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Abstract 

Negabent functions play a vital role in the field of cryptography and coding theory for designing secure cryptosystems. In this 

article, we investigate the various properties of 2𝑞-nega-Hadamard transform (2𝑞-NHT) of the functions from ℤ𝑞
𝑛 to ℤ2𝑞  with 

𝑞 ≥ 2 is a positive integer. We discuss the 2𝑞-NHT of the derivative of these functions and develop a connection between 2𝑞-

walsh-Hadamard transform (2𝑞-WHT) and 2𝑞-NHT for the derivative of these functions. Also, we show that the dual 𝑔̃ of 𝑔 ∈
ℬ𝑛,𝑞 is 2𝑞-bent if 𝒩𝑔(𝜗) = 𝜔𝑔̃(𝜗) for all 𝜗 ∈ ℤ𝑞

𝑛. The 2𝑞-nega convolution transform theorem for the current setup is obtained. 

Further, we have obtained the 2𝑞-NHT of composition of generalized vectorial function and generalized function. 

 

Keywords- 2𝑞-Walsh-Hadamard transform (2𝑞-WHT), 2𝑞-Nega Cross-Correlation (2𝑞-NCC), 2𝑞-Nega auto-correlation (2𝑞-

NAC), 2𝑞-Bent functions, 2𝑞-Nega-Hadamard transform (2𝑞-NHT). 

 

 

 

1. Introduction 
In the present era of increasing transmission of digital data through open networks, data security is a 

prime challenge for the society. Cryptography provides tools and techniques to overcome this challenge. 

The introduction of Boolean functions leads to major development in the area of cryptography, 

information theory and other related areas. The need of secure communication and storage of data is 

increasing day by day with the advancement of technology. The Boolean functions are applied in 
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cryptography to encrypt and secure the information from unauthorised access. The nonlinear 

cryptographic Boolean functions often play a main role in designing several block ciphers and stream 

ciphers. They have been used in designing various cryptographic algorithms. Thus, the study of 

cryptographic properties of nonlinear Boolean functions plays a major role in designing cryptographic 

algorithms which defiance against numerous cryptographic attacks. The bent functions are those Boolean 

functions which have maximum distance from the set of all affine functions (equivalently, if it has flat 

spectrum with respect to Walsh-Hadamard transform). The Boolean bent functions were first introduced 

by Rothaus (1976) and are crucial components for various applications in symmetric cryptography and in 

construction of error correcting codes. The concept of bent functions is further generalized by Riera and 

Parker (2006). They analyzed Boolean functions having flat spectrum against one or more transforms 

obtained from n-fold tensor product of the matrix 𝐼 = (
1 0
0 1

), 𝐻 =
1

√2
(

1 1
1 −1

) , 𝑁 =
1

√2
(

1 𝑖
1 −𝑖

). The 

Walsh-Hadamard Transform (WHT) is the tensor product of several Hadamard matrices 𝐻, equivalently, 

the tensor product of several Nega-Hadamard matrices 𝑁 is called Nega-Hadamard transform (NHT). As 

in the WHT, a Boolean function that has a flat spectrum under NHT is called negabent function. The 

generalizations of bent functions are becoming more important from time to time with respect to their 

cryptographic properties. The negabent functions were introduced as a generalization of Boolean bent 

functions. During last two decades, negabent functions received a special attention of cryptographers 

because of their numerous applications in the theory of sequence design, wireless communications, 

cryptography and designing of efficient codes. The study of cryptographic properties of Boolean 

functions and their generalizations plays a main role in designing cryptographic algorithms which protect 

against numerous cryptographic attacks. The security of information over a communication channel 

depends on cryptographic properties of Boolean functions and their generalizations. In view of these 

applications of cryptographic properties of generalized Boolean functions, Singh and Bhaintwal (2022) 

obtained a new class of negabent functions in which they have extended the idea of negabent functions to 

2𝑞-negabent functions from ℤ𝑞
𝑛 to ℤ2𝑞. They studied some properties of these functions with respect to 

2q-nega Hadamard transform like 2q-Parseval’s identity, relationship between the 2q-NHT and 2q-nega 

autocorrelation. Working in the same direction, in this paper, we investigate various properties of 2𝑞-

NHT of the functions from ℤ𝑞
𝑛 to ℤ2𝑞 with 𝑞 ≥ 2 is a positive integer. we obtain the relationship between 

2𝑞-nega-Hadamard transform and 2𝑞-cross-correlation of these two functions. We discuss the 2𝑞-NHT 

of the derivative of these functions and develop the connection between 2𝑞-WHT and 2𝑞-NHT for the 

derivative of these functions. The cryptographic Boolean functions have been used in designing various 

cryptographic algorithms. Thus, the study of cryptographic properties of Boolean functions plays a major 

role in designing cryptographic algorithms which defiance against numerous cryptographic attacks. 

 

2. Literature Review  
The Boolean functions and their generalizations have been studied by the various authors with respect to 

WHT and NHT. In the last few years, Kumar et al. (1985), Schmidt (2009), Stănică et al. (2012), Singh et 

al. (2013), Schmidt (2015), Zhuo and Chong (2015), Kaur and Sharma (2018), Singh and Paul (2019), 

Singh et al. (2022), Jiang et al. (2022), Mandal et al. (2022), Liu and Wu (2023), Singh et al. (2024b), 

Sharma and Ahmad Dar (2024), Arshad and Khan (2024), Singh et al. (2024c), Yang et al. (2024) have 

worked on several generalizations of Boolean functions and studied the effect of WHT and NHT on them. 

Kumar et al. (1985) presented 𝑞-ary functions as a generalization of Boolean functions from ℤ𝑞
𝑛 to ℤ𝑞 

with 𝑞 ≥ 2 is a positive integer. They provided the constructions of q-ary bent functions for even 𝑛 and 

𝑞 ≠ 2 (mod 4). Also, Schmidt (2009) presented generalized Boolean functions from ℤ2
𝑛 to ℤ𝑞 and 

established several important results in this setup. Later, Solé and Tokareva (2009) have considered these 

generalizations and obtained a relationship between the Boolean bent functions, the generalized Boolean 



Singh et al.: Some Cryptographic Properties of Functions Based on their 2𝑞-nega … 
 

 

1384 | Vol. 9, No. 6, 2024 

bent functions and 𝑞-ary (for 𝑞 = 4) bent functions. They proved that the grey image of a quaternary bent 

function is a binary semi bent function and characterized the bent functions by their nonlinearity. Schmidt 

(2015) has constructed a class of bent functions from ℤ𝑞
𝑛 to ℤ2𝑞 and studied that how closely can the 

largest absolute value of the Fourier transform of the functions from ℤ𝑞
𝑛 to ℤ2𝑞 approach to 1. By 

considering these generalizations, many authors obtained the several properties of these functions and 

studied the effect of generalized WHT and generalized NHT on them. Chaturvedi and Gangopadhyay 

(2013) considered the generalization of Schmidt and analyzed some properties of generalized nega-

Hadamard transform in generalized setup. They also shown that if we represent a generalized Boolean 

function in terms of Boolean functions, then there is a relationship between their nega-Hadamard 

transform. Recently, Sharma and Tiwari (2022) solved the problem partially which was posed by Paul 

