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Abstract 

The Yamabe soliton is a special soliton of Yamabe flow obtained by R. S. Hamilton, which was formulated due to 

Yamabe formula introduced by H. Yamabe in 1960. Recently Cao, Sun and Zhang introduced Yamabe gradient soliton. 

In this paper, the existence of Yamabe gradient solitons on 4-dimensional Riemannian manifold are ensured by some 

interesting examples. 
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1. Introduction 

Let M  be a Riemannian manifold of dimension ( )  3n n equipped with Riemannian metric g  

and Riemannian connection  . Let ,R  S  and r  be the curvature tensor, Ricci tensor and scalar 

curvature of M respectively. The notion of Yamabe flow was introduced by Hamilton (Hamilton, 

1988; Hamilton, 1989) as a tool for constructing metrics of constant scalar curvature in a 

conformal class of M . The Yamabe flow (Hamilton, 1988) is an evolution equation for metrics 

on M  is 

 

.g rg
t


 


 

 

In dimension 2,n   the Yamabe flow is equivalent to the Ricci flow. However, for 2,n 

Yamabe flow and Ricci flows are quite different. A Yamabe soliton is a special soliton of the 

Yamabe flow that moves by one parameter family of diffeomorphisms generated by a fixed 

(time-independent) vector field V  on M  and homothetic. A Yamabe soliton on M  is a triplet 

( , , )g V   such that (Hamilton, 1989) 

 

1
( ) ,

2
VL g r g   

 

where VL  denotes the Lie derivative in the direction of ( )V M  and .IR   The Yamabe 

soliton is shrinking, steady and expanding as 0,   0,   0   respectively. If   is a 

smooth function on M  then the metric satisfying the above equation is called almost Yamabe 

soliton. It may be noted that Yamabe solitons coincide with the Ricci solitons for 2n   and for 

2n   they are different. The Yamabe solitons are studied by several authors in different context 
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such as (Di Cerbo and Disconzi, 2008; Sharma, 2012; Catino et al., 2012; Calvaruso and Zaeim, 

2014; Kundu, 2016; Chen and Deshmukh, 2017; Erken, 2017). If there exists a smooth function 

f  on M  such that  

 

, ( )ij ijf r g                                                                                                                                (1) 

 

then we call ( , , )nM g f  is a Yamabe gradient soliton (Cao et al., 2002). This notion also has 

been studied in (Shu, 2011; Catino et al., 2012; Hsu, 2012; Huang and Li, 2014). It may be noted 

that every complete non-trivial Yamabe gradient soliton admits a special global warped product 

structure with a one dimensional base (He, 2011). The Yamabe gradient solitons are classified in 

(Daskalopoulos and Sesum, 2013). In this paper, the existence of Yamabe gradient soliton is 

ensured by some non-trivial examples. 

 

2. Preliminaries 
This section deals with some basic formulas, those will be required in the next section. 

 

Let ( ; ),iU x  1,2, ,i n   be a coordinate chart on M . The Christoffel symbols of the 

Riemannian connection is (Bercu and Postolache, 2011) 

 

1
( )

2

jl ijk kl li
ij j i l

g gg
g

x x x

 
   

  
 

 

and the components of R, S and r are (Bercu and Postolache, 2011). 

 

,

ll
jil r l r lki

ijk ki jr ji krj k
R

x x


     
 

 ,l

ij ilkS R  .

ij

ijr g S . 

 

Also if :f M IR  is a smooth function, then we take (Bercu and Postolache, 2011) 

 

, ,i i

f
f

x





 

2

, , .m

ij ij mi j

f
f f

x x


 
 

                                                                                                (2) 

 

3. Examples of Yamabe Gradient Soliton 

Example 3.1. Let 
1 2 3 4 4 3{( , , , ) : 0}M x x x x IR x    be a manifold endowed with the metric 

 
2 i j

ijds g dx dx = ])()[(sinh 23213 dxdxx  +
22 )(dx +

24 )(dx , ( 4,3,2,1, ji ).                       (3) 

 

Then the only non-vanishing components of the Christoffel symbols, curvature tensor, Ricci 

tensor and scalar curvature are computed in (Shaikh et al., 2008) 

 

1 3 3 3

13 33 11 1331 3

1 1
coth , ,

2 2sinh
x R

x
                                                                              (4) 
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11 33,2 3 3 3

1 1
0,

2sinh sinh
S S r

x x
                                                                                      (5) 

 

and hence this M  with the metric g in (3) is a Riemannian manifold (Shaikh et al., 2008) of non-

vanishing scalar curvature. Also it is shown that it is non-conformally flat (Shaikh et al., 2008). 

