure 2 illustrates the fundamental configuration architecture of the developed ANN model. 

The absence of a standardized approach to ascertain the optimal number of neurons in the hidden layer 

poses a challenge in designing network models with MLP architecture. 

 

 
 

Figure 2. Main structure of the developed ANN model. 

 

Consequently, the performance of network models has been scrutinized across varying neuron counts in the 

hidden layer, allowing for the optimization of the hidden layer's neuron count. The foundational structural 

framework of the ANN model entails the estimation of one output parameter based on six input parameters, 

with a hidden layer comprising 12 neurons. The primary function of the hidden layer is to perform 

computations tailored for non-linear problems. In this context, the activation functions applied involve 

Sigmoid for the hidden layer and purelin for the output layer. In the ANN model, six input parameters (Re, 

Rd, A*, B*, τ, M) that affect the HT rate were considered. The Levenberg–Marquardt training algorithm, 

recognized for its superior learning capability, was employed in the ANN model. The dataset employed in 

the development of the ANN model, comprising 84 data points, was partitioned into three distinct groups 

using a methodology derived from the literature. In the present ANN model, 58 data points were used for 

training, 13 data points were used for testing and 13 data points were used for validation. Following the 

creation of Artificial Neural Network (ANN) models, it is crucial to assess their predictive capabilities and 

verify their precision. To achieve this, the study examines commonly utilized performance evaluation 

metrics found in the literature. Mean squared error (MSE) and regression coefficient (R) values were 

identified for subsequent performance analysis. The mathematical formulations employed in computing 

these performance parameters are provided below (Mishra et al., 2023; Rawat et al., 2023): 
 

𝑀𝑆𝐸 =
1

𝑛
∑ (𝐴𝐷𝑖 − 𝐹𝐷𝑖)2𝑛

𝑖=1                                                                                                                      (22) 

𝑅 =
𝑛 ∑ 𝐴𝐷𝑖𝐹𝐷𝑖−(∑ 𝐴𝐷𝑖)(∑ 𝐹𝐷𝑖)

√𝑛(∑ 𝐴𝐷𝑖
2)−(∑ 𝐴𝐷𝑖)2√𝑛(∑ 𝐹𝐷𝑖

2)−(∑ 𝐹𝐷𝑖)2
                                                                                                 (23) 

 

where, n is the number of data points, while ADi and FDi are numerical and forecasted data values. 

 

4. Numerical Methodology 
In this section, the primary focus is on solving the system of similarity equations using the "bvp4c" function, 

which is available in MATLAB software. For solving the equations, substitutions are made in the following 

way to write the code:𝑦1 = 𝑓, 𝑦2 = 𝑓′, 𝑦3 = 𝑓′′, 𝑦4 = 𝑓′", 𝑦5 = 𝑔, 𝑦6 = 𝑔′, 𝑦7 = 𝜃, 𝑦8 = 𝜃′, 𝑦9 = 𝜑, 

𝑦10 = 𝜑′, 𝑦11 = 𝜁, and 𝑦12 = 𝜁′. Furthermore, using these substitutions, the syntax is written as: 
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𝑦𝑦1 = 𝑅𝑒
𝜔2

𝜔1
(−2𝑦1𝑦4 − 2𝑦5𝑦6 +

𝜔3

𝜔2

𝑀

1+𝑚2
(𝑦3 − 𝑚𝑦6) + 2𝐹∗𝑦2𝑦3) + 𝑅𝑒 𝜆 𝑦3                                     (24) 

𝑦𝑦2 = 𝑅𝑒 𝜆 𝑦5 + 𝑅𝑒
𝜔2

𝜔1
(

𝜔3

𝜔2

𝑀

1+𝑚2
(𝑦5 + 𝑚𝑦2) + 𝐹∗𝑦5 − 2(𝑦1𝑦6 − 𝑦5𝑦2))                                            (25) 

𝑦𝑦3 = −
[

𝑅𝑒𝜔5𝜔2
𝜔1

{𝐴∗𝑦2+𝐵∗𝑦7}+𝜔4𝑃𝑟𝑅𝑒(2𝑦1𝑦8−𝜏(𝑦1𝑦2𝑦8))]

(𝜔5+𝑅𝑑−𝜔4𝑃𝑟𝑅𝑒𝜏𝑦1
2)

                                                                               (26) 