(2018) in his thesis for the general construction of generalized (q-ary) negabent functions from ℤ𝑞
𝑛 to ℤ𝑞, 

and obtained the various properties of these functions with respect of nega-Hadamard transform. The 

relation among the nega-autocorrelation of the functions from ℤ𝑞
𝑛 to ℤ𝑞 and a characterization of 

quaternary negabent functions is presented in his thesis. Sharma and Ahmad Dar (2024) presented 

indicators: the nega- modulus indicator and the nega-sum-of-square-of-modulus indicator of the nega-

cross correlation among two 𝑞-ary functions to obtain the Global Avalanche Characteristic of 

cryptographic functions. Yang et al. (2024) obtained the characteristics of generalized Boolean functions 

based on the 𝜌-correlation spectrum and 𝜌-WHT. Recently, Singh et al. (2024a) analysed some 

characteristics of generalized functions from ℤ𝑞
𝑛 to Zq with respect to NHT such as inverse of generalized 

NHT, generalized nega Parseval’s identity and generalized nega cross correlation. They also analysed the 

relation between the generalized NHT and generalized nega cross-correlation of these functions. Singh 

and Bhaintwal (2022) considered the functions ℤ𝑞
𝑛 to ℤ2𝑞 and given the concept of 2𝑞-negabent functions. 

Firstly, they constructed 2𝑞-negabent functions on n variables for even positive integer 𝑞 and 2𝑞-

negabent functions on 2 variables for any positive integer 𝑞 ≥ 2. Also, they have presented a number of 

cryptographic properties of these functions based on 2𝑞-NHT. Now, we investigate some more results on 

2𝑞-NHT and 2𝑞-negabent functions in this article. 

 

Let ℤ, ℝ and ℂ denotes the set of integers, real and complex numbers respectively. Let 𝑞 ≥ 2 and 𝑛 be the 

positive integers. Let ℤ2, ℤ2
𝑛 and ℤ𝑞 be the prime field of order 2, 𝑛-dimensional vector space and ring of 

integers modulo 𝑞 respectively. A Boolean function on 𝑛-variables is a function from ℤ2
𝑛 to ℤ2 and let ℬ𝑛 

denotes the set of all such functions. Let ℬ𝑛,𝑞 be the set of all functions from ℤ𝑞
𝑛 to ℤ2𝑞. If 𝑥 =

(𝑥𝑛, … , 𝑥1) and 𝑦 = (𝑦𝑛, … , 𝑦1) are two elements in ℤ2
𝑛, then the inner (scalar) product < 𝑥, 𝑦 > is given 

by < 𝑥, 𝑦 >= 𝑥𝑛𝑦𝑛 ⊕ ⋯ ⊕ 𝑥1𝑦1. If 𝑧 = 𝑎 + 𝑏𝑖 ∈ ℂ is a complex number, then |𝑧| = √𝑎2 + 𝑏2 is called 

the absolute value of 𝑧 and the conjugate of 𝑧 is given by 𝑧 = 𝑎 − 𝑏𝑖, where, 𝑎, 𝑏 ∈ ℝ. For 𝑥 =

(𝑥𝑛, . . . , 𝑥1) ∈ ℤ𝑞
𝑛 and we denote 𝑥 = (𝑥𝑛, . . . , 𝑥1) ∈ ℤ𝑛, where, 𝑥𝑖 = {

𝑥𝑖,         𝑖𝑓  𝑥𝑖 ≥ 0  
𝑥𝑖 + 𝑞, 𝑖𝑓  𝑥𝑖 < 0

. Therefore, 𝑥𝑖 is 

the smallest non negative integer with 𝑥𝑖 = 𝑥𝑖 mod 𝑞.  

 

Let 𝑔 ∈ ℬ𝑛,𝑞. Then 2𝑞-WHT of 𝑔 at 𝜗 ∈  ℤ𝑞
𝑛 is given by Schmidt (2015), 

𝑊𝑔(𝜗) = 𝑞
−𝑛

2 ∑ 𝜔𝑔(𝑥)𝜂<𝑥̂,𝜗̂>
𝑥∈ℤ𝑞

𝑛 . 

 

The 2𝑞-NHT of 𝑔 at 𝜗 ∈  ℤ𝑞
𝑛 is defined by Singh and Bhaintwal (2022), as  

𝑁𝑔(𝜗) = 𝑞
−𝑛

2 ∑ 𝜔𝑔(𝑥)𝜂〈𝑥̂,𝜗̂〉
𝑥∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖. 

 

where, 𝜂 and 𝜔 denotes 𝑞th and 2𝑞th primitive root of unity respectively. 
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The 2𝑞-Nega cross-correlation (2q-NCC) between two functions 𝑔 and ℎ at 𝜗 ∈  ℤ𝑞
𝑛 is given by Singh 

and Bhaintwal (2022) as, 

𝐶𝑔,ℎ(𝜗) = ∑ 𝜔𝑔(𝑥)−ℎ(𝑥+𝜗)(−1)𝑛𝑞(𝑥̂,𝜗̂)
𝑥∈ℤ𝑞

𝑛 . 

 

where, 𝑛𝑞(𝑥̂, 𝜗̂) = ∑ ⌊
𝑥𝑖+𝜗̂𝑖

𝑞
⌋ = |𝑖: 𝑥𝑖 + 𝜗̂𝑖 ≥ 𝑞|𝑛

𝑖=1 . 

 

For 𝑔 = ℎ, the 2𝑞-Nega autocorrelation (2𝑞-NAC) is defined as 

𝐶𝑔(𝜗) = ∑ 𝜔𝑔(𝑥)−𝑔(𝑥+𝜗)(−1)𝑛𝑞(𝑥̂,𝜗̂)
𝑥∈ℤ𝑞

𝑛 . 

 

We recall the following preliminary results.  

 

Lemma 1. [Kumar et al. (1985)] Let 𝜗 ∈  ℤ𝑞
𝑛 and 𝑛 be a positive integer. Then, we have 

∑ 𝜂〈𝜗,𝑥〉
𝑥∈ℤ𝑞

𝑛 = {
𝑞𝑛, if 𝜗 = 0 

0, otherwise.
   

 

Lemma 2. [Singh and Bhaintwal (2022)] Suppose 𝑥 = (𝑥1, . . . , 𝑥𝑛), 𝑦 = (𝑦1, . . . , 𝑦𝑛) and 𝑡 = (𝑡1, . . . , 𝑡𝑛) 

belongs to ℤ𝑞
𝑛 with 𝑡 = 𝑥 + 𝑦. Then, we have 

∑ 𝑡̂𝑖 =  ∑ 𝑥𝑖 + ∑ 𝑦̂𝑖 − 𝑞𝑛𝑞(𝑥, 𝑦̂).  

