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Abstract

With an increase in market competition, the association between marketing and inventory management has become more important.
The commercial activities are more rapid through social media, and advertising has played a crucial role in reaching the product to
the consumers before it hits the market. It has thus become normal in an oligopolistic marketing system to increase sales through
advertising effort and gain more profit from potential market. It is challenging, nevertheless, to calculate demand and costs related
to advertising efforts. As a result, the purpose of this study is to identify the best advertising approach and its potential impact on
demand in order to optimize the firm's overall profit. In this paper, we develop an inventory model for deteriorating items to obtain
an optimal advertising and inventory strategy, where the consumer demand rate depends on advertising effort and inventory of the
items displayed in the store. We have formulated two optimal control problems with the assumption that the replenishment cycle
is longer than the fresh product time or not. It is assumed that products do not decay within the fresh product time interval, and
inventory decreases due to consumer demand. Next, items will deteriorate and inventory level decreases because of the combined
effects of customer demand and deterioration. The analytical solution for the optimal dynamic advertising effort strategies obtained
by applying Pontryagin’s maximum principle to maximize overall profit over the planning period. The efficiency of the proposed
model is demonstrated by numerical examples. A parameter sensitivity analysis is also performed, providing suggestions for
enhancing the firm's profitability when dealing with deteriorating products.

Keywords- Optimal control theory, Advertising dependent demand, Inventory, Maximum principle.

1. Introduction

One of the most significant decisions made by modern businesses is advertising, which has a growing
impact on revenue growth in the inventory system. Thus, enhancing advertising approach is frequently
employed to aim for a high return on product sales. The business models are modified and developed to
reach people through different media. Communication and advertising through those various platforms have
played a pivotal role in the business world since the digitalization. According to Sana and Chaudhari (2008),
maximum sales are achieved if the product is advertised in an oligopolistic marketing. Over time, the
inventory tends to measure and study the effects of the level of product to be produced in the interval of
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time. The advertisement will ensure the inventors calculate the demand for the product over this period.
The study reveals that managers of business firms must concentrate on crafting more substantial
advertisements that are cost effective and disseminate through popular channels. Moreover, the demand for
the product also relates to perishable goods, people across the world will demand the products which are
advertised lately and more frequently. It is a known fact that demand for the products never remains
consistently constant and therefore demand always varies with time, location, and mostly due to the stock
level being displayed. Researchers such as Raafat (1991), Goyal and Giri (2001) and Mandal et al. (2021)
examined the inventory management through advertisiment. According to Mandal et al. (2021), it is
essential for every business entity to stock and advertise the available products to earn the maximum profit.
Thus, there is a significant level of difference between the display of stock level and the demand for its
items. A study conducted by Shah et al. (2017) focused on the inventory system for degrading items in
which the selling price and the items advertising determine the demand rate.

As we all know, price strategy is a crucial aspect in the success of modern businesses. It has a big impact
on consumer demand. As a result, the challenge of developing an effective dynamic pricing strategy for
enterprises has piqued the interest of many researchers in this field. Ghoreishi et al. (2015) examined the
optimal pricing strategies of deteriorating products in which the price for inventory problem depends on
the demand and vice versa. Additionally, a dynamic discount model was introduced in which price depends
on customers demand by Alfares and Ghaithan (2016). Establishing market price of the phershiable product
is essential as it has direct impact on its profit and subsequently to the demand as well. Generically, the
demand of the product lowers when the price increses, if they are not essential products for human and vice
versa. Particularly those perishable items such as fruits, vegetables and dairy products naturally degrades
over certain period of time which will affect the quality and becomes unhealthy for consumption. When
these items do not maintain its quality and freshness over the period is called as the perishable items. It is
obvious that there are other various factors which leads to detarioation of this itmes. Additionally, when
this items reaches its maximum life time, the pace of deterioration radidly increases. Khan et al. (2023)
investigated and proposed new approach on the two aspects of the perishable items considering the
freshness of the product and the consumers demand and it was found the contrast against the Ghare (1963)
EOQ model which only limits its finding on the deterioration of products and its maximum life time
neglecting the consumers demand on the influence of freshness of the product. Similarly, Teng et al. (2016)
,given the idea of making the prepayment for those products which deteroirates with expariation date.
Furthermore, Mashud et al. (2018) proposed and established distinct inventory models where the demand
depends on current inventory level and price. Shah et al. (2021) creates an inventory model for decaying
products with dynamic demand using a time-dependent selling price.