𝑦𝑦4 =  
𝑅𝑒 𝐿𝑒𝜏𝑐𝑦1𝑦2𝑦10−2𝑅𝑒 𝐿𝑒𝑦1𝑦10

(1−𝑅𝑒 𝐿𝑒 𝛿𝑦1
2)

                                                                                                              (27) 

𝑦𝑦5 = (2𝐿𝑏 𝑅𝑒 𝑦1 + 𝑃𝑒𝑦10)𝑦12 + (𝑁𝜆 + 𝑦11)𝑃𝑒𝑦𝑦4                                                                             (28) 

 

The BCs are written as: 

𝑦1 = 0,  𝑦2 = 𝑘1, 𝑦5 = 1, 𝑦8 = −
𝛾1

𝜔5
(1 − 𝑦7), 𝑦9=1, 𝑦11 = 1,    at 𝜂 = 0

𝑦1 = 0,  𝑦2 = 𝑘2,  𝑦5 = 𝛺,  𝑦8 = −
𝛾2

𝜔5
𝑦7, 𝑦9 = 0,𝑦11 = 0,        at 𝜂 = 1

}                                            (29) 

 

Using the bvp4c function in MATLAB, Equation (24) to Equation (28) are solved with BCs Equation (29) 

to find the missing slopes. To validate the numerical code employed in solving the present problem, a 

comparison is made with the findings published by Khan et al. (2018) in their research in Table 3. 

 
Table 3. The comparison of the values 𝑓′′(0) and 𝑔′(0) for the various value of 𝛺 and the rest parameters are: 𝑃𝑟 =

6.2, 𝜙1 = 𝜙2 = 𝐴∗ = 𝐵∗ = 𝐹∗ = 𝑀 = 𝜏 = 𝑘1 = 𝑘2 = 𝛾1 = 𝛾2 = 0. 
 

𝛺 𝑓′′(0) (Khan et al., 2018) 𝑓′′(0) [Present] -𝑔′(0) (Khan et al., 2018) -𝑔′(0) [Present] 

-1 0.06666314 0.06666303 2.0009522 2.00095213 

-0.8 0.08394207 0.08394201 1.8025885 1.80258846 

-0.3 0.10395088 0.10395088 1.3044236 1.30442355 

0 0.099972208 0.09997221 1.0042776 1.00427756 

0.5 0.066634195 0.06663416 0.5026135 0.50261344 

 

 

5. Results and DiscussionThe aim of this segment involves: (i) exploring the influence of relevant 

parameters on the different hydrothermal, concentration and microorganism concentration profiles and (ii) 

verifying the nature of the solution. Accordingly, this section will present a clear explanation of the findings 

and discussions pertaining to the objectives. The ODEs (Equation (11) to Equation (17)) with BCs 

(Equation (17)) are solved with the help of the inbuilt “bvp4c function” in MATLAB. Through 

consideration of the following physical parameters, the numerical solution is established: inertial coefficient 
(0.5 ≤ 𝐹 ≤ 8.5), nanoparticles volume fraction (0.03 ≤ 𝜙 ≤ 0.15), porosity parameter (6.5 ≤ 𝜆 ≤ 9.5), 

thermal radiation parameter (0.05 ≤ 𝑅𝑑 ≤ 0.25), heat source/sink parameters (2 ≤ 𝐴∗ ≤ 2.4,3 ≤ 𝐵∗ ≤
3.4), thermal relaxation parameter (1 ≤ 𝜏 ≤ 1001), Lewis number (0.05 ≤ 𝐿𝑒 ≤ 0.25), solutal relaxation 

parameter (10 ≤ 𝜏𝑐 ≤ 50), bioconvection Lewis number (0.05 ≤ 𝐿𝑏 ≤ 0.25), bioconvection constant 

(0.8 ≤ 𝑁𝜆 ≤ 1.0) and Peclet number (0.7 ≤ 𝑃𝑒 ≤ 0.8). By adopting the graphical approach, the results 

are presented, leading to a better understanding of the influence of these physical parameters. The solid 

lines and dashed lines correspond to two distinct scenarios: one depicts the influence of the parameter with 

the magnetic field, while the other illustrates the effect without the magnetic field. 