 

3. Proposed Study 
The generalized Boolean functions with respect to their cryptographic properties are of great importance 

for communication channel in the present time. The study of cryptographic properties of Boolean 

functions and their generalizations plays a main role in designing cryptographic algorithms which 

defiance against numerous cryptographic attacks. The security of information over a communication 

channel depends on cryptographic properties of Boolean functions and their generalizations. Thus, we 

focus our study on cryptographic properties of generalized functions from ℤ𝑞
𝑛 to ℤ2𝑞. In this paper, our 

proposed study is as follows: we obtain the relationship between 2𝑞-nega-Hadamard transform and 2𝑞-

cross-correlation of two functions. We discuss the 2𝑞-NHT of the derivative of these functions and 

develop the connection between 2𝑞-WHT and 2𝑞-NHT for the derivative of these functions. We show 

that the dual 𝑔̃ of 𝑔 ∈ 𝐵𝑛,𝑞 is 2𝑞-bent if 𝑁𝑔(𝜗) = 𝜔 𝑔̃(𝜗) for all 𝜗 ∈ ℤ𝑞
𝑛. The 2𝑞-nega convolution 

transform for the current setup is obtained. Further, we obtain the 2𝑞-NHT of composition of generalized 

vectorial function and generalized function. 

 

4. Results and Discussions 
This section contains all the original results derived in this article. In Subsection 4.1, we obtain some 

properties of 2q-NHT and provide a relationship between 2𝑞-Nega-Hadamard transform and 2𝑞-cross-

correlation of functions from ℤ𝑞
𝑛 to ℤ2𝑞. Subsection 4.2 presents the connection between 2𝑞-WHT and 

2𝑞-NHT for derivative of these functions. In Subsection 4.3, 2𝑞-nega convolution and composition 

theorem is obtained. 

 

4.1 Properties of 𝟐𝒒-NHT 
In this section, we discuss the properties of 2𝑞-NHT and provide a relationship between 2𝑞-nega-

Hadamard transform and 2𝑞-cross-correlation of two functions. 

 

Theorem 1. Let 𝑘, 𝑠 and 𝑡 belongs to ℬ𝑛,𝑞 . Then the following statements holds. 
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(a) If a function 𝑗𝑢,𝑣(𝑥) = 2〈𝑢̂, 𝑥〉 + 𝑣 is an affine function, then we have  

𝒩𝑘+𝑗𝑢,𝑣
(𝜗) = 𝜔𝑣̂𝒩𝑘(𝑢 + 𝜗).  

 

(b) If a function 𝑙𝑢,𝑣(𝑥) = 𝑞〈𝑢̂, 𝑥〉 + 𝑣 is an affine function. Then, we have  

∑ 𝒩𝑙𝑢,𝑣
(𝜗)𝜂〈−𝜗̂,𝑥̂〉

𝜗∈ℤ𝑞
𝑛 = 𝑞

𝑛

2  𝜔𝑣̂ ∑ (−1)〈𝑢̂,𝑥̂〉𝜔∑ 𝑥𝑖
𝑥∈ℤ𝑞

𝑛   

 

(c) If 𝑠(𝑥, 𝑦)=𝑘1(𝑥) + 𝑘2(𝑦) for all 𝑥, 𝑦 ∈ 𝑍𝑞
𝑛, then 

𝒩𝑠(𝜗, 𝛾) = 𝒩𝑘1
(𝜗) 𝒩𝑘2

(𝛾).  

 

(d) If 𝑠(𝑥, 𝑦) = 𝑘1(𝑥) + 𝑘2(𝑦) for all 𝑥, 𝑦 ∈ ℤ𝑞
𝑛, then 

𝒩𝑠(𝛾)  = ∑ 𝒩𝑘1
(𝜗) 𝒲𝑘2

(𝛾 − 𝜗)𝜗∈ℤ𝑞
𝑛   

              = 𝑞−
𝑛

2 ∑ 𝒲𝑘1
(𝜗)𝒩𝑘2

(𝛾 − 𝜗)𝜗∈ℤ𝑞
𝑛 .  

 

Proof. (a) Let 𝑗𝑢,𝑣(𝑥)=2〈𝑢̂, 𝑥〉 + 𝑣. Then by definition of 2𝑞-NHT, we have 

𝒩𝑘+𝑗𝑢,𝑣
(𝜗)  =  𝑞

−𝑛

2 ∑ 𝜔𝑘+𝑗𝑢,𝑣(𝑥)𝜂〈𝜗̂,𝑥̂〉
𝑥∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖  

                      =  𝑞
−𝑛

2 ∑ 𝜔𝑘(𝑥)+2〈𝑢̂,𝑥̂〉+𝑣̂ 𝜂〈𝜗̂,𝑥̂〉
𝑥∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖  

                      =  𝑞
−𝑛

2 𝜔𝑣̂ ∑ 𝜔𝑘(𝑥)𝜂〈𝑢̂,𝑥̂〉+〈𝜗̂,𝑥̂〉
𝑥∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖  

                      =  𝑞
−𝑛

2 𝜔𝑣̂ ∑ 𝜔𝑘(𝑥)𝜂〈𝑢̂+𝜗̂,𝑥〉
𝑥∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖  

       =  𝜔𝑣̂𝒩𝑘(𝑢 + 𝜗).  
 

(b) Suppose that the function 𝑙𝑢,𝑣(𝑥) = 𝑞〈𝑢̂, 𝑥〉 + 𝑣 is an affine. Then 

 ∑ 𝒩𝑙𝑢,𝑣
(𝜗)𝜂〈−𝜗̂,𝑥〉 𝜗∈ℤ𝑞

𝑛 = 𝑞
−𝑛

2 ∑ ∑ 𝜔𝑙𝑢,𝑣  𝜂〈𝜗̂,𝑦̂〉
𝑦∈ℤ𝑞

𝑛𝜗∈ℤ𝑞
𝑛 𝜔∑ 𝑦̂𝑖𝜂〈−𝜗̂,𝑥̂〉  

                                            = 𝑞
−𝑛

2 ∑ ∑ 𝜔𝑞〈𝑢̂,𝑦̂〉+𝑣̂𝜂〈𝜗̂,𝑦̂〉
𝑦∈ℤ𝑞

𝑛𝜗∈ℤ𝑞
𝑛 𝜔∑ 𝑦̂𝑖𝜂〈−𝜗̂,𝑥〉  

                                            = 𝑞
−𝑛

2 ∑ ∑ 𝜔𝑙𝑢,𝑣𝜂〈𝜗̂,𝑦̂〉
𝑦∈ℤ𝑞

𝑛𝜗∈ℤ𝑞
𝑛 𝜔∑ 𝑦̂𝑖𝜂〈−𝜗̂,𝑥〉  

                                            = 𝑞
−𝑛

2 ∑ 𝜔𝑞〈𝑢̂,𝑦̂〉+𝑣̂𝜔∑ 𝑦̂𝑖 ∑ η〈𝜗̂,−𝑥̂+𝑦̂〉
𝜗∈ℤ𝑞

𝑛𝑦∈ℤ𝑞
𝑛   

                                            =  𝑞
−𝑛

2 𝜔𝑣̂ ∑ (−1)〈𝑢̂,𝑦̂〉𝜔∑ 𝑦̂𝑖 ∑ 𝜂〈𝜗̂,−𝑥̂+𝑦̂〉
𝜗∈ℤ𝑞

𝑛𝑦∈ℤ𝑞
𝑛   

                                            = 𝑞
𝑛

2𝜔𝑣̂ ∑ (−1)〈𝑢̂,𝑥̂〉𝜔∑ 𝑥𝑖
𝑥∈ℤ𝑞

𝑛  (by using Lemma 1). 