For an arbitrary smooth function ),,,( 4321 xxxxf on ,M  we compute 

 
2 2

3

,11 ,12 ,211 2 3 1 2

2 2
3

,13 ,31 ,14 ,411 3 1 1 4

2 2 2

,22 ,23 ,32 ,24 ,422 2 2 3 2 4

2 2
3

,33 ,343 2 3 3

1
coth , ,

( ) 2

1
coth , ,

2

, , ,
( )

1
coth ,

( ) 2

f f f
f x f f

x x x x

f f f
f x f f f

x x x x x

f f f
f f f f f

x x x x x

f f f
f x f

x x x x

  
   
   

  
    
    

  
    
    

  
  
   

2

,43 ,444 4 2
, .

( )

f
f f

x












  
 

                                        (6) 

 

In view of (6), (1) reduces to the following: 

,11 11( ) ,f r g   i.e. 

2
3 3

1 2 3

1
coth ( )sinh ,

( ) 2

f f
x r x

x x


 
  

 
                                               (7) 

,12 12( ) ,f r g   i.e. 

2

1 2
0,

f

x x




 
                                                                                               (8) 

,13 13( ) ,f r g   i.e. 

2
3

1 3 1

1
coth 0,

2

f f
x

x x x

 
 

  
                                                                     (9) 

,14 14( ) ,f r g   i.e. 

2

1 4
0,

f

x x




 
                                                                                             (10) 

,22 22( ) ,f r g   i.e. 

2

2 2
( ),

( )

f
r

x



 


                                                                                  (11) 

,23 23( ) ,f r g   i.e. 

2

2 3
0,

f

x x




 
                                                                                            (12) 

,24 24( ) ,f r g   i.e. 

2

2 4
0,

f

x x




 
                                                                                            (13) 

,33 33( ) ,f r g   i.e. 

2
3 3

3 2 3

1
coth ( )sinh ,

( ) 2

f f
x r x

x x


 
  

 
                                            (14) 

,34 34( ) ,f r g   i.e. 

2

3 4
0,

f

x x




 
                                                                                            (15) 
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,44 44( ) ,f r g   i.e. 

2

4 2
( ).

( )

f
r

x



 


                                                                                  (16) 

 

From the above equations, it follows that f must be a constant function and .r   This leads to 

the following: 

 

Theorem 3.1. Let M be a Riemannian manifold endowed with the metric g given in (3). Then (M, 

g) is Yamabe gradient soliton having constant potential function. 

 

Example 3.2. Let M {
1 2 3 4( , , , )x x x x 

4 3: 0
2

IR x


  } be a manifold endowed with the 

metric  

 
2 i j

ijds g dx dx                                                                                                                            (17) 

       
1 21 2 2 2 3 2 2 3 4 2( ) ( ) ( ) sin ( ) , ( , 1,2,3,4).x xe dx e dx dx x dx i j      

 

Then the only non-vanishing components of ,k

ij  the curvature tensor ijS and scalar curvature are 

(Shaikh et al., 2008) 

 

1 2

11 22

1
,

2
      

3 3 3

44 sin cos ,x x       
4 3

34 cot ,x                                                              (18) 

2 3

3443 sin ,R x     33 1,S      
2 3

44 sin ,S x    2 0.r                                                       (19) 

 

And consequently, this M equipped with g in (17) is a Riemannian manifold of non-vanishing 

constant scalar curvature. This is also non-conformally flat Riemannian manifold (Shaikh et al., 

2008). Now for an arbitrary smooth function 
1 2 3 4( , , , )f x x x x  on ,M  we compute 

 

2 2

,11 ,12 ,211 2 1 1 2

2 2

,13 ,31 ,14 ,411 3 1 4

2 2 2

,22 ,23 ,32 ,24 ,422 2 2 2 3 2 4

2 2
3

,33 ,34 ,433 2 3 4 4

2

,44

1
, ,

( ) 2

, ,

1
, , ,

( ) 2

, cot ,
( )

f f f
f f f

x x x x

f f
f f f f

x x x x

f f f f
f f f f f

x x x x x x

f f f
f f x f

x x x x

f
f

  
   
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 
   
   

   
     
     

  
   
   


 3 3

4 2 3
sin cos .