 

Figures 3(a)-3(c) show the influence of inertial coefficient (𝐹), volume fraction of nanoparticles (𝜙) and 

porosity parameter (𝜆) on the axial velocity distribution for nanofluid with and without magnetic field 

condition. A reverse tendency is noted for velocity distribution on increasing the value of 𝐹 and 𝜙. Also, 
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the distribution of velocity is observed higher under the influence of magnetic field than without magnetic 

field. From Figure 3(b), It is cleared that as 𝜙 rises, the fluid experiences a higher resistance to flow due 

to the additional solid particles, resulting in reduced axial velocity. Moreover, it can be observed that the 

axial velocity profiles for the condition where 𝑀 = 0 is slightly lower compared to condition where 𝑀 >
0. The effect of parameters 𝜆 on axial velocity profiles is explained in Figure 3(c). The graph describes that 

higher value of 𝜆 helps axial velocity of nanofluid to increase. Physically, the main reason for the increment 

in fluid velocity is the presence of a medium with very high permeability. This high permeability allows 

nanoparticles to move easily through the porous medium, resulting in an increase in axial velocity profiles. 

Furthermore, it is observed that for increasing values of 𝜆, the axial velocity reaches its maximum under 

magnetic field compared to no magnetic field condition. 

 

   
(a) (b) (c) 

 

Figure 3. Axial velocity with change in values of parameter (a). F, (b)  𝜑, and (c) 𝜆. 

 

The fluctuation of the parameters 𝐹, 𝜙 and 𝜆 on radial velocity profile 𝑓′(𝜂) in relation to the variable (𝜂) 

is shown in Figures 4(a)-4(c). In Figure 4(a), there is an observable shift in radial velocity that 

demonstrates a changing pattern. This transition occurs at a point approximately when 𝜂 is around 0.45. As 

the value of 𝐹 increases, the 𝑓′(𝜂) experiences a rise in the vicinity of lower disk. Furthermore, there is a 

noticeable change in behaviour near the upper disk. The same pattern is observed in Figure 4(c) on 

increasing the value of 𝜆. In Figure 4(b), the changes in the radial velocity profiles with respect to parameter 

𝜙 are illustrated. The function 𝑓′(𝜂) exhibits an apparent enhancement as 𝜙 increase from 𝜙 = 0.03 to 𝜙 =
0.15 within the region 0 ≤ 𝜂 ≤ 0.4. 
 

However, this behaviour is reversed when 0.4  , and 𝑓′(𝜂) diminishes rapidly. The changing pattern of 

radial velocity can be attributed to rotating system and shrinking of the disks. 
 

Figure 5(a) depicts the effects of F on the tangential velocity distribution. through the observation, it 

becomes evident that with an increase in F, there is a noticeable reduction in both fluid velocity and the 

corresponding boundary layer thickens. also, in this case, it can be inferred that g(ղ) profile is marginally 

lower due to magnetic field condition compared to without magnetic field condition. 

 

Figure 5(b) is sketched to analyse the nature of g(ղ) for various values of ( )0.03,0.09,0.15 = . From this figure, 

it can be observed that a higher value of 𝜑 is the primary cause of the reduction in the tangential velocity 
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profiles. Physically this situation means, increasing the volume fraction of nanoparticles causes more 

particle interactions and internal friction, dissipating fluid energy and reducing tangential velocity, due to 

disrupted flow and collisions between nanoparticles. 

 

Figure 5(c) depicts the effect of λ on g(ղ) distribution. It displays that the tangential velocity profiles 

decrease on increasing the value of parameter λ. Physically, as porosity increases, more void spaces are 

created in the porous medium, causing the fluid to disperse and fill a larger volume. This dispersion results 

in a decrease in the tangential velocity. The fluid’s energy is distributed over a large area, leading to reduced 

speed in the tangential direction as it navigates through the expanded void spaces within the porous medium.  

 

   
(a) (b) (c) 

 

Figure 4. Radial velocity with change in values of parameter (a). F, (b)  𝜑, and (c)  . 

 

 

 

   
(a) (b) (c) 

 

Figure 5. Tangential velocity with change in values of parameter (a). F, (b)  𝜑, and (c)  . 