 

(c) Since 𝑠(𝑥, 𝑦) = 𝑘1(𝑥) + 𝑘2(𝑦) for all 𝑥, 𝑦 ∈ ℤ𝑞
𝑛. Thus,  

𝒩𝑠(𝜗, 𝛾)  = 𝑞−𝑛 ∑ 𝜔𝑘1(𝑥)+𝑘2(𝑦)𝜂〈𝜗̂,𝑥〉+〈𝛾̂,𝑦̂〉
𝑥,𝑦∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖+∑ 𝑦̂𝑖  

                  = 𝑞−
𝑛

2 ∑ 𝜔𝑘1(𝑥)𝜂〈𝜗̂,𝑥̂〉𝜔∑ 𝑥𝑖  𝑞− 
𝑛

2 ∑ 𝜔𝑘2(𝑦)𝑠〈𝛾̂,𝑦̂〉𝜔∑ 𝑦̂𝑖
𝑦∈ℤ𝑞

𝑛𝑥∈ℤ𝑞
𝑛   

                  =  𝒩𝑘1
(𝜗)𝒩𝑘2

(𝛾).  

 

(d) Let 𝑠(𝑥, 𝑦) = 𝑘1(𝑥) + 𝑘2(𝑥), for all 𝑥, 𝑦 ∈ ℤ𝑞
𝑛. Then 

𝒩𝑘1
(𝜗) = 𝑞−

𝑛

2 ∑ 𝜔𝑘1(𝑥)𝜂〈𝜗̂,𝑥̂〉
𝑥∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖  

 

and  
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𝒲𝑘2
(𝛾 − 𝜗) = 𝑞−

𝑛

2 ∑ 𝜔𝑘2(𝑦)𝜂〈𝛾̂−𝜗̂,𝑦̂〉
𝑦∈ℤ𝑞

𝑛 .  

 

Thus, we have  

∑ 𝒩𝑘1
(𝜗)𝒲𝑘2

(𝛾 − 𝜗) = 𝑞−𝑛 ∑ 𝜔𝑘1(𝑥)+𝑘2(𝑦)𝜂〈𝜗̂,𝑥̂〉+〈𝛾̂−𝜗̂,𝑦̂〉
𝜗,𝑥,𝑦∈ℤ𝑞

𝑛𝜗∈ℤ𝑞
𝑛 𝜔∑ 𝑥𝑖  

                                                  =  𝑞−𝑛 ∑ 𝜔𝑘1(𝑥)+𝑘2(𝑦)𝜂〈𝜗̂,𝑥̂〉𝜂〈−𝜗̂,𝑦̂〉𝜂〈𝛾̂,𝑦̂〉𝜔∑ 𝑥𝑖
𝜗,𝑥,𝑦∈ℤ𝑞

𝑛   

                                   =  𝑞−𝑛 ∑ 𝜔𝑘1(𝑥)+𝑘2(𝑦)𝜂〈𝜗̂,𝑦̂〉
𝑥,𝑦∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖 ∑ 𝜂〈𝛾̂,𝑥̂−𝑦̂〉
𝜗∈ℤ𝑞

𝑛   

                                   =  𝑞−𝑛 ∑ 𝜔𝑘1(𝑥)+𝑘2(𝑥)𝜂〈𝛾̂,𝑥̂〉
𝑥,𝑦∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖𝑞𝑛 (by using Lemma 1) 

                                                  = ∑ 𝜔𝑠(𝑥)𝜂〈𝛾̂,𝑥̂〉𝜔∑ 𝑥𝑖
𝑥∈ℤ𝑞

𝑛   

                                   =  𝑞
𝑛

2𝒩𝑠(𝛾). 

 

Again 

𝒲𝑘1
(𝜗) = 𝑞−

𝑛

2 ∑ 𝜔𝑘1(𝑥)𝜂〈𝜗̂,𝑥̂〉
𝑥∈ℤ𝑞

𝑛   

 

and  

𝒩𝑘2
(𝛾 − 𝜗) = 𝑞−

𝑛

2 ∑ 𝜔𝑘2(𝑦)𝜂〈𝛾̂−𝜗̂,𝑦̂〉𝜔∑ 𝑦̂𝑖
𝑦∈ℤ𝑞

𝑛 . 

 

Thus, we have 

∑ 𝒲𝑘1
(𝜗)𝒩𝑘2

(𝛾 − 𝜗)𝜗∈ℤ𝑞
𝑛 = 𝑞−𝑛 ∑ 𝜔𝑘1(𝑥)+𝑘2(𝑦)𝜂〈𝜗̂,𝑥̂〉+〈𝛾̂−𝜗̂,𝑦̂〉

𝜗,𝑥,𝑦∈ℤ𝑞
𝑛 𝜔∑ 𝑦̂𝑖  

                                   = 𝑞−𝑛 ∑ 𝜔𝑘1(𝑥)+𝑘2(𝑦)𝜂〈𝜗̂,𝑥̂〉𝜂〈−𝜗̂,𝑦̂〉𝜂〈𝛾̂,𝑦̂〉
𝜗,𝑥,𝑦∈ℤ𝑞

𝑛 𝜔∑ 𝑦̂𝑖  

                                   = 𝑞−𝑛 ∑ 𝜔𝑘1(𝑥)+𝑘2(𝑦)𝜂〈𝜗̂,𝑦̂〉
𝑥,𝑦∈ℤ𝑞

𝑛 𝜔∑ 𝑦̂𝑖 ∑ 𝜂〈𝛾̂,𝑥̂−𝑦̂〉
𝜗∈ℤ𝑞

𝑛   

                                   = 𝑞−𝑛 ∑ 𝜔𝑘1(𝑥)+𝑘2(𝑥)𝜂〈𝛾̂,𝑥̂〉
𝑥,𝑦∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖𝑞𝑛    (by using Lemma 1)  

                                   = ∑ 𝜔𝑠(𝑥)𝜂〈𝛾̂,𝑥̂〉
𝑥∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖  

                                                 = 𝑞
𝑛

2𝒩𝑠(𝛾). 
 

In Lemma 3, we develop a relationship between 2𝑞-NHT and 2𝑞-NAC of a function 𝑓 ∈ ℬ𝑛,𝑞. The result 

is used to prove the Theorem 2. 

 

Lemma 3. Suppose 𝑓 ∈ ℬ𝑛,𝑞 and 𝜗 ∈ ℤ𝑞
𝑛. Then, we have  

|𝒩𝑓(𝜗)|2 = 𝑞−𝑛 ∑ 𝐶𝑓(𝑡)𝑡∈ℤ𝑞
𝑛 𝜔− ∑ 𝑡̂𝑖  𝜂〈−𝜗̂,𝑡̂〉. 