Similarly, the expenses in the advertisement purely depend on how the firm strategies to reach their product
to the people. An optimal policy for the advertisement must be planned beforehand so that the company
does not run into losses. As the perishable items deteriorate at a constant rate, it is also important for the
company to invest in strategical location and use proper forms of media for advertising. Therefore, Saha
and Chakrabarti (2018) worked on the economic quantity model in which the degrading items depends on
time and the frequency of advertisement made in different platforms which has positive impact on the
demand. The study also reveals that the profit function to be concave, indicating that there is a significant
impact of advertising on demand. While Shaikh and Barron (2020) proposed a model of deteriorating
inventory for those products in which the degradation does not happen right away. They further compared
the effect on demand due to advertising. While there are delays in the payments for those perishable items,
there is a significant difference in the demand of the product as the demand is a deterministic function of
advertising and price associated with it which was proposed by Udayakumar et al. (2021). It is a fact that
the price of the items decreases over time. Similarly, Khara et al. (2021) developed a model considering a
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demand as the function of price and advertising.

A summary of comparisons between different inventory models in existing and present research is shown
in Table 1, where the model is formulated in reference to various demand function types. The advantage
of dynamic advertising effort and the displayed stock level demand with deterioration for the inventory
model were not taken into consideration by any of the researchers despite the fact that they all developed
various inventory models for price or advertisement strategy. This model so attempts to fulfil this gap in

this manner.

Table 1. Summary of comparisons among various inventory models.

Researcher Demand function Methodology/Solution approach
Ghare (1963) Time dependent demand Optimization
Alfares and Ghaithan (2016) Price-dependent demand Optimization
Ghoreishi et al. (2015) Price-dependent demand with deterioration Optimization
Khan et al. (2023) Price, freshness and advertisement Optimization

Khara et al. (2021)

Advertisement dependent demand but constant
advertisement

Branch and Bound technique

advertisement

Mashud et al. (2018) Price and stock dependent demand with deterioration Optimization

Mandal et al. (2021) Advertisement per cycle and stock dependent demand | Optimization
with deterioration

Shah et al. (2021) Price and stock dependent demand with deterioration Optimization

Shaikh and Cardenas-Barrén (2020) Advertisement and price sensitive demand but constant | Optimization

Shah and Vaghela (2017)

Advertisement dependent demand with deterioration

Dynamic optimization (Calculus of
variation)

Saha and Chakrabarti (2018)

Advertisement and the displayed stock level of the
retailer

Optimization

Sana and Chaudhuri (2008)

Advertisement effort and the displayed stock level

Dynamic optimization (Calculus of
variation)

Singh et al. (2013)

Stock dependent demand in segmented market

Dynamic optimization Optimal control
theory

Teng et al. (2016)

Constant demand rate with time
deterioration rate

dependent

Optimization

Zhang et al. (2015)

Dynamic price and stock dependent demand with
deterioration

Dynamic optimization Optimal control
theory

Proposed model

Dynamic advertising effort and the displayed stock
level demand with deterioration

Dynamic optimization Optimal control
theory

The aim of this paper is to explores the impact of advertising effort and quantity of items displayed in store
on the demand for non-instantaneous deteriorating items and fill this gap by examining how the firm
determines their advertising effort and inventory strategies. Further, the optimal control theory approach in
the content to inventory-marketing problem is also a novel aspect which has not seen significant light in
the recent research literatures. The key contributions of this study are:

¢ A dynamic optimal control problem for the inventory model for a non-instantaneous deteriorating item is
developed.

o Determining the optimal advertising effort and inventory level for the proposed model by using maximum
principle.

o To provide an optimization foundation for an advertising effort policy that suggests that the firm start
advertising effort at a low level and gradually increases. Heavy advertising effort to increase sales are
required to clear the inventory in a short period of time as effect of on displayed item in store on demand
is decrease over time and product are deteriorating.
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o To show the efficacy of the proposed strategy and solution approach, numerical examples are included.
Additionally, some interesting managerial insights are provided when sensitivity analysis of a key
parameters are presented.