 

Figure 6(a) provides a visual depiction of how temperature changes occur within the system as the radiation 

parameter (Rd) is varied in the presence and absence of magnetic field. In this figure, the temperature 

profiles initially decrease and then increase after reaching the reflection point. This dual nature of 



Yaseen et al.: Artificial Neural Network with Levenberg-Marquardt Training Algorithm for… 
 

 

725 | Vol. 9, No. 4, 2024 

temperature profiles with the increasing thermal radiation parameter is due to the initial dominance of 

radiative cooling, causing a temperature decrease. However, as radiation becomes more dominant, it 

inhibits convective and conductive heat transfer resulting in a temperature increase. 

 

 
(a) 

 

 
(b) 

 
(c) 

 
(d) 

 

Figure 6. Temperature with change in values of parameter (a). Rd, (b). A* & B*, (c).  , and (d)  𝜑. 

 

However, Figure 6(b) exhibits the opposite behaviour on increasing the value of heat source/sink 

parameter, where the temperature first increases and then decreases after the reflection point. Within the 

depicted figure, the heat source leads to an increase in temperature profiles. However, as the parameter 

increases further, the heat sink become more dominant, resulting in a subsequent decrease in temperature 

profiles. Figure 6(c) showcases the plotted temperature profiles θ(ղ), for varying values of thermal 

relaxation parameter ( ) . As   increases, the value of θ(ղ) near the surface escalates. However, beyond a 

certain distance from the surface, as the fluids move away, an opposite trend is observed, and θ(ղ) decreases 
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rapidly. Based on observation derived from the Cattaneo-Christov (C-C) model theory, it is inferred that a 

longer time period for heat transfer to particles is correlated with an increase in the value of  , which is 

true in the region  0, 0.55 . Figure 6(d) illustrates the influence of the parameter φ on the temperature 

profiles observed under magnetic field and no magnetic field conditions. In this figure, the increased 

thermal conductivity of the medium due to added nanoparticles initially raises temperature profiles. 

However, as the value of φ increases, scattering and absorption of thermal energy hinder heat transfer, 

resulting in a subsequent decrease in temperature profiles. In another words, dual character is examined by 

θ(ղ) in both cases, i.e., when 0.03 0.15   and M ≥ 0. In Figure 7(a), the behaviour of θ(ղ) profiles is 

examined for the current model, with ղ as the similarity variable, while keeping other parameters constant. 

When considering different values of the Lewis number (Le), a notable decrease in concentration is 

observed. Specifically, there is a significant decrease in concentration as the numerical values of Le vary 

from Le = 0.05 to Le = 0.25. The influence of c  on concentration distribution is presented in Figure 7(b). 

The graph indicates that an increase in the numeric value of c  results in a decrease in the distribution of 

θ(ղ). Additionally, the nanofluid concentration profiles gradually diminish as one moves away from the 

surface, eventually asymptotically approach zero. In Figure 7(c), it is shown that the concentration 

boundary layer thickness decreases as the value of φ increases. This indicates that the addition of φ leads to 

a reduction of concentration profiles. Physically, an increase in volume fraction is responsible for hindering 

the flow of nanofluid. This impediment in flow leads to a decrease in the concentration profiles of the 

nanofluid. 

 

   
(a) (b) (c) 

 

Figure 7. Nanoparticles concentration with change in values of parameter (a). Le, (b) c , and (c)  𝜑. 

 

The microorganism concentration profiles under the action of bioconvection Lewis number (Lb) is 

portrayed in Figure 8(a). Increasing the value of Lb enhances fluid motion and convection cells, promoting 

microorganism transport and accumulation towards regions of higher concentration. Moreover, it is 

observed that on increasing Lb, the concentration profiles are comparatively higher for without magnetic 

field condition when compared to magnetic field condition. Figure 8(b) exhibits   profiles variation with 

varying Lewis number (Le). The graph’s outline reveals that there is a correlation between the Lewis 

number and the microorganism concentration decrease of nanofluid. Specifically, higher values of (Le) lead 

to more rapid concentration decrease. The purpose of the Figure 8(c) is to investigate the impact of 

bioconvection constant Nλ on  . Evidently, in the both cases of nanofluid with varying values of Nλ, a 

noteworthy reduction in the boundary layer region was observed. Physically, increasing the Nλ constant 
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intensifies the bioconvection process, causing stronger fluid motion that disperse microorganisms away 

from concentration gradients, resulting in a decrease in microorganism concentration. Consequently, In 

Figure 8(d), a thorough examination was conducted to evaluate the influence of the Peclet number (Pe) on 

microorganism concentration profiles. As the parameter Pe increases, convective transport dominates over 

diffusion, causing fluid motion to play more significant role in microorganism transport. This rapid 

advection carries more microorganisms away from the original locations, resulting in decreased 

concentration profiles. Figure 8(e) illustrates the relationship between the nanoparticles volume fraction 

(φ) and the ( )   within the system. 