 

Proof. |𝒩𝑓(𝜗)|2  =  𝒩𝑓(𝜗)𝒩𝑓(𝜗)̅̅ ̅̅ ̅̅ ̅̅   

                                =  𝑞
−𝑛

2 ∑ 𝜔𝑓(𝑥)𝜂〈𝜗̂,𝑥̂〉𝜔∑ 𝑥𝑖   𝑞
−𝑛

2 ∑ 𝜔−𝑓(𝑦)𝜂−〈𝜗̂,𝑦̂〉
𝑦∈ℤ𝑞

𝑛𝑥∈ℤ𝑞
𝑛 𝜔− ∑ 𝑦̂𝑖  

                                =  𝑞−𝑛 ∑ 𝜔𝑓(𝑥)−𝑓(𝑦)𝜂〈𝜗̂,𝑥̂〉−〈𝜗̂,𝑦̂〉
𝑥,𝑦∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖−∑ 𝑦̂𝑖  

                                =  𝑞−𝑛 ∑ 𝜔𝑓(𝑥)−𝑓(𝑥+𝑡)𝜂〈𝜗̂,𝑥̂〉−〈𝜗̂,𝑥̂+𝑡̂〉𝜔− ∑ 𝑡̂𝑖+𝑞𝑛𝑞(𝑥,𝑡) 𝑥,𝑡∈ℤ𝑞
𝑛 (by using Lemma 2)  

                                =  𝑞−𝑛 ∑ 𝜔𝑓(𝑥)−𝑓(𝑥+𝑡)𝜂〈𝜗̂,𝑥̂〉−〈𝜗̂,𝑥̂+𝑡̂〉(−1)𝑛𝑞(𝑥,𝑡)
𝑥,𝑡∈ℤ𝑞

𝑛 𝜔− ∑ 𝑡̂𝑖   

                                =  𝑞−𝑛 ∑ 𝜔𝑓(𝑥)−𝑓(𝑥+𝑡)𝜂〈𝜗̂,𝑥̂〉−〈𝜗̂,𝑥̂〉−〈𝜗̂,𝑡̂〉(−1)𝑛𝑞(𝑥,𝑡)
𝑥,𝑡∈ℤ𝑞

𝑛 𝜔− ∑ 𝑡̂𝑖   

                                =  𝑞−𝑛 ∑ 𝜂〈−𝜗,𝑡̂〉𝐶𝑓(𝑡)𝑡∈ℤ𝑞
𝑛 𝜔− ∑ 𝑡̂𝑖 .  
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Theorem 2. Suppose 𝑟 and 𝑠 are functions from ℤ𝑞
𝑛 to ℤ2𝑞 and 𝜗, 𝜇 ∈ ℤ𝑞

𝑛. Then  

∑ |𝒩𝑟(𝜗)|2|𝒩𝑠(𝜇 − 𝜗)|2 =𝜗∈ℤ𝑞
𝑛 𝑞−𝑛 ∑ 𝐶𝑟(𝜈)𝐶𝑠(𝜈)𝜈∈ℤ𝑞

𝑛 𝜔− ∑ 𝜈̂𝑖 𝜂〈−𝜇̂,𝜈̂〉 . 

 

Proof. By using previous lemma, we have  

∑ |𝒩𝑟(𝜗)|2|𝒩𝑠(𝜇 − 𝜗)|2
𝜗∈ℤ𝑞

𝑛 = 𝑞−2𝑛 ∑ ∑ 𝜂〈−𝜗̂,𝜈̂〉𝐶𝑟(𝜈)𝜈∈ℤ𝑞
𝑛𝜗∈ℤ𝑞

𝑛 𝜔− ∑ 𝜈̂𝑖 ∑ 𝜂〈𝜗̂−𝜇̂,𝑡̂〉𝐶𝑠(𝑡)𝜔− ∑ 𝑡̂𝑖 
𝑡∈ℤ𝑞

𝑛   

                                         =  𝑞−2𝑛 ∑ 𝐶𝑟(𝜈)𝐶𝑠 (𝑡)𝜗,𝜈,𝑡∈ℤ𝑞
𝑛 𝜔− ∑ 𝜈̂𝑖−∑ 𝑡̂𝑖  𝜂〈−𝜗̂,𝜈̂〉+〈𝜗̂−𝜇̂,𝑡̂〉  

                                         =  𝑞−2𝑛 ∑ 𝐶𝑟(𝜈)𝐶𝑠(𝑡)𝜈,𝑡∈ℤ𝑞
𝑛 𝜔− ∑ 𝜈̂𝑖−∑ 𝑡̂𝑖  𝜂〈−𝜇̂,𝑡̂〉 ∑ 𝜂〈𝜗̂,−𝜈̂+𝑡̂〉

𝜗∈ℤ𝑞
𝑛   

                                         =  𝑞−𝑛 ∑ 𝐶𝑟(𝜈)𝐶𝑠(𝜈)𝜔−2 ∑ 𝜈̂𝑖 
𝜈∈ℤ𝑞

𝑛 𝜂〈−𝜇̂,𝜗̂〉 (by using Lemma 1). 

 

In particular, if 𝑟 = 𝑠, we have  

𝑞𝑛 ∑ |𝒩𝑟(𝜗)|2|𝒩𝑟(𝜇 − 𝜗)|2
𝜗∈ℤ𝑞

𝑛 = ∑ (𝐶𝑟(𝜈))2𝜔−2 ∑ 𝜈̂𝑖 
𝜈∈ℤ𝑞

𝑛 𝜂〈−𝜇̂,𝜗̂〉.  

 

4.2 𝟐𝒒-NHT of Derivative of 𝒓, 𝒔 ∈ 𝓑𝒏,𝒒 

In this section, we develop the connection between 2𝑞-WHT and 2𝑞-NHT for derivative of 𝑟, 𝑠 ∈ ℬ𝑛,𝑞 . 

 

Lemma 4. Let 𝑘, 𝑟, 𝑠 ∈ ℬ𝑛,𝑞 such that 𝑘(𝑥) = 𝑟(𝑥) − 𝑠(𝑥). Then 

𝒩𝑘(𝜗) = 𝑞
−𝑛

2 ∑ 𝒩𝑟(𝜗 + 𝜇)𝒲𝑠(𝜇)̅̅ ̅̅ ̅̅ ̅̅
𝜇∈ℤ𝑞

𝑛  . 

 

Proof. For 𝜗 ∈ ℤ𝑞
𝑛 and by definition of 2𝑞-NHT and 2𝑞-WHT, we have  

∑ 𝒩𝑟(𝜗 + 𝜇)𝒲𝑠(𝜇)̅̅ ̅̅ ̅̅ ̅̅
𝜇∈ℤ𝑞

𝑛 =  𝑞−𝑛 ∑ ∑ 𝜔𝑟(𝑥)𝜂〈𝜗̂+𝜇̂,𝑥̂〉
𝑥∈ℤ𝑞

𝑛𝜇∈ℤ𝑞
𝑛 𝜔∑ 𝑥𝑖  𝜔−𝑠(𝑦)𝜂−〈𝜇̂,𝑦̂〉  

                                              =  𝑞−𝑛 ∑ 𝜔𝑟(𝑥)−𝑠(𝑦)𝜂〈𝜗̂+𝜇̂,𝑥̂〉−〈𝜇̂,𝑦̂〉𝜔∑ 𝑥𝑖
𝑥,𝑦∈ℤ𝑞

𝑛       

                                              =  𝑞−𝑛 ∑ 𝜔𝑟(𝑥)−𝑠(𝑦)𝜂〈𝜗̂,𝑥〉
𝑥,𝑦∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖 ∑ 𝜂〈𝜇̂,𝑥̂−𝑦̂〉
𝜇∈ℤ𝑞

𝑛   

                                              =  𝑞−𝑛𝑞𝑛 ∑ 𝜔𝑟(𝑥)−𝑠(𝑥)𝜂〈𝜗̂,𝑥̂〉𝜔∑ 𝑥𝑖
𝑥∈ℤ𝑞

𝑛   (by using Lemma 1) 

                                              = ∑ 𝜔𝑘(𝑥)𝜂〈𝜗̂,𝑥̂〉
𝑥∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖  

                                              =  𝑞
𝑛

2𝒩𝑘(𝜗).  
 

