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Abstract

The goal of this paper is to introduce an application of hybrid algorithm in reliability optimization problems for a series
system with parallel redundancy and multiple choice constraints to maximize the system reliability subject to system
budget and also to minimize the system cost subject to minimum level of system reliability. Both the problems are
solved by using penalty function technique for dealing with the constraints and hybrid algorithm. In this algorithm, the
well-known real coded Genetic Algorithm is combined with Self-Organizing Migrating Algorithm. As special cases,
both the problems are formulated and solved considering single component without redundancy. Finally, the proposed
approach is illustrated by some numerical examples and the computational results are discussed.

Keywords: Reliability-redundancy optimization, Multiple-choice constraints, Constrained integer nonlinear
optimization, Genetic algorithm, Self-organizing migrating algorithm.

1. Introduction

In the present highly competitive business scenario, the reliability of a system (including
industrial system) is widely regarded as an extremely important and crucial design measure.
Consequently, the techniques / theories for the enhancement of system reliability play a pivotal
role in the growth, development and improvement of power systems, telecommunication systems,
manufacturing systems (Nourelfath and Nahas, 2003), advanced semiconductors, memory
integrated circuits and nano systems (Ha and Kuo, 2006). The introduction of redundancy
allocation is a commonly accepted technique, which is well known for its effectiveness in
improving the reliability of a system. The problem associated with this method is known as
redundancy allocation problem. The choice of the optimal combination of components of a
system during design phase is guided by several factors like cost, performance, weight, size,
technology, etc. Over the last few decades, a large number of researchers has explored this field
of research. In this connection, one may refer to the works of Ghare and Taylor (1969), Tillman et
al. (1977, 1980), Nakagawa et al. (1978), Chern (1992), Kuo (2001), Sun and Li (2002), Ha and
Kuo (2006), Gupta et al. (2009) and others.
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Due to the development of advanced technology and competitive market situations, for each
component of a reliability system, various technologies are available. These technologies differ
among themselves in terms of cost and reliability. This type of problem is known as reliability
optimization problem with multiple choice constraints. In this area, the works of Nauss (1978),
Sinha and Zoltners (1979), Sung and Lee (1994), Sung and Cho (2000), Nourelfath and Nahas
(2003), Nahas and Nourelfath (2005) and others are worth mentioning. In their works, they did
not consider the redundancy for each component. However, redundancies play an important role
in reliability system. Mainly, it is used to increase the system reliability. On the other hand, they
did not consider the cost optimization problem.

Genetic Algorithm (GA) is a very efficient and powerful heuristic search optimization method
based on the mechanics of natural genetics and natural selection which mimics the Charles
Darwin’s evolutionary principle “Survival of the fittest”. Prof. J. H. Holland (1975) first
developed the concept of this algorithm. Thereafter, many works have been done for the
development of this subject. The detailed works on the development of this subject are presented
in the Goldberg (1989), Michalewicz (1996), Sakawa and Kato (2002) and others.

The focuses of the research on the hybridization have received significant interest in the recent
years to solve the real-world problems (see Refs. Renders and Flasse, 1996; Salhi and Queen,
2004; Fan, et al., 2006; Pedamallu and Ozdamar, 2008). GA works very efficiently when it is
combined with other algorithms or local search methods, rather than simple Genetic Algorithm
(Chelouah and Siarry, 2003). To enhance the efficiency of GA, most of the researchers have
proposed hybrid algorithms combining GA and various other algorithms.

Recently, a new stochastic optimization algorithm, viz. Self-Organizing Migrating Algorithm
(SOMA) has been developed by Zelinka and Lampinen (2000). This is a population based
stochastic search algorithm depending on the self-organizing behaviour of group of individuals in
a social environment. Like Evolutionary Algorithm, it works with a population of individuals (in
optimization, we refer to each solution as an individual). In SOMA, the individuals change their
positions during migration loop (iteration). This change is enticed to the direction of the best
individual from other individuals in a random fashion. This algorithm was seldom used in solving
optimization problems. In this connection, one may refer to the recent works of Zelinka (2004),
Nolle et al. (2005), Coelho (2009), Coelho and Alotto (2009), Coelho and Mariani (2010),
Senkerik et al. (2010) and others.

This paper deals with a series system having several subsystems (with parallel redundancies) for
each of which various technologies with different costs and reliabilities are available. For this
system, two problems have been formulated and solved. In the first problem, system reliability is
maximized subject to the budget constraint. On the other hand, in the second problem, system
cost is minimized subject to a minimum level of system reliability. In both cases, problems are
formulated as nonlinear integer programming problems and solved by using penalty function
technique and a hybrid algorithm developed by combining real coded Genetic Algorithm and
Self-Organizing Migrating Algorithm. As special cases, both the problems have been formulated
and solved considering single component without redundancy. Finally, to illustrate the proposed
approach, some numerical examples have been solved and the computational results have been
discussed.
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2. Nomenclature

0

Vi(tj+1)
t

Vi( j) start
0]

P(t)

Popgize
T

Pcross

Pmute
StDev

number of subsystems of the main series system
number of technologies available for the subsystem j
number of redundant components arranged in parallel in the subsystem j, when

technology i is adopted (i.e., the number of redundancies provided by technology i

for subsystem j)

rgliability of each component arranged in parallel in the technology i for subsystem

J

(1 ’s is assumed to be known)

cost of each component arranged in parallel in the technology i for subsystem j

(cjj ’s is assumed to be known)

objective function

system reliability

total cost of the system

minimum desirable reliability of the overall system

maximum permissible budget for the overall system

decision variable (with j=1,2,---,n and i=12,---,M;)

such that y;; = {t when tfachnologyi is used in subsystem j
otherwise

feasible space
current iteration (or generation or migration loop)

it solution vector (chromosome) at t™" iteration

fie. vO= OO WD Oy
new value of jt component for i active solution in (t +1)th iteration with step size

th

starting position of jth component for i active solution in t™" iteration

position of jth component of Leader in t™" iteration

population of solution vectors (chromosomes) at tth iteration
population size (i.e., total number of solution vector in a population)

maximum number of allowable iterations (generations)
probability of crossover

probability of mutation
standard deviation

3. Mathematical Formulation of Reliability—-Redundancy Optimization Problem

The goal of the reliability—redundancy optimization problem is to determine an optimal
redundancy allocation so as to maximize the overall system reliability under limited resource
constraints. The reliability—redundancy optimizations are useful for system designs that are
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largely assembled and manufactured using off-the-shelf components and also have high reliability
requirements (Coelho, 2009).

A well-known series system with n - independent subsystems has been considered. As depicted
in Fig. 1, there are different technologies available for each of these n-subsystems. Each
technology, when used for a subsystem, employs its own components arranged parallel with one
another to form the subsystems. When the same technology used for a given subsystem, the
components are identical in terms of cost and reliability. However, the component’s reliability
and cost may vary for different subsystems when the technology is given. Also, the component’s
reliability may vary for different technologies, when the subsystem is given. For each subsystem,
only one technology can be adopted.

Tech-l < | [T Tech-l <——

) ) )

_

Tech2 < | = Tech2 <=——

“;21 m;z [m2q)

|

1 Tech M2 | —

Tech-M : 4 : . ;

1 -3 My 3 My o Tech-M C3-l- My

Subsystem-1 ~ Subsystem-2 ce Subsystem-n

Fig. 1. Series system with n-subsystems

From the given above situation, the following two decision making problems may arise:

(i) To study and select the best combination of technologies along with the optimum number
of redundant components in each subsystem, so that the system reliability is maximized
subject to a budget constraint.