 

   
(a) (b) (c) 

   

  

(d) (e) 
 

Figure 8. Microorganisms concentration with change in values of parameter (a). Lb, (b). Le, (c). N , (d). Pe, and 

(e)  𝜑. 

 

The figure indicates that the primary cause behind the reduction in ( )   profiles are attributed to the 

increased amount of φ. Physically, the higher nanoparticles volume fraction increases the hindrance and 

interactions, limiting the motion of microorganisms, and leading to a decrease in their concentration profiles 

within the fluid. 
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(a) Training performances of developed ANN model 

for lower disk M = 1.5. 

 
(b) Training states of developed ANN model for lower 

disk M = 1.5. 

 

 
(c) Different regression performances of developed 

ANN model for Lower Disk  M = 1.5. 

 
(d) Error histograms of developed ANN model for 

Lower Disk M=1.5. 
 

Figure 9. Performance analysis of ANN for lower disk when M = 1.5. 

 

 

To assess the accuracy of the developed ANN models, the initial step involves scrutinizing the congruence 

between the target values of the Nusselt number (NN) and the outputs generated by the ANN (see Table 4). 

The NN is seen to decrease with a rise in Reynolds number, thermal relaxation parameter and heat source 

parameters for all cases. For increasing radiation parameter, the NN rises for all cases. Figures 9(a)-9(d) to 

Figures 12(a)-12(d) analyze the training phase performance, training states of the ANN model, regression 

performance and error histograms. The declining MSE values at the conclusion of each epoch indicate a 

continual reduction in the disparity between the predicted values from the output layer and the target data. 

The graphical representation clearly illustrates a consistent decrease in the minimum gradient coefficients 

with each successive epoch. 

 



Yaseen et al.: Artificial Neural Network with Levenberg-Marquardt Training Algorithm for… 
 

 

729 | Vol. 9, No. 4, 2024 

 
(a) Training performances of developed ANN model 

for upper disk M = 1.5. 

 
(b) Training states of developed ANN model for upper 

disk M = 1.5. 

 

 
(c) Different regression performances of developed 

ANN model for upper disk M = 1.5. 

 
(d) Error histograms of developed ANN model for 

upper disk M=1.5. 

 

Figure 10. Performance analysis of ANN for upper disk when M = 1.5. 

 

 

Moreover, it is noteworthy that the errors produced by the ANN model attain their optimal values after 

undergoing multiple testing iterations. The results obtained from the training phase and training procedures 

of the ANN model showcase the successful culmination of their training processes, indicating an optimal 

outcome. These findings illustrate that the regression (R) value is very close to 1 in all instances. This 

suggests a close alignment between the data points and the regression line. This indicates a robust 

correlation between the numerical values and the outputs generated by the ANN. It is observable that these 

errors are primarily clustered around the zero-error line. The arrangement in the error histogram graphs 

affirms that the design of the ANN model was geared towards enabling accurate predictions with minimal 

errors. The calculated MSE values for the developed ANN model, aimed at predicting NN values, were 

determined to be 2×10−6, 5×10−6, 9×10−6, and 3×10−6. Additionally, the R2 values, serving as another 
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performance parameter, were computed as 0.999317, 0.997672, 0.999963, and 0.999840. Upon 

comprehensive evaluation of these results, it unequivocally affirms that the ANN model has been 

constructed with a high level of accuracy for predicting NN. 

 
 

 
(a) Training performances of developed ANN model 

for lower disk M = 0. 

 
(b) Training states of developed ANN model for lower 

disk M = 0. 

 

 
(c) Different regression performances of developed 

ANN model for lower disk M = 0. 

 
(d) Error histograms of developed ANN model for 

lower disk M = 0. 
 

Figure 11. Performance analysis of ANN for lower disk for M = 0. 
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(a) Training performances of developed ANN model 

for upper disk M = 0. 

 
(b) Training states of developed ANN model for upper 

disk M = 0. 

 

 
(c) Different regression performances of developed 

ANN model for upper disk  M = 0. 

 
(d) Error histograms of developed ANN model for 

upper disk M = 0. 