The paper is organized as follows: In Section 2, model notations are introduced. Section 3 presents the
mathematical optimal control model for deteriorating items. Section 4 presents the analytical solution for
the optimal dynamic strategies obtained using Pontryagin's maximal principle. In section 5, numerical
examples and sensitivity are presented. Section 6 and 7 give managerial implications and conclusion of the

paper.

2.Notations
The following notations are considered throughout this paper are as follows:

y(t) On hand inventory level at time ¢ (in units)

d(t) The consumer demand rate at time t( in units)

D Profit per unit item sold ($ per item)

T Length of inventory cycle or replenishment cycle
tq The Fresh product time (before deterioration)

0 The deterioration rate coefficient of on hand inventory (constant)
%uZ (t) Advertising effort cost (in $)

h The inventory holding cost per unit item (in $)

r The discount rate (in $)

b4 The disposing cost per deteriorating item (in $)

Ji The total profit (in $)

3.Formulation of the Model
This study on advertising-dependent demand focuses on the optimal advertising strategy and inventory of
the finished product over time, that is, before it starts to deteriorate and then right after the deterioration
starts until the end of the product’s replenishment cycle. For the purposes of this research, it will be assumed
that the firm tries to maximize profit from an inventory system while taking into account the effect of
advertising media on future demand for products. Before we explain the entire model, we make some basic
assumptions:

1) There is only asingle non-instantaneous deteriorating item and available for sell by a monopolistic firm
in market (Zhang et al. 2015).

2) The model is developed for finite horizon only.

3) The initial inventory y, of item is fixed over a finite replenishment cycle [0, T].

4) The advertising process is costly. In contrast to existing advertising models in the marketing literature
(Jorgensen et al. 2006; Helmes et al. 2013; Chaudhary et al. 2022), which define the cost functions of
advertising effort, we assume that advertising costs are functions of advertising effort rates and are
represented by quadratic cost functions.

5) The demand rate at time ¢t is defined as a function of the stock displayed and advertising effort.

Owing to a variety of factors, such as edible items deteriorating due to weather or machine corrosion, or

even a short shelf life, product quality may decline. In the interval [ 0, t;] the items are not deteriorating.
However, if T > t, , there is deterioration in the time interval [t4, T], and the deterioration rate is assumed
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as f(y) = Oy. The fresh product time t,; can be assessed based on the arbitrary sample data of items with
the use of some statistical technique. For this study the time interval t, is considered as a known constant.
The replenishment amount which is represented by y, is fixed constant value during the replenishment
cycle [0, T] of a product. The decision on replenishment becomes reasonable when there are certain factors
such as logistical, transportation and warehousing restrictions. Based on the above discussion, for this study
it is assumed that the consumer demand rate depends on inventory on display and advertising effort
presented in Sana and Chaudhari (2008) is adopted as

d(y,u) = a+ Ly(t) + yu(t) 0<t<T 1)

where, parameters such as «, 5,y are positive constants and the parameter 8 denotes the inventory-level-
dependent demand coefficient that shows the effect of stock of inventory on demand. To satisfy d(y,u) >
0 ,advertising effort should satisfy u(t) = 0.

It is uncertain whether the replenishing cycle extends beyond the fresh product's shelf life. As a result, it is
assumed that the replenishment cycle T is longer than the fresh product time i.e. T > t, that products do
not decay in the time interval [0, t;], and that inventory declines owing to consumer demand. In the time
interval [ty, T], items will deteriorate and inventory level decreases within the time interval as a result of
the combined effects of customer demand and deterioration as stated in Zhang et al. (2015). The evolution
of the inventory level under the joint effect of advertising and deterioration may be characterized using the
following differential equations.

dy _ { —a—By(t) — yu(t) 0<t<t, @
dat — —a—By(t) — yu®) — 6y(t) tg<t<T

With initial inventory level y(0) =y, > 0, and the parameter 6 represents the deterioration coefficient
that influences the stocks on demand. The two Equations (1) and (2) described above d(y, u)| )= = 0 and

y('t)|y(t)=0 = 0. For y, > 0, then the inventory level y(t) > 0 for any t € [0,T]. In other words, it

indicates that there are not unfilled orders in the inventory system under such discussion. Additionally, it is
expected that any inventory which is left behind at the end of the sales period will have no lasting value.
This hypothesis is applicable in scenarios where the items have short life spans that can change due to
transformation and for the reason of using digitalization. Thus, the main goal of the business entity is to sell
all the products and in case unsold goods remain behind it leads the company into the process of falling in
profit. Since there is no return on product at the end of its lifetime, thus, it is assumed that the salvage value
of y(T) equals zero.