(i) To study and select the best combination of technologies along with the optimum number
of redundant components in each subsystem, so that the total cost is minimized subject to
a given fixed level of system reliability.

With the help of earlier mentioned notations, the mathematical formulations of two decision-
making problems (i) and (ii) discussed above are as follows:
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Problem 1
n Mj
Maximize Ry = [ > ¥jj
j=1i=1
n Mj
subjectto > " ¥ij Gij Mij < Crnax
j=li=1
M;
where Zyij =1 ¥V j=12-n; y;={0,1}; Vi=12--Mjand j=12,-n.
i=1

1-(1-5)" } @

Problem 2
n Mj
Minimize CS = ZZ y” Cij mij (2)
j=li=1
n Mj e
subject to HZ Yij {1—(1— rij) ! }Z Rmin
j=1li=1
Mj
where » v =1 V j=12,--,n; yj; ={0,1} Vi=12,---,M
i=1

j and j=12,--n.

These two problems (1) and (2) belong to the category of constrained integer nonlinear
optimization problems.

4. Constraint Handling Technique of Constrained Integer Nonlinear Optimization
Problems

In the application of evolutionary algorithm for the given constrained integer nonlinear
optimization problem, there arises an important question: how the algorithm handles the
constraints relating to the optimization problem? During the last few decades, several methods
have been proposed to handle the constraints for solving constrained optimization problems with
the help of evolutionary algorithms (Michalewicz and Schoenauer, 1996; Koziel and
Michalewicz, 1999; Deb, 2000; Coello, 2002). Among these methods, penalty function method is
very popular. In this method, the constrained optimization problem is converted to unconstrained
one in which the reduced objective function involves the original objective function and a penalty
for violating the constraints. Recently Gupta et al. (2009) proposed a penalty function approach to
handle the constraints. In this approach, to convert the constrained optimization problem to an
unconstrained one, a large negative value (say, —M) is blindly assigned to the objective function
for the infeasible solution (for maximization problem). In this case, if the constrained
optimization problem is

Maximize f(x)
subjectto g;(x)<0,i=12,...m

then the reduced unconstrained optimization problem is as follows:
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Maximize f(x)= f(x)+5(X)
0, ifxeF
-M, ifxeF
and F ={x;g,(x) <0, i=1,2,...,m}, the feasible space for the optimization problem.

where 6(x) ={

For minimization problem, it is to be noted that instead of —M, +M is considered. For solving the
earlier mentioned constrained integer nonlinear optimization problems (1) and (2), we have
proposed a new hybrid algorithm, viz. C-RCSOMGA which is discussed in the next section.

5. Hybrid Algorithm C-RCSOMGA, Based on RCGA and SOMA

For the purpose of solving the reliability—redundancy optimization problems (1) and (2), we have
developed a hybrid Real Coded Self-Organizing Migrating Genetic Algorithm (C-RCSOMGA)
combining two different algorithms RCGA and SOMA. In this algorithm, we have used
tournament selection, modified uniform crossover and modified mutation operators for RCGA as
well as our proposed modified strategy for SOMA.

5.1 Real Coded Genetic Algorithm (RCGA)

Genetic Algorithm is a stochastic search method based on natural evolution and natural genetics.
In this algorithm, initially a population of solutions is generated by Random Number Generator
(RNG). Then this population is updated from iteration (generation) to iteration with respect to
their fitness value through different well known genetic operators (viz. selection, crossover and
mutation) until a termination criterion is satisfied. For implementation of this GA for the
proposed algorithm, the following basic components are considered:

(a) Initialization of GA parameters and bounds of variables.

(b) Representation and initialization of solution.

(c) Evaluation of the fitness function.

(d) Selection process.

(e) Genetic operators (crossover, mutation to create the new offspring for improvement of
the population).

(f) Termination criterion.

5.1.1 Initialization of GA Parameters and Bounds of Variables

Genetic Algorithm is dependent on some parameters, viz. population size ( Popsjze ), maximum
number of allowable iterations (T ), probability of crossover ( pgross) and probability of
mutation ( Pmute )- But there is no hard and fast rule to choose the values of all parameters. From

the literature (Goldberg et al., 1989; Michalewicz and Schoenauer, 1996; Jabeen and Bhunia,
2006), it is seen that, if the values of the parameters are not chosen in the reasonable range, there
arise some difficulties. If the value of Popsjze is taken very large then the computational cost is

large and also storing of data in computer in intermediate steps of GA may arise some difficulties
at the time of computation. Again, if the value of Popgj,e is taken very small then the good
properties of genetic operators do not stem for evolution of the population. T varies from
problem to problem and it depends upon the number of variables of the problem. From the natural
genetics, it is obvious that the value of pgrgss IS always greater than that of pyyte -
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5.1.2 Representation and Initialization of Solution

After initialization of GA parameters and bounds of variables, a successful implementation of GA
is dependent on the representation of solution and also the initialization of an appropriate
population. In this work, we have used the real numbers to represent the component of solution.

5.1.3 Evaluation of the Fitness Function

After getting a population of solutions, GA carries out the evaluation stage. In this stage, we have
to evaluate the objective function value of each solution of initial population or improved
population. In this work, we have considered the objective function value as fitness value of the
solution.

5.1.4 Selection Process

In the selection process, we have handled the constraints of an optimization problem by the
tournament selection method (Brindle, 1981; Goldberg et al., 1989). In this method, two or more
solutions are chosen randomly from the population and the best solution from this group is

selected as parent for the next iteration. This process is repeated Popgj,e number of times. The
size of the tournament selection may take the value from 2 to Pops;je . In our work, we have taken

the size as 2. In tth iteration, if two solutions vi(t) and vgt) are considered for tournament

selection, then any of these two will be selected for the next (i.e., (t +1)th) iteration based on the
following rules:

@ 1t £(Y)is better than £ (v{) [ f)> 1) in case of maximization problem,
whereas f(vi(t))< f(vgt)) in case of minimization problem], where vi(t),vgt) € F then
select vi(t) otherwise selectvgt).

(b) If vi(t) e Fand vgt) ¢ F, then selectvi(t), otherwise if vi(t) ¢ F and vgt) eF, then
selectvgt).

(c) If vi(t) ,vgt) ¢ F , then select the solution with lesser number of constraints violation.

() If vi(t) ,vgt) ¢ F and both the solution have equal constraints violation, then select any one
of them.

5.1.5 Crossover

After selection process, the survived solutions take part in the crossover operation. The main
objective of this operation is to create new offspring (probably better) by recombining the
features of randomly selected two or more parent solutions. The crossover of two parents is
inspired by the natural genetic process. In this work, we have used modified uniform crossover
operation (Sahoo et al., 2012). Expected [Popsjze * Peross]  (SaY, Neross) (* denotes the product

and denotes the integral value) number of solutions will take part in this operation. Here the
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uniform crossover operation has been used. The different steps of this operation at ¢th generation
are as follows:

Step-1: Find the integral value of Pops;jze * Peross  @nd store it in Nepggs -

Step-2: Select two chromosomes vi(t) and v(jt) randomly from the population.