Theorem 3. Let 𝑟, 𝑠 ∈ ℬ𝑛,𝑞 and 𝜗 ∈ ℤ𝑞
𝑛. Then  

𝒩𝐷𝑟,𝑠(𝑧)(𝜗) = 𝑞
−𝑛

2 ∑ 𝜂〈𝜇̂,𝑧̂〉𝒩𝑟(𝜗 + 𝜇)𝒲𝑠(𝜇)̅̅ ̅̅ ̅̅ ̅̅
𝜇∈ℤ𝑞

𝑛                                                                                       (1) 

 

and  

𝒩𝑟(𝜗 + 𝜇)𝒲𝑠(𝜇)̅̅ ̅̅ ̅̅ ̅̅ = 𝑞
−𝑛

2 ∑ 𝒩𝐷𝑟,𝑠(𝑧)(𝜗)𝜂−〈𝜇̂,𝑧̂〉
𝑧∈ℤ𝑞

𝑛                                                                                      (2) 

 

Proof. Let 𝑠𝑧 = 𝑠(𝑧 + 𝑥). Then, we have  

𝒲𝑠𝑧
(𝜇) = ∑ 𝜔𝑠𝑧(𝑥)𝜂〈𝜇̂,𝑥̂〉

𝑥∈ℤ𝑞
𝑛   

               = ∑ 𝜔𝑠(𝑧+𝑥)𝜂〈𝜇̂,𝑥̂〉
𝑥∈ℤ𝑞

𝑛   

               = 𝜂−〈𝜇̂,𝑧̂〉 ∑ 𝜔𝑠(𝑧+𝑥)𝜂〈𝜇̂,𝑥̂+𝑧̂〉
𝑥∈ℤ𝑞

𝑛   

               = 𝜂−〈𝜇̂,𝑧̂〉 ∑ 𝜔𝑠𝑧(𝑥)𝜂〈𝜇̂,𝑥̂+𝑧̂〉
𝑥∈ℤ𝑞

𝑛   

               = 𝜂−〈𝜇̂,𝑧̂〉𝒲𝑠(𝜇).  
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Thus, we get  

𝒲𝑠𝑧
(𝜇) = 𝜂−〈𝜇̂,𝑧̂〉𝒲𝑠(𝜇)                                                                                                                              (3) 

 

Replacing 𝑠 by 𝑠𝑧 and 𝑘 by 𝐷𝑟,𝑠(𝑧) in Lemma 4, we get 

𝒩𝐷𝑟,𝑠(𝑧)(𝜗) = 𝑞
−𝑛

2 ∑ 𝒩𝑟(𝜗 + 𝜇)𝒲𝑠𝑧
(𝜇)̅̅ ̅̅ ̅̅ ̅̅ ̅

𝜇∈ℤ𝑞
𝑛                                                                                               (4) 

 

From Equations (3) and (4), we have  

𝒩𝐷𝑟,𝑠(𝑧)(𝜗) = 𝑞
−𝑛

2 ∑ 𝒩𝑟(𝜗 + 𝜇)𝒲𝑠𝑧
(𝜇).̅̅ ̅̅ ̅̅ ̅̅ ̅̅

𝜇∈ℤ𝑞
𝑛   

 

Now 

∑ 𝒩𝐷𝑟,𝑠(𝑧)(𝜗)𝜂−〈𝜇̂,𝑧̂〉
𝑧∈ℤ𝑞

𝑛 =  𝜂〈𝜇̂,𝑧̂〉𝒩𝑟(𝜗 + 𝜇)𝒲𝑠𝑧
(𝜇)̅̅ ̅̅ ̅̅ ̅̅ ̅  

                               = ∑ 𝜂−〈𝜇̂,𝑧̂〉𝑞
−𝑛

2𝑧∈ℤ𝑞
𝑛 ∑ 𝜂〈𝑥,𝑧̂〉𝒩𝑟(𝜗 + 𝜇)𝒲𝑠(𝑥)̅̅ ̅̅ ̅̅ ̅̅

𝑥∈ℤ𝑞
𝑛   

                               =  𝑞
−𝑛

2 ∑ 𝒩𝑟(𝜗 + 𝜇)𝒲𝑠(𝑥)̅̅ ̅̅ ̅̅ ̅̅
𝑥∈ℤ𝑞

𝑛  ∑ 𝜂〈𝑧̂,𝑥̂−𝜇̂〉
𝑧∈ℤ𝑞

𝑛   

                               =  𝑞
𝑛

2  𝒩𝑟(𝜗 + 𝜇)𝒲𝑠(𝜇)̅̅ ̅̅ ̅̅ ̅̅ . 

 

Theorem 4. Let 𝑉 be a subspace of ℤ𝑞
𝑛 such that 𝑑𝑖𝑚(𝑉) = 𝑚 and 𝑟, 𝑠 ∈ ℬ𝑛,𝑞. Then for any 𝜗 ∈ ℤ𝑞

𝑚, we 

have 

∑  𝒩𝑟(𝜗 + 𝜇)𝒲𝑠(𝜇)̅̅ ̅̅ ̅̅ ̅̅
𝜇∈𝑉 = 𝑞

2𝑚−𝑛

2  ∑ 𝒩𝐷𝑟,𝑠(𝑧)(𝜗)𝑧∈𝑉⊥ ,  

 

where, 𝑉⊥ be the dual of 𝑉 and 𝑞 is prime.  

 

Proof. Using Theorem 3, we can write  

∑  𝒩𝑟(𝜗 + 𝜇)𝒲𝑠(𝜇)̅̅ ̅̅ ̅̅ ̅̅ = ∑ 𝑞−
𝑛

2  ∑ 𝜂−〈𝜇̂,𝑧̂〉𝒩𝐷𝑟,𝑠(𝑧)(𝜗)𝑧∈ℤ𝑝
𝑛𝜇∈𝑉𝜇∈𝑉   

                                             = 𝑞
−𝑛

2 ∑ 𝒩𝐷𝑟,𝑠(𝑧)(𝜗)𝑧∈ℤ𝑝
𝑛 ∑ 𝜂−〈𝜇̂,𝑧̂〉.𝜇∈𝑉   

 

Now, ∑ 𝜂−〈𝜇̂,𝑧̂〉
𝜂∈𝑉 ≠ 0 if and only if 𝑧 ∈ 𝑉⊥. So, we have 

∑ 𝒩𝐷𝑟,𝑠(𝑧)(𝜗)𝑧∈ℤ𝑞
𝑛  ∑ 𝜂−〈𝜇̂,𝑧̂〉

𝜇∈𝑉 = 𝑞𝑚 ∑ 𝒩𝐷𝑟,𝑠(𝑧)(𝜗)𝑧∈𝑉⊥ .  