 

Figure 12. Performance analysis of ANN for upper disk when M = 0. 

 

 

Table 4. Values of Nusselt number at lower and upper disk. 
 

 

Numerical value ANN forecast 

With magnetic 

field (M = 1.5) 

Without magnetic 

field (M = 0) 

With magnetic 

field (M = 1.5) 

Without magnetic 

field (M = 0) 

 Re Rd A* B*   
Lower 

Disk 

Upper 

Disk 

Lower 

Disk 

Upper 

Disk 

Lower 

Disk 

Upper 

Disk 

Lower 

Disk 

Upper 

Disk 

T
ra

in
in

g
 D

at
a
 2 0.05 2 3 1 0.050435 -0.001429 0.050753 -0.001288 0.050433 -0.001462 0.050750 -0.001285 

2.05     0.050309 -0.001486 0.050652 -0.001334 0.050303 -0.001491 0.050658 -0.001333 

2.1     0.050173 -0.001549 0.050543 -0.001385 0.050176 -0.001531 0.050553 -0.001385 

2.15     0.050026 -0.001618 0.050426 -0.001440 0.050038 -0.001584 0.050433 -0.001441 

2.2     0.049868 -0.001695 0.050299 -0.001502 0.049882 -0.001653 0.050300 -0.001503 

2.25     0.049694 -0.001780 0.050161 -0.001571 0.049701 -0.001738 0.050155 -0.001572 
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Table 4 continued… 
 

 2.3     0.049504 -0.001875 0.050010 -0.001648 0.049498 -0.001841 0.049998 -0.001649 

2.35     0.049295 -0.001980 0.049844 -0.001734 0.049274 -0.001959 0.049829 -0.001737 

2.4     0.049063 -0.002099 0.049660 -0.001830 0.049034 -0.002092 0.049648 -0.001836 

2.45     0.048804 -0.002233 0.049454 -0.001939 0.048780 -0.002237 0.049451 -0.001949 

2.5     0.048513 -0.002385 0.049223 -0.002063 0.048511 -0.002392 0.049233 -0.002077 

2.55     0.048182 -0.002559 0.048960 -0.002206 0.048220 -0.002560 0.048989 -0.002223 

2.6     0.047803 -0.002760 0.048659 -0.002370 0.047890 -0.002745 0.048705 -0.002391 

2.65     0.047364 -0.002994 0.048310 -0.002563 0.047496 -0.002962 0.048369 -0.002586 

2.7     0.046849 -0.003271 0.047900 -0.002790 0.046997 -0.003231 0.047960 -0.002814 

2.75     0.046236 -0.003601 0.047411 -0.003063 0.046339 -0.003584 0.047454 -0.003087 

2.8     0.045494 -0.004003 0.046817 -0.003396 0.045465 -0.004061 0.046820 -0.003423 

2.85     0.044576 -0.004503 0.046080 -0.003811 0.044340 -0.004692 0.046022 -0.003846 

2.9     0.043411 -0.005139 0.045139 -0.004343 0.043021 -0.005443 0.045022 -0.004391 

2.95     0.041880 -0.005976 0.043896 -0.005048 0.041715 -0.006171 0.043785 -0.005099 

3 0.05    0.039781 -0.007127 0.042176 -0.006026 0.040710 -0.006695 0.042285 -0.006004 

 0.05    0.050435 -0.001429 0.050753 -0.001288 0.050433 -0.001462 0.050750 -0.001285 

 0.06    0.050963 -0.001422 0.051276 -0.001284 0.050928 -0.001447 0.051260 -0.001283 

 0.07    0.051490 -0.001417 0.051799 -0.001281 0.051440 -0.001435 0.051779 -0.001282 

 0.08    0.052015 -0.001412 0.052321 -0.001278 0.051966 -0.001426 0.052307 -0.001281 

 0.09    0.052540 -0.001408 0.052841 -0.001276 0.052506 -0.001419 0.052839 -0.001279 

 0.1    0.053064 -0.001404 0.053362 -0.001274 0.053054 -0.001414 0.053371 -0.001278 

 0.11    0.053587 -0.001401 0.053881 -0.001273 0.053603 -0.001411 0.053896 -0.001277 

 0.12    0.054110 -0.001399 0.054400 -0.001272 0.054147 -0.001408 0.054412 -0.001276 