Step-3: Compute the components Qi(l? and Q(jtk) (k=1,2,...,n) of two offspring Qi(t) and Q(jt) by
either Qi(lt() —v{!) g and Q(jtl() :vgtk) +g if vl >v§tk)
=) _ (@ =) _ (@)

where g is arandom integer number 0 and |Vi(l? —vgtk) l,k=12,..,n.

Step-4: Compute vi(Hl): argument of best of {f(vi(t)), f(vgt)), f(\?i(t)), f(\7(jt))};

and vﬁ”l): argument of next best of {f(vi(t)), f(vgt)), f(\?i(t)), f(\7(jt) }

Step-5: Repeat Step-2 to Step-4 for %Ncross times.

5.1.6 Mutation

From inspiration of genetic diversity in nature, in GA, mutation operation is performed to
introduce the random variations into the population. Sometimes, it helps to get back the
information lost in earlier iterations. Expected [Popsijze * N * Pmute] (SaY, Nmute ) (* denotes the
product and denotes the integral value) number of genes / components will take part in mutation
operation. According to Michalewicz (1996), mutation is also applied to whole solution vector
rather than a single component of it. Basically, it is responsible for fine tuning capabilities of the
system. In this work, we have used one-neighborhood mutation (Bhunia et al., 2010).

The computational steps of this operation at tth generation are as follows:

Step-1: Find the integral value of the product of Popgjze, N and ppute and store it in Nyyyte -

Step-2: Select a non-mutated gene Vi(l? of solution vi(t) for mutation.

(t)

~(t ~(t
Step-3: Create new gene Vi(k) of the new solution v; * by the following process as follows:
t ot
Vi(k) +1,if Vi(k) =ik
t e (t
O v~ v =i

K
' v +1,if r<05

Vi(l? -1,if r=05
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where r is a uniformly distributed random number in [0, 1].
Step-4: Compute vi(t+1)= argument of better of {f(vi(t)), f(\?i(t) }

Step-5: Repeat Step-2 to Step-4 for Ny e times.
Step-6: Stop.

5.1.7 Termination Criterion

In GA, selection process, crossover, mutation and evaluation are performed repeatedly until a
predefined termination criterion (In this work, we have considered the termination criterion as the
number of iterations (generations) reaches T ) is met.

The RCGA flow can be summarized as follows:

Algorithm-I

Step-1: Initialize the parameters of GA.

Step-2: Set t=0

Step-3: Initialize P(t) .

Step-4: Evaluate the fitness function value of each solution of P(t) .
Step-5: Find the best solution from P(t).

Step-6: Do the following until the termination condition is satisfied:
(@) Increase t by 1.

(b) Select P(t) from P(t—1) by the selection process.

(c) Perform the crossover operation with probability pcross -

(d) Perform the mutation operation with probability pmyte -

(e) Evaluate the fitness function value of each solution of newly created P(t).
(f) Find the best solution from P(t) .

Step-7: Print the best solution.
Step-8: Stop.

5.2 Self-Organizing Migrating Algorithm (SOMA)

SOMA is a relatively new stochastic evolutionary algorithm, which is based on the social
behavior of cooperative solutions and self-organization (e.g. a herd of animals looking for their
food). From the existing literature, it is evident that this algorithm has ability to converge towards
the global optima (Zelinka et al., 2001). It starts with a population of solutions initialized
randomly over the search space at the beginning and then improves the population in loops
(called migration loop). In each loop, considering the solution with highest fitness as leader (L),
all other solutions (called active solutions (&;)) will traverse in the direction of the leader.

Whether the solution will travel a certain distance (called path length) towards the leader in Ng

steps (number of steps) of defined length or not, it depends upon a perturbation parameter. This
perturbation works as mutation operator of Genetic Algorithm. If the path length is greater than
one, then active solution will over shoot the leader (Zelinka, 2004).
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The main control parameters used in SOMA are Popgj,e (number of solutions in the population),
n (number of decision variables of objective function of optimization problem), Path length
(distance of movement of active solutions), Stepsi;e (Size of a migration step),

PRT (perturbation determines whether a solution will travel directly towards the Leader or not),
Migrations (number of iterations).The suggested values (Zelinka, 2004) for the above parameters

are given in Table 1.

Parameter name Suggested range
Popsize 10 to any integer number
n Problem dependent
PRT (0, 1)

Path _length [1.1, 3]

Stepsize [0.11, Path_length ]
Migrations 10 to any integer number

Table 1. Suggested values for the SOMA parameters

5.2.1 Variations of SOMA

Based on different strategies, different versions of SOMA have been developed. Till now, Zelinka
(2004) proposed five strategies as follows:

(i) All-To-One, (ii) All-To-All, (iii) All-To-All Adaptive, (iv) All-To-Rand and (v) Clusters.

Here we shall discuss SOMA with All-To-One strategy in details.

5.2.2 SOMA with All-To-One Strategy

The evolution of SOMA performs with perturbation (equivalent to mutation for GA) and
crossover operation. Here the movement of active solutions in the search space is perturbed, not
mutated. Perturbation depends on the PRT controlling parameter and perturbation vector
( PRTVector ) (Zelinka, 2004). This SOMA generates a random number to assign PRT parameter
from the interval (0, 1). If PRT equals to O then the perturbation is not performed and if
PRT equals to 1 then the stochastic nature of SOMA will be vanished. PRTVector is created by
the following condition:

If  <PRT , then PRTVector; =1, else PRTVector; = 0; where j=1,2,---,n and r, is a random

number between 0 and 1. Before a solution starts its journey over the search space towards the
Leader, this PRTVector; is created for each solution’s component (see Fig. 2).

SOMA creates a new solution at (t+1)th iteration by the special operation (Zelinka, 2004)

(known as crossover in case of SOMA) as follows:

vi(tj+1) _ Vi(tj), sart + ﬂ(v(l_t)j _Vi(tj), <tart) PRTVeCtOF, 9

where S &[0, by Stepg;,e to, Path _length] .
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This operation helps the active solution to move its new position and travels in the search space
towards the leader in Ny steps of defined length. The principle of SOMA with All-To-One

strategy is shown in Fig. 2.

300 ‘ ‘ | |
Active individual <------ @
200 |

100 -

-100

[e]
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<

/7 s

. a

= =

(=W

[ =]

=N
</

6N
|

~ -~ New positions of

__ _— active individuals
2200 | 7 N |

2200 -100 0 100 200 300

Fig. 2. Movement of active solutions ( @, ) towards the Leader ( L) for two dimensional search spaces

The different steps of SOMA are as follows:

Algorithm-II

Step-1: Generate initial population of solutions.

Step-2: Repeat the following for the number of migrations times:
(i) Generate PRTVector parameter.
(i) Evaluate the fitness function value of each solution of P(t).

(iii) Find the best solution of population and consider it as leader (L ).
(iv) Do the following for each active solution of the population:
(a) Set each active solution as best solution.
(b) Do the following for specified number of steps:
» Find the new solution towards the position of the leader (L) starting from active by the
Eq. (3).
» Evaluate the fitness function for new solution.
» If the fitness of new solution is better than the fitness of previous best solution then
replace that best solution by the new one.
(c) Replace the active solution by the best solution obtained from earlier Step-2 (iv) (b).
Step-3: Print the best solution.
Step-4: Stop.