To maximize total profit, the firm aims to maintain an ideal inventory level and advertising effort policy.
According to the explanations given above, the following elements make up the overall profit:

e The inventory holding cost fOTh y(t)dt.

e The advertising cost fOT §u2 (t) dt.

e The deterioration cost ftZ 84 0 y(t)dt.

e The sales revenue fOTp (a+ By(t) + yu(t)) dt.

Therefore, the present value of total profit over the time horizon [0, T], is given by the following expression:
J= fiem (pla+ By +yu®) —hy -Sw2@ ) de + [1 e (pla+ B y(®) +yu®) -
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hy(t) — SuP(6) - —8,40y(t)) dt (3)

where, r denotes the discount rate. The objective of this study is to find the best dynamic advertising
strategy while maximizing overall profits of the business. The optimal control formulation of dynamic
optimization problem can be described as:

Max ] = fotde_” (p(a +By() +yu®))—hy —%uz(t)) dt + )

[ e (p(a + B y(®) +yul®) — hy(t) — Su(t) — —6,0y(2)) dt

subjected to . 4
d_y:{ —a—By() — yu(t) 0<t<t,
a  (—a—By(t) — yu(t) — 0y(t) tg<t<T

y(0) =y J

Furthermore, if T is less than the t;, then the replenishment cycle T can be less than the fresh product time
tq, this means that the time allocated for sales would end before the perishable products start to deteriorate,
hence it reduces the expenses that would have incurred during the deterioration time.

Therefore, in such scenario when T < t4, the change in the inventory level y(t) can be described as

2= —a—py(®) - yu(t) 0<t<T ()

In such cases, the total profit per unit time is represented by.
J = Jy e {p (a+By(®) + yu(®)) — hy — Su?(®) }dt ©)

In above scenario, the optimal control problem stated in Equation (4) is turned into another optimal control
problem as follows:

max] = fOTe‘” (p(a + By () + yu(t)) — Al — %uz(t)) dt

subjected to (7

Z_Jt’ = —a—By() — yu(®),y(0) =y,

In section, we discuss the dynamic advertising strategies for optimal control problems represented by the
Equations (4) and (6).

4.The Optimal Dynamic Advertising Strategy

The main objective of this study is to provide the optimal strategy for advertising and inventory level so
that the firm can earn maximum revenue and it can have a positive impact on the demand. Here, Equations
(4) and (7) represent the optimal control problems in two different scenarios when T > t; and T < t,4
during the replenishment cycle T. To derive the optimal advertising strategy in the two situations, we apply
Pontryagin’s maximum principle for finding the best dynamic advertising and inventory strategy for the
given replenishment cycle. The field of optimal control theory is an important aspect of dynamic
optimization to determine the optimal policy for managing a dynamic system. Optimal control theory has
been used to numerous research domains, such as economics, marketing, inventory production, and
epidemic models (Davis and Elzinga, 1971; Pierskalla and VVoelker, 1976; Chaudhary et al., 2011, Singh et
al., 2013; Jha, 2016; Mehta et al., 2020; Kumar et al., 2023).
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4.1 The Dynamic Advertising Strategy for T > t,

In this section, it will be described as the optimal strategy considering the replenishment to be larger than
the fresh product. When T > t;, we use the following optimal control problem to the obtain optimal
advertising strategy as

Max |, = fotde‘” (p(a +By(®) +yu®)) —hy — %uz(t)) dt +

vee ™ (p(a+By® +yu(®) — hy(®) — uA(©) — 8,6y (®)) dt @
subjected to

dy _ —a—By(t) — yu(t) 0<t<t B

a {—a = By(®) — yu(®) - 6y(®) tg<t< r 7(0) =¥

Now, Pontryagin maximum principle described in Sethi and Thompson (2006), will be used to solve this
optimal control problem and to deduce the dynamic advertising strategy for the given replenishment cycle
stated in Equation (8). The Hamiltonian function H(I, u, A, t) is expressed as