 0.13    0.054631 -0.001396 0.054919 -0.001271 0.054677 -0.001406 0.054917 -0.001275 

 0.14    0.055153 -0.001395 0.055437 -0.001271 0.055189 -0.001405 0.055416 -0.001275 

 0.15    0.055673 -0.001393 0.055954 -0.001271 0.055683 -0.001405 0.055915 -0.001274 

 0.16    0.056193 -0.001393 0.056471 -0.001272 0.056165 -0.001404 0.056419 -0.001273 

 0.17    0.056713 -0.001392 0.056988 -0.001273 0.056649 -0.001404 0.056934 -0.001272 

 0.18    0.057232 -0.001392 0.057504 -0.001274 0.057149 -0.001403 0.057460 -0.001272 

 0.19    0.057750 -0.001392 0.058020 -0.001276 0.057683 -0.001403 0.057995 -0.001272 

 0.2    0.058268 -0.001393 0.058536 -0.001278 0.058255 -0.001403 0.058532 -0.001272 

 0.21    0.058786 -0.001394 0.059051 -0.001280 0.058851 -0.001403 0.059064 -0.001273 

 0.22    0.059303 -0.001395 0.059566 -0.001282 0.059429 -0.001403 0.059584 -0.001275 

 0.23    0.059820 -0.001396 0.060081 -0.001285 0.059929 -0.001402 0.060092 -0.001280 

 0.24    0.060337 -0.001398 0.060595 -0.001287 0.060304 -0.001402 0.060592 -0.001290 

 0.25    0.060853 -0.001400 0.061110 -0.001291 0.060546 -0.001402 0.061098 -0.001307 

 0.05 2 3  0.050435 -0.001429 0.050753 -0.001288 0.050433 -0.001462 0.050750 -0.001285 

  2.02 3.02  0.050401 -0.001445 0.050726 -0.001301 0.050432 -0.001473 0.050732 -0.001292 

  2.04 3.04  0.050367 -0.001461 0.050698 -0.001314 0.050408 -0.001486 0.050713 -0.001302 

  2.06 3.06  0.050333 -0.001478 0.050670 -0.001328 0.050366 -0.001501 0.050688 -0.001314 

  2.08 3.08  0.050297 -0.001495 0.050641 -0.001342 0.050311 -0.001517 0.050654 -0.001328 

2 0.05 2.1 3.1 1 0.050261 -0.001513 0.050612 -0.001356 0.050253 -0.001534 0.050613 -0.001342 

  2.12 3.12  0.050224 -0.001531 0.050582 -0.001371 0.050197 -0.001552 0.050571 -0.001356 

  2.14 3.14  0.050187 -0.001550 0.050552 -0.001386 0.050148 -0.001570 0.050532 -0.001369 

  2.16 3.16  0.050149 -0.001569 0.050521 -0.001401 0.050107 -0.001587 0.050500 -0.001380 

  2.18 3.18  0.050109 -0.001589 0.050489 -0.001417 0.050075 -0.001602 0.050476 -0.001388 

  2.2 3.2  0.050069 -0.001609 0.050457 -0.001433 0.050050 -0.001617 0.050455 -0.001397 

  2.22 3.22  0.050029 -0.001630 0.050423 -0.001450 0.050031 -0.001631 0.050434 -0.001407 

  2.24 3.24  0.049987 -0.001651 0.050390 -0.001467 0.050015 -0.001643 0.050410 -0.001422 

  2.26 3.26  0.049944 -0.001673 0.050355 -0.001484 0.049999 -0.001656 0.050381 -0.001443 

  2.28 3.28  0.049900 -0.001695 0.050320 -0.001502 0.049977 -0.001669 0.050345 -0.001469 

  2.3 3.3  0.049856 -0.001718 0.050284 -0.001521 0.049945 -0.001683 0.050302 -0.001498 

T
es

ti
n
g
 D

at
a
 

  2.32 3.32  0.049810 -0.001742 0.050247 -0.001540 0.049894 -0.001702 0.050251 -0.001529 

  2.34 3.34  0.049763 -0.001766 0.050209 -0.001560 0.049811 -0.001726 0.050199 -0.001558 

  2.36 3.36  0.049715 -0.001791 0.050170 -0.001580 0.049681 -0.001760 0.050153 -0.001584 

  2.38 3.38  0.049666 -0.001817 0.050131 -0.001601 0.049481 -0.001809 0.050121 -0.001604 