195



International Journal of Mathematical, Engineering and Management Sciences u@m
Vol. 2, No. 3, 185-212, 2017
ISSN: 2455-7749

5.3 Proposed Real Coded Self-Organizing Migrating Genetic Algorithm (C-
RCSOMGA)

In this algorithm, initially a population is created by randomly generated solutions and is
evaluated through the fitness function. After that, in each iteration, GA as well as SOMA
operators are applied consecutively to the population to improve the same. At the end of the
successful applications of GA operators, the best solution is selected according to the fitness

value. Then, considering the best solution as leader (L) and others as active solutions (&),

SOMA operators are applied. In this application, a perturbation vector ( PRTVector ) is created
first, then for each active solution, a set of new solutions is created by equation (3) along the path
from active to leader at an equal length. After this, the best solution (called Perturbed
Leader, PL) is selected from the created new solutions for each active solution and the previous
leader. In the next migration loop this PL will work as the leader (L). This process will be
continued until the termination criterion is satisfied. In this connection, we call this new strategy
as All-To-One Adaptive strategy which is incorporated in SOMA of our proposed C-RCSOMGA
(see Fig. 3).

300 w T x T

200 4)=rn
100 @) =0 O

T

New position
of a

-100

@)

|

| | |
2200 -100 0 100 200 300

-200

Fig. 3. The principle of C-RCSOMGA with All-To-One Adaptive strategy for two dimensional search
spaces

The computational steps of C-RCSOMGA are as follows:

Algorithm-I11

Step-1: Initialize the bounds of decision variables, parameters of GA and SOMA, and different
parameters of the optimization problems.

Step-2: Set t=0/[ t, the number of current iteration].

Step-3: Initialize P(t) [ P(t), the population of solutions / solutions at t -th iteration].
Step-4: Evaluate the fitness function value of each solution of P(t).

Step-5: Find the best solution from P(t).

Step-6: Increase the value of t by 1.
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Step-7: Select P(t) from P(t—1) by tournament selection process.

Step-8: Apply modified uniform crossover with probability Perggs -

Step-9: Apply modified one-neighbourhood mutation with probability Prte -
Step-10: Evaluate the fitness function value of each solution of P(t).

Step-11: Find the best fitted solution (Leader, L) of P(t) and consider all others solutions as

active solutions of this population.
Step-12: Apply SOMA with All-To-One Adaptive strategy as follows:
(i) Do the following for each solution of the population:
() If the solution is infeasible then go to Step-12 (i) (c).
(b) If the absolute value of the difference between the objective function value of Leader ( L)

and objective function value of the solution is less than ¢ (in this work, & = 0.001) then go
to Step-12 (i).

(c) Generate PRTVector .

(d) Do the following for specified number of Stepg;e :

> Create a new population with the help of Eq. (3).
> Evaluate fitness for each solution of that new population.
» Find the best solution (Perturbed Leader, PL ) from this created new population.

(e) If PL isbetterthan L, replace the L by PL.

Step-13: If (termination criterion is satisfied) go to Step-14, otherwise go to Step-6.
Step-14: Print the best result.
Step-15: Stop.

6. Numerical Results and Discussion

To illustrate and also to compare the results obtained from the proposed algorithm with the
existing algorithms, we have solved four examples. The data for these four examples have been
taken from Nahas and Nourelfath (2005) and shown in Appendix (see Table A.1, A.2, A.3 and
A.4). However, Nahas and Nourelfath (2005) solved these examples considering without
redundancy. In these examples, the available budgets are $1000, $900, $1000 and $1400. First of
all we have solved the examples for reliability optimization without redundancy and compared
the results with the same obtained from the existing algorithms (Nahas and Nourelfath, 2005)
Algorithm — 1 (AS+Alg1) and Algorithm — 2 (AS+Algl+Local). These results have been show in
Table 4, 5. Using the same numerical data of Example 1 to 4, reliability optimization problem
with redundancy has been solved for different budget. On the other hand, cost optimization
problems with / without redundancy have been solved considering different lower bounds of
reliability. The computational results have been shown in Table 4 — 15.

Due to the stochastic nature of the proposed algorithm, 100 independent runs have been made for
each problem considering different sets of random numbers. The proposed algorithm has been
coded in C / C++ environment and the simulation has been done on a PC with Intel Core-i3 (2.5
GHz) processor in LINUX environment. The stopping criterion used in the proposed C-
RCSOMGA performs up to maximum number of allowable iteration (T ). The values of
parameters of C-RCSOMGA are given in Table 2 and Table 3.
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Parameters | POPsize | Pcross | Pmute | PRT | Path_length | Stepgjze
C-RCSOMGA 100 0.85 0.05 0.75 2 0.11-0.25

Table 2. Experimental setup for C-RCSOMGA

Example # Reliability optimization problem Cost optimization problem
(# of tech. used) | without redundancy | with redundancy | without redundancy | with redundancy

1

(61) 300 2000 500 2000
2

(80) 300 2000 500 2000
3

(100) 500 2000 700 2000
4

(166) 1000 2000 1200 2000

Table 3. Experimental setup for C-RCSOMGA for the values of allowable maximum number of iteration
(T ) for different problems

Example # % of feasible solution | Algorithm used System Reliability
(# of tech. used) Average StDev Best Min
N/A AS+Algl 0.85632000 | 0.00029000 | 0.85705000 | 0.85602000
(611) N/A AS+Algl+Local | 0.85705000 | 0.00000000 | 0.85705000 | 0.85705000
100 C-RCSOMGA | 0.85705458 | 0.00000000 | 0.85705458 | 0.85705458
N/A AS+Alg1l 0.90036000 | 0.01011000 | 0.91504000 | 0.87868000
(820) N/A AS+Algl+Local | 0.91504000 | 0.00000000 | 0.91504000 | 0.91504000
100 C-RCSOMGA [ 0.91504172 | 0.00000000 | 0.91504172 | 0.91504172
N/A AS+Alg1l 0.95850000 | 0.00250000 | 0.96406000 | 0.95624000
(180) N/A AS+Algl+Local | 0.96439000 | 0.00050000 | 0.96513000 | 0.96406000
100 C-RCSOMGA | 0.96513425 | 0.00000000 | 0.96513425 | 0.96513425
N/A AS+Algl 0.77546000 | 0.01646000 | 0.80632000 | 0.76074000
(126) N/A AS+Algl+Local | 0.86491000 | 0.00038000 | 0.86543000 | 0.86465000
100 C-RCSOMGA |0.86543863 | 0.00000000 | 0.86543863 | 0.87000000

Table 4. Comparison between the results of reliability optimization without redundancy for different
Algorithm
N/A - indicates the non-availability of results in literature.
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Example #(# of tech. . Best solution among all runs System Reliability corres. to best
Algorithm used :
used) Selected technologies solution
1 AS+Algl+Local 3-4-5-2-3-3-2-3-2-2-2-3-4-3-2 0.85705000
(61) C-RCSOMGA 3-4-5-2-3-3-2-3-2-2-2-3-4-3-2 0.85705458
2 AS+Algl+Local 3-3-3-4-2-3-3-2-4-1-2-3-4-3-1 0.91504000
(80) C-RCSOMGA 3-3-3-4-3-3-2-2-4-1-2-4-3-3-1 0.91504172
3 AS+Algl+Local 3-3-4-4-3-3-2-2-3-2-2-4-4-4-2 0.96406000
(100) C-RCSOMGA 3-3-4-4-3-3-2-2-3-2-2-4-4-4-2 0.96513425
A As+AlgL+Local | 3382322328 4412334232 0.86465000
(166) C-RCSOMGA 2-3-3-5-2-3-2-2-3-1-22_53_-14-4-1-3-3-3-4-2-3-2- 0.87000000