(p(a+ﬁy+yu)—hy—§u2)—/1(a+ﬁy+ yu), 0<t <ty

H(y,u,A) =
(p(a+ﬁy+yu)—hy—§u2—6d9y)—/1(a+[3y+ yu+0y), t <t<T

9)

where, 4 is the costate/adjoint variable and denotes the marginal value or the shadow price of the inventory
level I(t). The Hamiltonian function described above is subdivided into two components, the first part
describes the integrant of the objective function of Equation (8) which signifies the correlation among the
sales of the product on the proposed objective function. While the second part of equation represents the
costate variable which is multiplied by the right-hand side of the state Equation (2) and has an invisible
contribution to the objective function due to the change in the choice of decision made.

The existence of optimal control is guaranteed due to the following:

e The concavity of the integrand of J; with respect to u,

o a prior bondedness of the state equation,

o Lipschitz property of the state system with respect to state variable.

Therefore, the necessary condition of maximum principle states that there exists an optimal advertising
effort u*(t) (optimal control) and corresponding state solution y*(t) of the system (2) that maximize total
profit /. Furthermore, there exists adjoint function A(t) such that

d_z_{l(r+ﬂ)—pﬁ+h 0 <t<ty (10)
at \AMr+B+60)—-pB+h+6,6 tg St<T

with the transversality condition A(T) = 0 and control u* satisfies the optimality conditions.

H(y",u",4) = max H(y",u,1) (11)

In this inventory system, the state variable is always positive and H(y,u,A) described by Equation (9) is
concave function in u. The optimal advertising strategy u*(t) is thus derived using Hamiltonian
maximizing condition (11) and Hamiltonian function described in (9) for the specified replenishment cycle
Tas

w@®©=Lp-2 (12)
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Preposition 4.1
The optimal value of advertising strategy for inventory system can be described as following:

(g <p _ (ﬂ (e~r+A(ta=t) _ 1) 4 h+849-pB ( ,—(r+p+6)(T-ta) _ 1)e~C+A =) )) 0 <t<t,

r+p r+p+6
u(t) = (13)
540— — —
5(1) - (—hiprﬂ e (Ot - U)) : ta<t<T
and corresponding optimal level of inventory trajectory I*(t) can be represented as
_ t " _B(f—
) = yo e Bt — fod(a +yu' () e P 0dr , 0<t <ty 14
yo e~ BHot — f:i(a +yu(t)) e~ BrOEgr 1, <t<T
Furthermore, there exists adjoint variable as
h=pB ( o~ (r+B)(ta—t) _ 1)+ M(e—mﬁwxr—td) —1)e AN 0 <t <t,
r+B r+B+6 Vo=t =
At) = h+846—pp (15)
e—(r+[>’+6)(T—t) _ 1) tg <t< T
r+B+0 ’ sSts

Proof: The proof of preposition is given in Appendix A.

4.2 The Dynamic Advertising Strategy for T < t,4

In this section, we discuss the optimal dynamic advertising policy when the replenishment cycle T is no
larger than the fresh product time i.e. T < t;. The optimal control problem is formulated as follows to
obtain the optimal dynamic advertising strategy.

max/, = fOTe‘” (p(a + By () + yu(t)) — hl — %uz(t)) dt

subjected to (16)

Z_i’ = —a—By(t) — yu(t),y(0) =y,

The optimal dynamic advertising strategy for the given cycle T can be derived using the same technique as
in section 4.1. we formulate Hamiltonian function H(y, u, A) to solve the optimal control problem (16) as

HO,wd) =pla+ By +yu) —hy —5u? — A(a + By + yu) (17)

The existence of optimal control can be shown using same method used in above section and adjoint

equation can be derived as follows:

B = +pA+h-pp0<t<T (18)

with transversality condition A(T) = 0. For optimality ‘;—Z = 0, we have

w(®) =L(p-20).