( )

f
x x

x x
















  

                                       (20) 
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By virtue of (20), (1) reduces to the following: 

 

1
2

1 2 1

1
( ) ,

( ) 2

xf f
r e

x x


 
  

 
                                                                                                      (21) 

2

1 2
0,

f

x x




 
                                                                                                                                 (22) 

2

1 3
0,

f

x x




 
                                                                                                                                  (23) 

2

1 4
0,

f

x x




 
                                                                                                                                 (24) 

2
2

2 2 2

1
( ) ,

( ) 2

xf f
r e

x x


 
  

 
                                                                                                     (25) 

2

2 3
0,

f

x x




 
                                                                                                                                 (26) 

2

2 4
0,

f

x x




 
                                                                                                                                 (27) 

2

3 2
( ),

( )

f
r

x



 


                                                                                                                        (28) 

2
3

3 4 4
cot 0,

f f
x

x x x

 
 

  
                                                                                                            (29) 

2
3 3 2 3

4 2 3
sin cos ( )sin .

( )

f f
x x r x

x x


 
  

 
                                                                            (30) 

 

From (22), (23), (24), (26), and (27), it follows that f  is a function of 1x  only. Then from (28) 

we have r   and the relation (25), (29) and (30) are verified. Also from (21), we get  

 
1

22 ,
x

f ce  c IR .                                                                                                                     (31) 

 

This leads to the following: 

 

 

Theorem 3.2. Let M be a Riemannian manifold endowed with the metric given in (17). Then (M, 

g) is a Yamabe gradient soliton having 

1

1 2 3 4 2( , , , ) 2 ,
x

f x x x x ce  c IR  as potential function. 

 

Example 3.3. Let 
1 2 3 4{( , , , )M x x x x 

4 3: 0}IR x   be a manifold endowed with the metric  

 
2 i j

ijds g dx dx = 
1 2 1 2 3 2 4 2( ) 2 ( ) ( ) ,( , 1,2,3,4)u dx dx dx dx dx i j    ,                               (32) 
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where 
1

3 2 3 4 3 6 3 2 2
3

0 1

( ) ( ) ( ) ( )
{ },

2! 4! 6! 2 2!

n
x x x x x

u a a x e
n



        


0 1,a a  are non-constant 

functions of 1x  only. Then the only non-vanishing components of the ,k

ij  ,l

ijkR  ijS  and r  are 

given by (Shaikh et al., 2008) 

 

2

11 1

1
,

2

u

x


 


 

2 3

13 113

1
,

2

u

x


   


                                                                                             (33) 

1
2

3

1331 11,3 2

1 1
cosh

2 ( ) 2

xu
R e x S

x


  


 0.r                                                                             (34) 

 

This manifold M with the metric g in (32) is a Riemannian manifold of vanishing scalar 

curvature. Also, it may be checked that (Shaikh et al., 2008) it is non-conformally flat. For an 

arbitrary smooth function 
1 2 3 4( , , , )f x x x x  on ,M  we compute  

 
2 2

,11 ,12 ,211 2 1 1 3 3 1 2

2 2

,13 ,31 ,14 ,411 3 3 2 1 4

2 2 2

,22 ,23 ,32 ,24 ,422 2 2 3 2 4

2 2

,33 ,343 2 3 4

1 1
, ,

( ) 2 2

1
, ,

2

, , ,
( )

,
( )

f u f u f f
f f f

x x x x x x x

f u f f
f f f f

x x x x x x

f f f
f f f f f

x x x x x

f f
f f f

x x x

     
    
      

   
    
     

  
    
    

 
  
  

2

,43 ,44 4 2
, .

( )

f
f

x












 
 

                                                 (35) 

 

In a similar way as previous example, we have from (34), (35) and (1) that  

 

1 3(cosh 1),
2

xc
f e x    .c IR                                                                                                  (36) 

 

This leads to the following: 

 

Theorem 3.3. Let (M, g) be a Riemannian manifold equipped with the metric given in (32). Then 

(M, g) is a Yamabe gradient soliton having potential function f  is given by (34). 

 

 

4. Conclusion 
In (Cao et al., 2002) Cao et al. introduced the concept of Yamabe gradient soliton. Here we 

constructed two examples of such soliton on 4-dimensional Riemannian manifold. The first 

example is a Yamabe gradient soliton with constant potential function, while as the second one is 

Yamabe gradient soliton with non-constant potential function. In this connection, one can 

construct the example of such soliton on Riemannian manifold of dimension 4.n   
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