Table 5. Comparison between the best solutions of reliability optimization without redundancy for different

Algorithm
* E:?gﬁlife d) % of feasible solution ((I:nO;t) System Reliability
Average StDev Best Worst

4 1000.00 | 0.66330978 | 0.14592301 |0.76649293 | 0.56012663
1 100 1500.00 | 0.95737293 | 0.06539612 |0.99786000 | 0.70272100
(61) 100 2000.00 | 0.99942527 | 0.00103140 |0.99984776|0.98971794
100 2500.00 | 0.99997221 | 0.00002808 |0.99999372|0.99987642
100 3000.00 | 0.99999653 | 0.00000464 |0.99999952 | 0.99997381

0 1000.00 * * * *
40 1500.00 | 0.94207788 | 0.086130537 | 0.99751069 | 0.67791754
(820) 100 2000.00 | 0.99759396 | 0.007374591 | 0.99986934 | 0.94948385
100 2500.00 | 0.99992546 | 0.000173946 | 0.99999524 | 0.99898519
100 3000.00 | 0.99999140 | 0.000049970 | 0.99999989 | 0.99949879

0 1000.00 * * * *
3 3 1500.00 | 0.92626357 | 0.11169830 |0.99724094 | 0.79751090
(100) 69 2000.00 | 0.98288200 | 0.05065330 |0.99995316 | 0.74795818
100 2500.00 | 0.99987742 | 0.00034136 |0.99999600 | 0.99695193
100 3000.00 | 0.99999329 | 0.00003173 |0.99999993 | 0.99968348

0 3000.00 * * * *
9 3500.00 | 0.99690361 | 0.004690514 | 0.99986526 | 0.98801831
(126) 69 4000.00 | 0.99902158 | 0.006380859 | 0.99998640 | 0.94686575
100 4500.00 | 0.99985665 | 0.000999104 | 0.99999716 | 0.98999433
100 5000.00 | 0.99989291 | 0.000999533 | 0.99999986 | 0.98999914

Table 6. Computational results of reliability of reliability optimization with redundancy for different

Budget for hybrid C-RCSOMGA
* - indicates that no feasible solution of the corresponding problem has been obtained.
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From Table 4, it is observed that for all the examples, our proposed algorithm gives better
solution than the existing algorithms (Nahas and Nourelfath, 2005) for reliability optimization
without redundancy. It is also seen that among 100 runs maximum, minimum and average (mean)
values of reliability be the same and obviously standard deviation is zero. In Table 5, best found
solutions (selected technologies) with reliabilities have been shown for the existing algorithm
(Nahas and Nourelfath, 2005) and our proposed algorithm for different examples. From this table,
it is observed that for all the examples our algorithm gives the better result.

From Table 6, it is evident that for all the examples average, maximum and minimum values of
reliabilities along with standard deviation have been shown considering different values of budget
for reliability optimization problem with redundancy. In each case, humber of feasible solutions
obtained has also been displayed. It is also observed that for higher budget (i.e., for higher cost),
the maximum and average reliabilities are greater and in all the runs the obtained results are
feasible.

In Table 7, selected technologies, number of redundancies with reliability corresponding to the
best found solution among all runs has been displayed for different budget costs for different
examples. From this table, it is observed that system reliability is higher for higher cost.
However, for examples 2, 3 and 4, feasible solutions are not obtained for budget costs $1000,
$1000 and $3000 respectively.

In Table 8 — 11, the computational results of cost optimization problem without redundancy have
been displayed for different examples for different lower bound of system reliabilities. On the
other hand, the computational results of the cost optimization problem with redundancy have
been shown in Table 12 — 15. In Table 8, 9 and 11, it is seen that the feasible solutions of the cost
optimization problem without redundancy in different technology of each subsystem are not
available among all runs when the lower bounds of system reliability are 0.9000, 0.9500, 0.9900
and 0.9990 for example 1, 0.9990 for example 2 and 0.9990 for example 4 respectively.

Again from Table 8 — 11, it is observed that the standard deviations for total system cost are zero
(0) in all cases except in one case when the lower bound of system reliability is 0.9990 for
example 3. From Table 8 — 11, it is clear that the best-found cost is higher for higher imposed
lower bound of system reliability. The same types of results have been shown in Table 12 — 15.
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Example #(# of tech. used) | Cost($) g 1. req tec::j()sgoileus“(osr:ele:er:t(:ezgnﬂ.l (Tf”::dundancies) SyStetn(] E:sltizkz)illtj%loflorres
(33413152225451)
@56521324312152)

o) (653452485472252)
2500.00 (Z:i:é:éj:g:é:g:%iézg:g:gé) 0.99999372
03565365785 4544)
1000.00 (i) x
1500.00 é:j:é:g:g:‘l‘j:éjjjﬁ:é:g) 0.99751069

& (645532285421533)
2500.00 (i:i:g:g:i:gjzg:ﬁ:ié:g:ﬁ) 0.99999524
3000.00 (i:g:‘31:%j:g:i:i:é:ézgzg:g:gj) 0.99999989
1000.00 :) «
(125512251212 561)

(100 (16621557 1442253
2500.00 (i:g:g:gj:g:é:g:g:é:g:g:gjj) 0.99999600
300000 05994334881 3554) 099999993
3000.00 (:) *
0000 | (125502081 6000000801) | 09098650

o9 00 | 55 4a 327112171 a5 1ars) | OSSO
000 | (9267 8500.644354230555) | 0909976
500000 | (5 0540765355 55600 544083 | 099999980

Table 7. Computational results of corresponding best solution of reliability optimization with redundancy
for different budget for hybrid C-RCSOMGA
* - indicates that no feasible solution of the corresponding problem has been obtained.

201



International Journal of Mathematical, Engineering and Management Sciences
Vol. 2, No. 3, 185-212, 2017
ISSN: 2455-7749

oD

Cost (in $) .
% of feasible | Imposed lower bound Best Worst iﬂfgfciéeggsq(}lggrzzs
solution of system reliability | average | StDev | (corres. System (corres. System solution
Reliability) Reliability)
720.00 720.00 2-2-2-2-2-3-2-2-2-1-2-3-3-
100 0.7500 72000 |0 (0.76621405) (0.75140173) 31
770.00 770.00 2-3-3-2-2-3-2-2-2-1-2-3-3-
100 0.8000 77000 |0 (0.80559763) (0.80559763) 31
930.00 930.00 3-3-5-2-3-3-2-2-2-2-2-3-4-
100 0.8500 930.00 |0 (0.85114618) (0.85037926) 32
0 0.9000 * * * * *
0 0.9500 * * * * *
0 0.9900 * * * * *
0 0.9990 * * * * *

Table 8. Computational results of cost optimization problem without redundancy for different technology
of each subsystem for hybrid C-RCSOMGA for example 1

*- indicates that no feasible solution of the corresponding problem has been obtained.