 

Therefore,  

∑  𝒩𝑟(𝜗 + 𝜇)𝒲𝑠(𝜇)̅̅ ̅̅ ̅̅ ̅̅
𝜇∈𝑉 = 𝑞−

𝑛

2  𝑞𝑚 ∑ 𝒩𝐷𝑟,𝑠(𝑧)(𝜗)𝑧∈𝑉⊥   

                                             =  𝑞
2𝑚−𝑛

2 ∑ 𝒩𝐷𝑟,𝑠(𝑧)(𝜗).𝑧∈𝑉⊥   

 

In the following result, we present a result on dual 𝑔̃ of 𝑔 ∈ ℬ𝑛,𝑞 and obtain that the dual 𝑔̃ is 2𝑞-bent 

function.  

 

Theorem 5. Let 𝑔 ∈ ℬ𝑛,𝑞. Suppose 𝑔̃(𝜗) ∈ ℬ𝑛,𝑞 be a function such that 𝒩𝑔(𝜗) = 𝜔 𝑔̃(𝜗) for all 𝜗 ∈ ℤ𝑞
𝑛. 

Then dual 𝑔̃ of 𝑔 is 2𝑞-bent function.  

 

Proof. Since 𝑔̃(𝜗) ∈ ℬ𝑛,𝑞 is a function such that 𝒩𝑔(𝜗)=𝜔 𝑔̃(𝜗) for all 𝜗 ∈ ℤ𝑞
𝑛. Then, we have, 
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𝒲𝑔̃(𝜗) = 𝑞−
𝑛

2 ∑ 𝜔 𝑔̃(𝑥)𝜂〈𝑥,𝜗̂〉
𝑥∈ℤ𝑞

𝑛   

              = 𝑞−
𝑛

2 ∑ 𝒩𝑔(𝑥)𝜂〈𝑥,𝜗̂〉
𝑥∈ℤ𝑞

𝑛   

              = 𝑞−
𝑛

2 ∑ ∑ 𝜔𝑔(𝑧)𝜂〈𝑥̂,𝑧̂〉𝜔∑ 𝑧̂𝑖
𝑦∈ℤ𝑞

𝑛𝑧∈ℤ𝑞
𝑛 𝜂〈𝑥,𝜗̂〉  

              = 𝑞−
𝑛

2 ∑ 𝜔𝑔(𝑧)
𝑧∈ℤ𝑞

𝑛 𝜔∑ 𝑧̂𝑖 ∑ 𝜂〈𝑥,𝜗̂+𝑧̂〉
𝑥∈ℤ𝑞

𝑛   

              = 𝜔𝑔(−𝜗)𝜔∑ 𝜗̂𝑖 .  
 

So, |𝑊𝑔̃(𝜗)|=1 for all 𝜗 ∈ ℤ𝑞
𝑛. Hence, 𝑔̃ is 2𝑞-bent function.  

 

4.3 𝟐𝒒-Nega Convolution and Composition Theorem 
The Nega-convolution transform theorem for the functions from ℤ2

𝑛 to ℤ2 was given by Jiang et al. 

(2022). We obtain the 2𝑞-nega convolution transform of the functions from ℤ𝑞
𝑛 to ℤ2𝑞 in the following 

theorem. 

 

Theorem 6. Suppose 𝑔1(𝑧), 𝑔2(𝑧), . . . , 𝑔𝑘(𝑧) ∈ ℬ𝑛,𝑞 and ℎ(𝑧) = 𝑔𝑘(𝑧)+. . . +𝑔1(𝑧). Then, the 2𝑞-nega 

convolution of ℎ at 𝜇 ∈ ℤ𝑞
𝑛 is given by 

𝒩ℎ(𝜇) = 𝑞
−𝑚

2 ∑ 𝒩𝑔1
(𝜗1) ∏ 𝒲𝑔𝑖

(𝜗𝑖 + 𝜗𝑖−1)𝑘
𝑖=2𝜗∈ℤ𝑞

𝑛                                                                                   (5) 

 

where, 𝜗 = (𝜗𝑘−1, . . . , 𝜗1), 𝜗𝑘 = 𝜇 such that 𝜗𝑖 ∈ ℤ𝑞
𝑛 and 𝑚 = (𝑘 − 1)𝑛.  

 

Proof: We prove the result by using the induction on 𝑘. The result is obvious for = 2 . Suppose that the 

result holds for 𝑘 ≥ 3 and applying nega-convolution theorem on 𝑔𝑘(𝑥) and 𝑔(𝑥) =
𝑔𝑘−1(𝑥)+. . . +𝑔1(𝑥), we obtain 

𝒩ℎ(𝜇)  =  𝑞
−𝑛

2 ∑ 𝒩𝑔(𝜗𝑘−1)𝒲𝑔𝑘
(𝜇 + 𝜗𝑘−1)  𝜗𝑘−1∈ℤ𝑞

𝑛   

              =  𝑞
−𝑛

2 ∑ 𝒩𝑔(𝜗𝑘−1)𝒲𝑔𝑘
(𝜗𝑘 + 𝜗𝑘−1).𝜗𝑘−1∈ℤ𝑞

𝑛   

 

Now, by using the induction hypothesis for 𝑘 − 1 on 𝑔, we get 

𝒩ℎ(𝜇)  = 𝑞
−𝑛

2 ∑ 𝒲𝑔𝑘
(𝜇 + 𝜗𝑘−1) ×𝜗𝑘−1∈ℤ𝑞

𝑛 (𝑞
−(𝑘−2)𝑛

2 ∑ 𝒩𝑔1
(𝜗1) ∏ 𝒲𝑔𝑖

(𝜗𝑖 + 𝜗𝑖−1)𝑘−1
𝑖=2𝜗1,...𝜗𝑘−1∈ℤ𝑞

𝑚−1 )  

               =  𝑞
−𝑛

2 ∑ 𝒩𝑔1
(𝜗1) ∏ 𝒲𝑔𝑖

(𝜗𝑖 + 𝜗𝑖−1).𝑘−1
𝑖=2𝜗∈ℤ𝑞

𝑛   

 

Hence, the result.  

 

A function from ℤ𝑞
𝑛 to ℤ𝑞

𝑚 is called generalized vectorial function or (𝑛, 𝑚)-function with 𝑚 and 𝑛 are 

positive integers. Let 𝐺: ℤ𝑞
𝑛 → ℤ𝑞

𝑚 be vectorial function and 𝐾: ℤ𝑞
𝑚 → ℤ2𝑞 be a generalized function given 

by 𝐾 ∘ 𝐺(𝑟) = 𝐾(𝐺(𝑟)). Now. we present the 2𝑞-NHT for composition of a generalized vectorial 

function and a generalized function in Theorem 4. 