The optimal advertising policy u*(t) has the similar form as given in Equation (12). Using the necessary
conditions stated above, we present the optimal advertising strategy, optimal level of inventory and adjoint
function in the following proposition.
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Preposition 4.2
The optimal value of advertising strategy for inventory system can be described as following:

w0y = X[ — (PZPBY (p-Cr+B)(T-1) _
u (t)—6<p (Hﬂ)(e 1) (19)

and corresponding optimal level of inventory trajectory I*(t) can be represented as
y'(© =yo e = [{(a+yu®)eFtDdr (20)

Furthermore, there exists adjoint variable as
A0 = () (e PT=0 —1) @

Proof: The proof of preposition is given in Appendix A.

Preposition 4.1 or 4.2 can be used to determine the best dynamic advertising approach for a certain cycle
and can be then used to calculate the relevant inventory level. It can generate total profit by substituting the
optimal value of advertising strategy and the corresponding optimal value of inventory level.

5 Numerical Illustration

The following section will give a numerical illustration for theoretical results and sensitivity analysis of key
parameters is carried out on optimal advertising effort rate and then find how these will impact on the
demand of the product. Furthermore, the study will represent the optimal advertising strategy by varying
deterioration coefficient (8) values and find its impact on demand and inventory. Therefore, the following
parameters with distinct values were used to represent and illustrate the theoretical result obtained from the
proposed model as follows: p = 100 ($/unit) ; A = 0.5($/unit); 54 = 0.5,0 = 0.01;¢ =2, =30, r =
0.01; y = 0.4; § = 0.25; T = 12 (months); t; = 8 (months).

5.1 The Dynamic Advertising Strategy for T > t4

When the replenishment cycle T is longer than the fresh product time i.e. T > t,, the graphs of level of
inventory and adjoint function over time are shown in Figures 1 and Figure 2. The level of inventory and
adjoint function are positive and decreases with increasing time. The graph of the adjoint decreasing
functions A(t) is positive and decreasing function which demonstrates the future benefit of having one more
unit inventory is always positive. Figure 3 and Figure 4 demonstrates graph of optimal advertising strategy
u*(t) over time. The advertising effort rates are displayed in Figure 3 that is at minimum level and
increasing over time. Because demand is partially dependent on display inventory stock and inventory level
is decreasing over time, increasing advertising efforts to drive sales is necessary to clear the stock within a
limited time period.

The optimal advertising effort graph is shown in Figure 4 with varying 6 € (0.01,0.15,0.20,0.25), while
all other parameters remain constant. Figure 4 illustrates that an increased deterioration rate corresponds
to an increased optimal advertising effort. Keep in mind that the things perished more quickly the higher
the degradation coefficient (0). A greater deterioration coefficient number encourages the firm to use its
inventory more rapidly and to advertise more aggressively, which lowers the firm's loss from degradation.
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1400
1200
1000,

800

600

Optimal Inventory level y*(t)

400/

200+

Figure 1. Optimal inventory trajectory when T > t,.

100

Adjoint Variable A*(t)

Time t

Figure 2. Adjoined function when T > t,.

The optimal advertising effort graph is shown in Figure 5 with varying 8 € (0.1,0.2,0.4,0.6,1) , while all
other parameters remain unchanged. Figure 5 depict that higher value of g (demand coefficient due to
displayed inventory) corresponds to lower value of optimal advertising effort rate. As the demand rate
increases due to higher value of coefficient g which in turn lower the advertising effort, at the beginning
decision maker should lower the advertising effort. On the other hand, in the middle or end of demand rate,
the advertising effort rate increases due to decreases in inventory level. Thus, the firm should reduce the
advertising effort in the beginning for a larger value of g. If the value of the § is nearer to 1, then advertising
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effort should start near product fresh time t; because higher value of 8 equal to 1 corresponds to higher
value of the demand coefficient due to the displayed item in the store.

80
60
3
S
£ Hor u(t)
(@]
£
5
S
i)
< Do L
0 2 4 6 8 10 12

Time t

Figure 3. Optimal advertising effort trajectory when T > t.

u(t)

Advertising effort u*(t)

Time t

Figure 4. Optimal advertising effort trajectory with different 6 when T > t,.
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u(t)
80

60

40

Advertising effort u*(t)

Time (t)

Figure 5. The optimal advertising effort strategy with different values of S.

u(t)

Advertising effort u*(t)

0 2 4 6 8 10 12

Time,(t)

Figure 6. The optimal advertising effort strategy with different values of y.