Cost (in $) lected technolodi
% of feasible | Imposed lower bound Best Worst Sc?)frcet: téegesrlofggézs
solution of system reliability | average | StDev | (corres. System (corres. System solution
Reliability) Reliability)
720.00 720.00 2.0.2-3-2-3-1-2-2-1-2-3-3-
100 0.7500 72000 )0 (0.76033925) (0.75065072) 31
750.00 750.00 2-0-2-4-2-3-2-2-2-1-2-3-3-
100 0.8000 750.00 |0 (0.80869072) (0.80026686) 31
790.00 790.00 2.0-3-4.2-3-2-2-3-1-2-3-3-
100 0.8500 79000 |0 (0.86029801) (0.86029801) 31
865.00 865.00 2.3-3-5.2-3-2-2-4-1-2-4-3-
100 0.9000 86500 | 0 (0.90316727) (0.90316727) 31
995.00 995.00 3-3-4-5-3-3-3-2-4-2-2-4-4-
100 0.9500 995.00 | 0 (0.95260974) (0.95070067) 31
1325.00 1325.00 4-4-5-5-4-4-4-4-5-2-3-5-4-
2 0.9900 13250010 (0.99023365) (0.99023365) 6-2
0 0.9990 * x x x *

Table 9. Computational results of cost optimization problem without redundancy for different technology
of each subsystem for hybrid C-RCSOMGA for example 2
*- indicates that no feasible solution of the corresponding problem has been obtained.
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Imposed Cost (in $) .

% of lower Selected technologies
feasible bound of Best Worst corres. to best found
solution system Average StDev (corres. System (corres. System solution

reliability Reliability) Reliability)
710.00 710.00 2-2-2-3-2-3-1-2-2-1-2-3-

100 0.7500 710.00 0 (0.76817779) | (0.75031118) 331

730.00 730.00 2-2-2-3-2-3-1-2-3-1-2-3-

100 0.8000 730.00 0 (0.80456517) | (0.80052213) 331

760.00 760.00 2-2-2-4-2-3-2-2-3-1-2-3-
100 0.8500 760.00 0 (0.85469711) (0.85469711) 3-3-1

830.00 830.00 2-3-3-4-2-3-2-2-3-1-2-3-
100 0-9000 830.00 0 (0.90679810) | (0.90269287) 341

955.00 955.00 3-3-4-4-2-3-3-2-4-1-2-4-
100 0.9500 955.00 0 (0.95020322) | (0.95020322) 441

1180.00 1180.00 3-4-5-5-4-4-4-3-4-2-2-4-
100 0.9900 | 1180.00 0 (0.99014455) |  (0.99004557) 442

1550.00 1570.00 5-5-7-5-5-4-5-4-5-3-4-5-
52 0.9990 | 158077 | 392232 | () q9903024) | (0.99900428) 6-5-3

Table 10. Computational results of cost optimization problem without redundancy for different technology

of each subsystem for hybrid C-RCSOMGA for example 3

Cost (in $) .
. Selected technologies
0,
% oflfegsmle Imfposed Iowzle_r l;n_)lynd Best Worst corres. o best found
solution of system reliability | average | StDev | (corres. System (corres. System solution
Reliahility) Reliahility)
2-2-2-4-2-3-2-2-3-1-2-3-3-
1225.00 1225.00
100 0.7500 1225.00 0 (0.76123401) (0.75330450) 3-1-2-2-2-4-2-3-2-2-3-1
2-2-3-4-2-3-2-2-3-1-2-3-3-
1265.00 1265.00
100 0.8000 1265.00 0 (0.80955458) (0.80955458) 3-1-2-2-3-4-2-3-2-2-3-1
2-3-3-4-2-3-2-2-3-1-2-3-4-
1365.00 1365.00
100 0.8500 1365.00 0 (0.85686995) (0.85128304) 3-1-3-3-3-4-2-3-2-2-3-1
3-3-4-4-3-3-3-2-3-1-2-3-4-
1490.00 1490.00
100 0.9000 1490.00 0 (0.90106570) (0.90016279) 4-1-3-3-4-4-2-3-2-2-3-1
3-3-4-5-3-3-3-2-3-2-2-4-4-
1650.00 1650.00
100 0.9500 1650.00 0 (0.95029611) (0.95029611) 4-2-3-3-4-4-3-3-3-2-3-2
4-4-5-5-4-3-4-4-4-2-3-5-4-
2090.00 2090.00
100 0.9900 2090.00 0 (0.99054161) (0.99001633) 5-2-4-4-5-5-4-4-4-4-4-2
0 0.9990 * * * * *

Table 11. Computational results of cost optimization problem without redundancy for different technology
of each subsystem for hybrid C-RCSOMGA for example 4
*- indicates that no feasible solution of the corresponding problem has been obtained.
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Cost (in $) Selected technologies corres. to
% of feasible | Imposed lower bound of Best Worst best found solution
solution system reliability Average (corres. System (corres. System (Selected number of
Reliability) Reliability) redundancies)
100 0.7500 837.00 (0.7752(?42578) (O.%é(5)255066) (ﬁj:ﬁzﬁiizﬁigé_h
100 0.8000 858.10 (0.8705055'8233) (o.égiggfoe) (i:é:é:i:ﬁﬁ:i:%:ﬂ:ﬁ:ﬁ)
100 08500 S | (oaetoore) | (@M | (11221113211051])
100 0.9000 98340 (0.9807(?&‘;2263) (0.3(1)8258050) (é:;:é:g:i:iﬁ:ﬁ:ﬁ:iﬁ)
100 0.9500 1088.90 (0.99580538210) (o.égg(z)f7oo4) (éjj:g:ﬁ:;:ij:;:;:i:zll:ﬁ)
100 09900 M220 | oocoomptsy | (099049008) | (341923253212561)
100 0.9990 1801.30 (o.égszagfsoza (o.égggbogon) (g:i:g:i:gzgig:éj:é:éj:g:g)
100 09989 22060 | ooooiior) | (099991365 | (196.452465327272)
100 009999 | 260080 | (ogocoome) | (099999010) | (2205523642325

Table 12. Computational results of cost optimization problem with redundancy for different technology of

each subsystem for hybrid C-RCSOMGA for example 1

Cost (in $) Selected technologies corres.
% of feasible | Imposed lower bound of Best Worst to best found solution
solution system reliability Average (corres. System (corres. System (Selected number of
Reliability) Reliahility) redundancies)

1-1-1-3-1-1-1-2-1-1-2-1-3-1-1

715.00 1130.00
100 0.7500 861.00 | (975332569) (0.75017713) (2'2'2'1'2'2'11')1'2'1'1'2'1'3'
1-2-2-2-1-1-2-1-1-1-1-3-1-3-1

775.00 1240.00
100 0.8000 902.40 (0.80007523) (0.80003961) (2-1—1—1—3—2-11-)3-2-2-2-1-3-1-
3-2-2-4-2-2-2-1-1-2-1-3-3-1-1

825.00 1220.00
100 0.8500 939.20 (0.85050853) (0.85236908) (1—1—2-1—1—2-11-)3-2-1-1-1-1-3-
2-3-1-2-2-1-1-1-1-1-2-2-3-1-1

875.00 1280.00
100 0.9000 1004.50 (0.90106520) (0.90137277) (1—1—3-2—1—2-21-)3-2-1-1-2-1-4-
1-1-1-2-1-1-1-1-1-1-1-4-3-1-2