  2.4 3.4  0.049616 -0.001843 0.050090 -0.001622 0.049184 -0.001881 0.050116 -0.001619 

  2 3 1 0.050435 -0.001429 0.050753 -0.001288 0.050433 -0.001462 0.050750 -0.001285 

    51 0.050401 -0.001445 0.050741 -0.001294 0.050407 -0.001469 0.050749 -0.001289 

    101 0.050365 -0.001462 0.050729 -0.001300 0.050376 -0.001479 0.050743 -0.001293 

    151 0.050328 -0.001480 0.050716 -0.001306 0.050343 -0.001491 0.050733 -0.001299 

    201 0.050290 -0.001498 0.050703 -0.001312 0.050308 -0.001506 0.050719 -0.001304 

    251 0.050250 -0.001517 0.050690 -0.001319 0.050273 -0.001523 0.050704 -0.001311 

    301 0.050208 -0.001537 0.050677 -0.001325 0.050237 -0.001543 0.050686 -0.001317 

    351 0.050165 -0.001558 0.050664 -0.001332 0.050200 -0.001565 0.050668 -0.001324 

V
al

id
at

i

o
n
 D

at
a 

    401 0.050119 -0.001580 0.050650 -0.001338 0.050160 -0.001588 0.050650 -0.001331 

    451 0.050072 -0.001603 0.050636 -0.001345 0.050116 -0.001613 0.050632 -0.001338 

    501 0.050023 -0.001628 0.050622 -0.001352 0.050067 -0.001637 0.050615 -0.001344 

    551 0.049971 -0.001653 0.050608 -0.001359 0.050014 -0.001662 0.050600 -0.001351 
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Table 4 continued… 
 

     601 0.049916 -0.001680 0.050594 -0.001366 0.049958 -0.001686 0.050585 -0.001356 

    651 0.049859 -0.001708 0.050579 -0.001373 0.049898 -0.001710 0.050573 -0.001361 

    701 0.049799 -0.001738 0.050564 -0.001380 0.049837 -0.001734 0.050562 -0.001366 

    751 0.049736 -0.001769 0.050549 -0.001388 0.049774 -0.001760 0.050552 -0.001370 

    801 0.049669 -0.001803 0.050533 -0.001396 0.049710 -0.001788 0.050542 -0.001373 

    851 0.049599 -0.001838 0.050517 -0.001403 0.049644 -0.001820 0.050531 -0.001378 

    901 0.049524 -0.001875 0.050501 -0.001411 0.049573 -0.001859 0.050515 -0.001384 

    951 0.049445 -0.001915 0.050485 -0.001420 0.049492 -0.001908 0.050492 -0.001393 

    1001 0.049361 -0.001958 0.050468 -0.001428 0.049396 -0.001971 0.050454 -0.001406 

 MSE 0.000002 0.000005 0.000009 0.000003 

R2 0.999317 0.997672 0.999963 0.999840 

 

6. Conclusions 
The thermal analysis of the bioconvective flow of Ag-TiO2/water hybrid nanofluid between two infinite 

and parallel rotating disks is presented through a numerical approach. The numerical results are obtained 

exclusively using the "bvp4c" program for solving the problem. A Levenberg–Marquardt training algorithm 

is employed in the development of an Artificial Neural Network (ANN) model designed for the prediction 

of the Nusselt number. The crucial observations derived from the presented results are as follows: 

• The Nusselt number is seen to be higher at the lower plate than the upper plate. 

• Dominant thermal radiation is seen to increase the Nusselt number values. 

• The computed mean squared error values for the developed ANN model, targeting Nusselt number 

predictions, were found to be 2×10−6, 5×10−6, 9×10−6, and 3×10−6. 

• The regression (R2) values, serving as an additional performance parameter, were determined as 

0.999317, 0.997672, 0.999963, and 0.999840, respectively. 

• The ANN model has been crafted with a high degree of accuracy for predicting Nusselt numbers. 

 

This study can be extended to investigate the boundary layer flow of ternary hybrid nanofluid with or 

without nanoparticles aggregation. Furthermore, this study assumed that the Joule heating and viscous 

dissipation effects were negligible. So, the influence of these two factors can also be discussed in a future 

study. In addition, sensitivity analysis can be done to identify the sources of uncertainty. 
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