Figure 6 depicts the optimal advertising effort graph with different values of y € (0.2,0.4,0.6,0.8,1),
while all other parameters remain unchanged. It demonstrates that a greater value of the optimal advertising
effort rate is correlated with a larger value of the demand coefficient (y) resulting from advertising effort.
As the demand rate partially dependent on the coefficient of the displayed item in the store, the advertising
effort should be increased to enhance the demand of the product and clear the inventory in a finite time
period. The advertising effort should begin with a greater value if the value of the y is closer to 1, since a
value of 1 indicates a larger value of the demand coefficient as a result of the advertising effort.
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5.2 The Dynamic Advertising Strategy for T < t 4

When the replenishment cycle T is no larger than the fresh product time ie. T < t; =8 .i.e. no
deterioration. Here we assume that the replenishment cycle T = 7 for numerical simulation. The optimal
level of inventory and adjoint function over time are depicted in Figures 7 and 8. Both the adjoint function
and inventory level are positive and decreasing over time. The graph of the optimal advertising strategy
u*(t), over time is shown in Figures 9 and 10. Figure 9 shows the advertising effort rates, which are at a
minimum level and gradually rising. Increasing marketing efforts to drive sales is required to clear the stock
within a short amount of time as inventory level is dropping over time.
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Figure 7. Optimal inventory trajectory when T < t;.
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Figure 8. Adjoined functionwhen T < t;.
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Figure 10. Optimal advertising effort trajectory with different § when T < ¢,.

The optimal advertising effort graph is shown in Figure 10 with varying g € (0.1,0.2,0.4,0.6,1) , while
all other parameters remain unchanged. Figure 10 shows that higher values of S result in lower values of
optimal advertising effort rate. When the demand rate rises due to a higher value of the coefficient f,
decision makers should initially reduce their advertising efforts. In contrast, toward the middle or end of
the demand rate, the advertising effort rate rises as inventory levels fall. As a result, the corporation should
minimize its promotional effort in the beginning for a higher value of S.
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Figure 11. Optimal advertising effort trajectory with different y when T < ¢t;.

Figure 11 depicts the optimal advertising effort graph with different values of y € (0.2,0.4,0.6,0.8,1),
while all other parameters remain unchanged when replenishment cycle is less than the fresh product time.
Figure 11 shows the advertising effort rates, which are currently at a low level and gradually rising. Higher
advertising efforts are required to clear the stock in a finite period of time, as inventory levels decrease with
time.

The level of inventory over time will depend on the demand from the market, the type of inventory itself
and the strategies used by the firm. It is a universal fact that as the products are sold, the inventory must
decrease over time. To have the maximum profit for the firm, the inventory must be sold as fast possible so
that the cost associated with the space and other miscellaneous costs is avoided.

6. Managerial Implication

The success of a business depends on dimensions such as customer relationship management, advertising,
and policies on return. Therefore, it has become important for the companies to come up with effective
policies regarding these dimensions. With increased market competitiveness, the interaction between a
firm's marketing and inventory management becomes increasingly important. The aim of advertising is one
of the most important factors to increase the firm's revenue in modern marketing management. More
specifically, the purpose of advertising is to enhance potential market for product. Additionally, advertising
expands the branding of the products, its credibility and ultimately increase the revenue of the firm. This
study presents concept of the interdependence between marketing and inventory management in dynamic
market environment. This research is an attempt to develop a more general mathematical model that is
based on the dynamic optimal control theoretic approach. Such a model is applicable for those products
that have a dynamic demand function that depends on the advertising effort and the inventory displayed in
store and serves the needs of a large section of society. The model incorporates deterioration in product
demand rate after a fresh product time period. This deterioration factor plays an important role in practical
situations. Without its consideration, the model might mislead the firm into taking proper decisions.
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7. Conclusion