975.00 1275.00
100 0.9500 1106.20 (0.95126599) (0.95207199) (3-3-3-2—3—3-21-)4-2-2-2-1-1-4-
1-2-1-2-3-3-4-1-1-3-3-1-4-1-1

1275.00 1880.00
100 0.9900 1412.90 (0.99002985) (0.99011295) (3—2—4—3—1—1—12—)4—3—1—1—4—1-6-
1-1-2-2-2-2-2-2-1-1-4-5-3-1-1

1595.00 1980.00
100 0.9990 1782.80 (0.99900702) (0.99900596) (4—5—3—4—2—3—22—)3—4—3—1—1—2-8-
1-1-2-2-2-3-3-2-1-1-1-5-4-3-1
2280.00 2880.00

100 0.99999 2512.00 (0.99999027) (0.99999144) (6-8-5-5-3-2-2-3-6-4-5-2-2-3-

3)

Table 13. Computational results of cost optimization problem with redundancy for different technology of

each subsystem for hybrid C-RCSOMGA for example 2
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Cost (in $) Selected technologies corres. to
% of feasible | Imposed lower bound of Best Worst best found solution
solution system reliability Average (corres. System (corres. System (Selected number of
Reliability) Reliability) redundancies)
100 0.7500 940.30 (0.77521€,i8284) (o.%ggg)goge) (i:é:i:‘11:ﬁ:ﬁiﬂ:;;i)
100 0.8000 988.10 (0.87063?62%43) (0.;328'702212) (i:ﬁ:iiiiﬁ:ﬁ:iiﬁ)
100 08500 1011.10 (0.:50206(2)249) (o.égggg)gow) (41%:éj:;ﬁéii:ﬁ:i:ﬁ)
100 0.9000 1041.90 (0.9807755;8(;72) (0.386132;)2069) (i;é:‘11:;,:g:;:éjj:ﬂj:i)
100 09500 U850 | (onopoo0d) | (99216062) | (1041391442211131)
140900 | (o oioiray | (0oboter) | (2449042412015
100 0.9990 1811.60 (0.333(1)'209043) (o.ggslagbososs) (3:513:3:g:é:if:éjj:é:i:g:éj)
100 09909 28660 | ooooopi) | (09909010) | (367262225322121)
100 099999 | 258910 | (ogoisonrs) | (09ovseit) | (34-2052166422259

Table 14. Computational results of cost optimization problem with redundancy for different technology of
each subsystem for hybrid C-RCSOMGA for example 3

% of Imposed Cost (in $)

fea:ibl b(IJ?J\:lvsrof (clc3)$rsets (\é\cl)(r)rrs; Selected technologies corres. to best solution
solttio system Average Systerﬁ Systerﬁ (Selected number of redundancies)

n reliability Reliability) Reliability)

00 | o750 | 1sm030 | (IR TR | Goaasss ittt ss st
100 | 08000 | 1759.00 (o_égggfzoos) (0_33283)2084) (i:;ﬁj:i:i:i:;ﬁjj:éﬁ:é:ﬁjjﬁiéﬁi‘l‘iéﬁj)
100 | 08500 | 182700 | (o sy | (085023684 (G1313113212133122111.2232.)
100 | 09000 | 189160 | (o o0ramrey | (050000340 (131122122131113321321.3.2.2)
100 | 09500 | 208540 | (ool | (ogeiszess) | (LBdLAoIdA22INd1E 028 1452)
100 | ose00 | 253610 | (FOE | (T000S) | (44tsbateiien et iateis
100 | 08990 | 328340 (o.szagggé)zoes) (o.ggggé)loea é:é:é:g:?:‘11:?:i:zltzé:é:g1:%:‘11:1:?:(13:2:(13:411:4113:%)
100 | 09999 | 3807.10 (0.33883)1097) (0.3522833)2078) (25:§j{:;‘jéjj§j§j‘2‘j;j§j;‘j;‘j§jééiiiﬁiﬁjﬁiiﬁiﬁ?ﬁ%
100 | 099999 | 4402.10 (o.ggggéooom) (0.3333%300024) (g:é:i:g:g:g:g:g:g:é:é:g:‘2‘:;:éii:g:g:ij:ézg:gj)

Table 15. Computational results of cost optimization problem with redundancy for different technology of
each subsystem for hybrid C-RCSOMGA for example 4
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7. Concluding Remarks

This paper deals with two reliability optimization problems for a series system with parallel
redundancy incorporating multiple choice constraints. In the first problem, system reliability is
maximized subject to a budget constraint whereas in the second problem, system cost is
minimized subject to a minimum level of system reliability. These problems are NP-hard
problems. To solve these, we have developed hybrid heuristic approach based on parameter free
penalty technique, RCGA and SOMA. Here, penalty function is to obtain the feasible solutions.
In this penalty technique, only a large negative value (in case of maximization problem) or a very
large value (in case of a minimization problem) is considered for infeasible solution. From the
experimental results, it is observed that the optimal or near to optimal solution (though the
optimality cannot be tested analytically) can be obtained quickly.
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Appendix: The data for the four examples [15] that have been used in this paper and given
below (see Table A.1, A.2, A3 and A.4).

Sub- Technology | Technology | Technology | Technology | Technology | Technology | Technology | Technology
system 1 2 3 4 5 6 7 8

1 Reliability 0.9 0.99 0.999 0.9999 0.99999 0.999999 | 0.9999999 | 0.99999999
Cost($) 20 40 60 80 100 120 140 180
5 Reliability 0.85 0.9775 0.9966 0.9995 0.9999 - - -
Cost($) 30 60 90 120 150 - - -
3 Reliability 0.8 0.96 0.99 0.998 0.9997 - - -
Cost($) 20 40 60 80 100 - - -
4 Reliability 0.75 0.938 - - - - - -
Cost($) 30 40 - - - - - -
5 Reliability 0.85 0.99 0.999 - - - - -
Cost($) 20 40 65 - - - - -
6 Reliability 0.9 0.95 0.999 0.9999 - - - -
Cost($) 25 30 50 70 - - - -
7 Reliability 0.95 0.99 - — - - - -
Cost($) 40 60 - - - - - -
8 Reliability 0.85 0.995 0.999 0.9999 0.99999 - - -
Cost($) 10 30 60 80 120 — — —
9 Reliability 0.9 0.95 - - - - - -
Cost($) 30 50 - - - - - -
10 Reliability 0.99 0.999 0.9999 0.99999 0.999999 - - -
Cost($) 15 40 70 100 130 - - -
1 Reliability 0.95 0.999 0.9998 0.99999 0.999998 | 0.9999999 - -
Cost($) 20 40 60 80 100 120 - -
12 Reliability 0.8 0.9 0.99 - - - - -
Cost($) 40 60 85 - - - - -
13 Reliability 0.75 0.85 0.99 0.999 - - - -
Cost($) 30 50 80 100 - - - -
14 Reliability 0.8 0.95 0.99 - - - - -
Cost($) 10 30 40 - - - - -
15 Reliability 0.99 0.999 0.9999 0.99999 - - - -
Cost($) 50 80 110 140 — — — —

Table A.1. Data for example 1 (with 61 variables)
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oD

Sub- Technology | Technology | Technology | Technology | Technology | Technology | Technology | Technology
system 1 2 3 4 5 6 7 8