 

Lemma 5. Suppose 𝑓 ∈ ℬ𝑛,𝑞 and 𝑥 ∈ ℤ𝑞
𝑛. Then, we have 

𝜔𝑓(𝑥) = 𝑞−
𝑛

2 ∑ 𝒲𝑓(𝜗)𝜂<−𝜗̂,𝑥̂>
𝜗∈ℤ𝑞

𝑛 .  

 

where, 𝜔 is 2𝑞th primitive root of unity. 
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Proof: ∑ 𝒲𝑓(𝜗)𝜂<−𝜗,𝑥> = 𝑞−
𝑛

2 ∑ ∑ 𝜔𝑓(𝑦)𝜂<𝜗̂,𝑦̂>𝜂<−𝜗̂,𝑥̂>
𝑦∈ℤ𝑞

𝑛𝜗∈ℤ𝑞
𝑛𝜗∈ℤ𝑞

𝑛   

                                                       =  𝑞−
𝑛

2 ∑ 𝜔𝑓(𝑦) ∑ 𝜂<𝜗̂,𝑦̂−𝑥̂>
𝜗∈ℤ𝑞

𝑛𝑦∈ℤ𝑞
𝑛           

                                                       =  𝑞−
𝑛

2 ∑ 𝜔𝑓(𝑥)𝑞𝑛 𝑥∈ℤ𝑞
𝑛  (by using Lemma 1) 

                                                       =  𝑞
𝑛
2  𝜔𝑓(𝑥). 

 

Theorem 7. Let 𝐺: ℤ𝑞
𝑛 → ℤ𝑞

𝑚 and 𝐾: ℤ𝑞
𝑚 → ℤ2𝑞. Then, the 2𝑞-NHT for composition of 𝐺 and 𝐾 at any 

𝜗 ∈ ℤ𝑞
𝑛, 𝜇 ∈ ℤ𝑞

𝑚 is given as 

𝒩𝐾𝑜𝐺(𝜗) = 𝑞−
𝑚

2 ∑ 𝒲𝐾(𝜇)𝒩𝐿𝜇𝑜𝐺(𝜗),𝜇∈ℤ𝑞
𝑚   

 

where, the function 𝐿𝜇(𝑥) = 2〈−𝜇̂, 𝑥〉 is linear and (𝐿𝜇𝑜𝐺)(𝑥) = 2〈−𝜇̂, 𝐺(𝑥)〉. 

 

Proof. Using Lemma 5, we have 

𝜔𝐾(𝑥) = 𝑞−
𝑚

2 ∑ 𝒲𝐾(𝜇)𝜂〈−𝜇̂,𝑥̂〉
𝜇∈ℤ𝑞

𝑚  . 

 

Let 𝑦 = 𝐺(𝑥). Then, 

𝜔𝐾𝑜𝐺(𝑥)  =  𝜔𝐾(𝐺(𝑥))             

                  = 𝜔𝐾(𝑦) = 𝑞−
𝑚

2 ∑ 𝒲𝐾(𝜇)𝜂〈−𝜇̂,𝑦̂〉 𝜇∈ℤ𝑞
𝑚   

                                   =  𝑞−
𝑚

2 ∑ 𝒲𝐾(𝜇) 𝜂〈−𝜇̂,𝐺(𝑥)〉
𝜇∈ℤ𝑞

𝑚   

                                   =  𝑞−
𝑚

2 ∑ 𝒲𝐾(𝜇) 𝜂
𝐿𝜇𝑜𝐺(𝑥)

2𝜇∈ℤ𝑞
𝑚 .     

 

Hence, 

𝒩𝐾𝑜𝐺(𝜗)  =  𝑞−
𝑛

2 ∑ 𝜔𝐾𝑜𝐺(𝑥)𝜂〈𝜗̂,𝑥̂〉
𝑥∈ℤ𝑞

𝑛 𝜔∑ 𝑥𝑖  

                   =  𝑞−
𝑛

2 ∑ 𝑞−
𝑚

2𝑥∈ℤ𝑞
𝑛 ∑ 𝒲𝐾(𝜇) 𝜂

(
𝐿𝜇𝑜𝐺(𝑥̂)

2
)
𝜂〈𝜗̂,𝑥̂〉𝜔∑ 𝑥𝑖

𝜇∈ℤ𝑞
𝑛                

                   =  𝑞−
𝑚

2 ∑ 𝒲𝐾(𝜇)𝑞−
𝑛

2𝜇∈ℤ𝑞
𝑛 ∑ 𝜂

(
𝐿𝜇𝑜𝐺(𝑥)

2
)
𝜂〈𝜗̂,𝑥〉

𝑥∈ℤ𝑞
𝑚 𝜔∑ 𝑥𝑖  

                   =  𝑞−
𝑚

2 ∑ 𝒲𝐾(𝜇)𝑞−
𝑛

2 ∑ 𝜔(𝐿𝜇𝑜𝐺(𝑥))𝜂〈𝜗̂,𝑥̂〉
𝑥∈ℤ𝑞

𝑚𝜇∈ℤ𝑞
𝑛 𝜔∑ 𝑥𝑖  

                   =  𝑞−
𝑚

2 ∑ 𝒲𝐾(𝜇)𝒩𝐿𝜇𝑜𝐺(𝜗).𝜇∈ℤ𝑞
𝑛   

 

5. Conclusion and Future Scope 
The generalizations of Boolean bent functions are becoming more important in respect of cryptographic 

properties. from time to time. The negabent functions were introduced as a generalization of Boolean bent 

functions. The negabent functions as a generalization of bent functions, received a special attention of 

cryptographers because of their numerous applications in the theory of sequence design, wireless 

communications, cryptography and design of efficient codes. The investigation of negabent functions has 

drawn attention of researchers during last two decades, as they have play key role in design of secure 

cryptosystems, and also important in construction of different kind of nega related codes. In this article, 

we have investigated the various properties of 2𝑞-NHT of the functions from ℤ𝑞
𝑛 to ℤ2𝑞 like relationship 

between 2𝑞-nega-Hadamard transform and 2𝑞-cross-correlation of these two functions. Further, we 

developed a relationship between 2𝑞-NHT and 2𝑞-NAC of a function 𝑓 ∈ ℬ𝑛,𝑞. We discussed the 2𝑞-
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NHT of the derivative of these functions and develop a connection between 2𝑞-WHT and 2𝑞-NHT for 

the derivative of these functions. Also, we show that the dual 𝑔̃ of 𝑔 ∈ ℬ𝑛,𝑞 is 2𝑞-bent if 𝑁𝑔(𝜗) = 𝜔 𝑔̃(𝜗) 

for all 𝜗 ∈ ℤ𝑞
𝑛. The 2𝑞-nega convolution transform for the current setup is obtained. Further, we have 

obtained the 2𝑞-NHT of composition of generalized vectorial function and generalized function. The 

properties of functions discussed in this article are important for their possible applications in several 

wireless communication systems. The cryptographic Boolean functions have been used in designing 

various cryptographic algorithms.  Thus, the study of cryptographic properties of Boolean functions plays 

a major role in designing cryptographic algorithms which defiance against numerous cryptographic 

attacks.  
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