In this paper, we develop an inventory model for deteriorating item to obtain an optimal advertising and
inventory strategy, where the consumer demand rate depends on advertising effort and inventory of the
items displayed in the store. We have formulated two optimal control problems with the assumption that
the replenishment cycle T is longer than the fresh product time t; or not. It is assumed that products do not
decay in the time interval [0, t;], and that inventory declines owing to consumer demand. Next, items will
deteriorate and inventory level decreases within the time interval as a result of the combined effects of
customer demand and deterioration in the time interval [t;, T]. We derive dynamic advertising effort
policies by using Pontryagin’s maximum principle to optimize the total profit associated with inventory
over the planning period. Our findings imply that the advertising effort rate at a minimum level at the
beginning and gradually rising. The inventory level is positive and decreasing over time. Increasing
marketing efforts to drive sales is required to clear the stock within a short amount of time as inventory
level is dropping over time. To demonstrate the model's and solution procedure's effectiveness, numerical
examples are presented. A sensitivity analysis of parameters is also performed. The current optimal control
model can be extended in a competitive context for further research. Another direction for future research
is to incorporate factors such as price and quality. The present work can be extended considering carbon
emission policy on fresh food supply chain for deteriorating items.
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Appendix A
A.1 Proof of preposition of 4.1
On differentiating the Hamiltonian function with respect to | we obtain:

d_H_{ pB—h+ A(=PB) 0<t<ty

dl ~ Wpf—h—-CO+ A(—L—6) ty <t<T.

Also differentiating the costate function we obtain:
@_{/1(5+B)—pﬁ+h 0<t<td
ot~ W(6+B+ 60)—pB+h+CH td <t<T.

Now considering the interval: t; <t < T, we have
L (5+B+ 0= h+Co-pp.

On integrating the above, we get,
LetA= h+CO0—pfandB= 5§+ + 6.

|LE= e—(6+ﬁ+ 0t _ e—Bt.
Then solution is

Alt) e Bt = [Ae Btdt + C;.
A(t) e Bt = —%e‘Bt + C;.

1448 | Vol. 9, No. 6, 2024



Ram Arti

Dhakal et al.: An Optimal Control Problem for An Inventory Model for Deteriorating Items ... Publishers
A Bt
A(t) = 0.
A BT _
—240efT =0 (A)
C, =2 BT (B)
B
Put (B) in (A)
A A
AMt) = —=+—=e BTeBt
(®) 513

At) = %[e‘B(T‘t) —1]

_ h+C6-pB 1 _B(T-t) _
Alt) = 5—a+ﬁ+9[e 1]'

Now for the interval 0 <t < t;, we have on integrating.
a1
E—(6+ﬂ)/1: h—pp.

LetE= h—pfandD=6—-a+p

ILF = e~ (6+B)t — o—Dt

Then solution is
A(t) e Pt = fE e Ptdt + C,

A(t) e7Pt = —ge‘m + C,.

A) = =7+ CpeP (©)

Thevalueatt = t,
Ar _— —
ﬂ.(td) =3 [e B(T—ta) _ 1]

On equating we get

%[e_B(T_td) —-1] = —% + C,ePt.
Co = {5 +5[ 78Tt 1]} e Dt D)
Put (D) in (C), we get,
Ae) = -2+ {Z+5[eBTt0) — 1]} e DtaeP",
At) = — L+ {E 48[ e B0t — 1]} e PCa-D),
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A(t) = —% +%e_D(td_t) + %[e—B(T—td) — 1]e—D(td—t)_
ET _D(t,— A _p(T- _D(tg—
A() = E[e D(tq t)_1]+ E[e B(T td)—l]e D(tg—t)

_ h-pBr __¢s _ h+CO-pp —(5 0)(T— —(5 -
M) = B[ @rtat) 1] 4 PR -0 T—t) — g G4PCaD),

A.2 Proof of Preposition 4.2

On differentiating the Hamiltonian function with respect to I, for case where no deterioration occurs that is
the interval from0 <t < T,

L= pp—h+ Aa-p) 0<t<T
da_ ., dH
dt di
da
- =@+RA+h—pp

oA

E—(6+[>’)A= h —pp.
On integrating the equation, we obtain
ILF = g~ (6-a+h)t

Then solution is

A(t)e=G+Ht = f (h —pB)e~C+Pt dt

—(5+ h_pﬁ —(5+ T
—A(t)e~6+At = —(6——a+ﬂ)[e (8 B)t]t
A = ((h6_+p§))e(6+ﬁ)t[e—(5+ﬁ)T — = (8+h]
At) = (%) fe~(8+AT-0) _ 1},
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