1 Reliability 0.9 0.99 0.999 0.9999 0.99999 0.999999 | 0.9999999 |0.99999999
Cost($) 20 40 60 80 100 120 140 180
2 Reliability 0.85 0.9775 0.9966 0.9995 0.9999 - - -
Cost($) 30 60 90 120 150 - - -
3 Reliability 0.8 0.96 0.99 0.998 0.9997 - - -
Cost($) 20 40 60 80 100 - - -
4 Reliability 0.75 0.938 0.97 0.99 0.995 - - -
Cost($) 30 40 60 70 80 - - -
5 Reliability 0.85 0.99 0.999 0.9999 - - - -
Cost($) 20 40 65 80 - - - -
6 Reliability 0.9 0.95 0.999 0.9999 - - - -
Cost($) 25 30 50 70 - - - -
7 Reliability 0.95 0.99 0.999 0.9999 - - - -
Cost($) 40 60 80 100 - - - -
8 Reliability 0.85 0.995 0.999 0.9999 0.99999 - - -
Cost($) 10 30 60 80 120 - - -
9 Reliability 0.9 0.95 0.98 0.995 0.9999 - - -
Cost($) 30 50 70 90 120 - - -
10 Reliability 0.99 0.999 0.9999 0.99999 0.999999 - - -
Cost($) 15 40 70 100 130 - - -
1 Reliability 0.95 0.999 0.9998 0.99999 0.999998 | 0.9999999 - -
Cost($) 20 40 60 80 100 120 - -

12 Reliability 0.8 0.9 0.99 0.999 0.9999 0.99999 0.999997 | 0.9999995
Cost($) 40 60 85 100 120 140 155 170
13 Reliability 0.75 0.85 0.99 0.999 - - - -
Cost($) 30 50 80 100 - - - -

14 Reliability 0.8 0.95 0.99 0.996 0.9993 0.9999 0.99996 | 0.999998
Cost($) 10 30 40 60 80 95 120 140
15 Reliability 0.99 0.999 0.9999 0.99999 - - - -
Cost($) 50 80 110 140 - - - -

Table A.2. Data for example 2 (with 80 variables)
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oD

Sub- Technology | Technology | Technology | Technology | Technology | Technology | Technology | Technology
system 1 2 3 4 5 6 7 8

1 Reliability 0.9 0.99 0.999 0.9999 0.99999 0.999999 | 0.9999999 |0.99999999
Cost($) 20 40 60 80 100 120 140 180
2 Reliability 0.85 0.9775 0.9966 0.9995 0.9999 - - -
Cost($) 30 60 90 120 150 - - -

3 Reliability 0.8 0.96 0.99 0.998 0.9997 0.9999 0.99999 | 0.999999
Cost($) 20 40 60 80 100 120 140 160
4 Reliability 0.75 0.938 0.98 0.999 0.9999 - - -
Cost($) 30 40 50 60 70 - - -

5 Reliability 0.85 0.99 0.999 0.9999 0.99998 0.999998 | 0.9999998 |0.99999998
Cost($) 20 40 65 80 100 120 140 155
6 Reliability 0.9 0.95 0.999 0.9999 0.99999 - - -
Cost($) 25 30 50 70 90 - - -

7 Reliability 0.95 0.99 0.997 0.9997 0.99997 0.999997 | 0.9999997 [0.99999997
Cost($) 40 60 80 100 120 140 160 180
8 Reliability 0.85 0.995 0.999 0.9999 0.99999 - - -
Cost($) 10 30 60 80 120 - - -

9 Reliability 0.9 0.95 0.995 0.9995 0.99995 0.999995 | 0.9999995 |0.99999995
Cost($) 30 50 70 90 110 130 150 170
10 Reliability 0.99 0.999 0.9999 0.99999 0.999999 | 0.9999999 - -
Cost($) 15 40 70 100 130 160 - -

1 Reliability 0.95 0.999 0.9998 0.99999 0.999998 | 0.9999999 | 0.99999997 |0.99999999
Cost($) 20 40 60 80 100 120 140 160
12 Reliability 0.8 0.9 0.99 0.999 0.9999 - - -
Cost($) 40 60 85 110 130 - - -

13 Reliability 0.75 0.85 0.99 0.999 0.9996 0.99996 0.999996 | 0.9999996
Cost($) 30 50 80 100 120 140 160 180
14 Reliability 0.8 0.95 0.99 0.999 0.9999 - - -
Cost($) 10 30 40 60 80 - - -

15 Reliability 0.99 0.999 0.9999 0.99999 0.999999 | 0.9999999 | 0.99999998 |0.99999999
Cost($) 50 80 110 140 160 180 200 220

Table A.3. Data for example 3 (with 100 variables)
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oD

Sub- Technology | Technology | Technology | Technology | Technology | Technology | Technology | Technology
system 1 2 3 4 5 6 7 8

1 Reliability 0.9 0.99 0.999 0.9999 0.99999 0.999999 | 0.9999999 | 0.99999999
Cost($) 20 40 60 80 100 120 140 180
) Reliability 0.85 0.9775 0.9966 0.9995 0.9999 - - -
Cost(3) 30 60 90 120 150 - - -

3 Reliability 0.8 0.96 0.99 0.998 0.9997 0.9999 0.99999 0.999999
Cost(3) 20 40 60 80 100 120 140 160
4 Reliability 0.75 0.938 0.98 0.999 0.9999 - - -
Cost(3) 30 40 50 60 70 - - -

5 Reliability 0.85 0.99 0.999 0.9999 0.99998 0.999998 | 0.9999998 | 0.99999998
Cost($) 20 40 65 80 100 120 140 155
6 Reliability 0.9 0.95 0.999 0.9999 0.99999 - - -
Cost($) 25 30 50 70 90 - - -

7 Reliability 0.95 0.99 0.997 0.9997 0.99997 0.999997 | 0.9999997 | 0.99999997
Cost($) 40 60 80 100 120 140 160 180
8 Reliability 0.85 0.995 0.999 0.9999 0.99999 — - —
Cost(3) 10 30 60 80 120 — — —

9 Reliability 0.9 0.95 0.995 0.9995 0.99995 0.999995 | 0.9999995 | 0.99999995
Cost($) 30 50 70 90 110 130 150 170
10 Reliability 0.99 0.999 0.9999 0.99999 0.999999 | 0.9999999 - -
Cost($) 15 40 70 100 130 160 - -

1 Reliability 0.95 0.999 0.9998 0.99999 0.999998 | 0.9999999 | 0.99999997 |0.999999999
Cost($) 20 40 60 80 100 120 140 160
12 Reliability 0.8 0.9 0.99 0.999 0.9999 — - —
Cost(3) 40 60 85 110 130 - - -

13 Reliability 0.75 0.85 0.99 0.999 0.9996 0.99996 0.999996 | 0.9999996
Cost($) 30 50 80 100 120 140 160 180
14 Reliability 0.8 0.95 0.99 0.999 0.9999 - - -
Cost($) 10 30 40 60 80 - - -

15 Reliability 0.99 0.999 0.9999 0.99999 0.999999 | 0.9999999 | 0.99999998 |0.999999995
Cost(3) 50 80 110 140 160 180 200 220

16 Reliability 0.9 0.99 0.999 0.9999 0.99999 0.999999 | 0.9999999 | 0.99999999
Cost($) 20 40 60 80 100 120 140 180
17 Reliability 0.85 0.9775 0.9966 0.9995 0.9999 - - -
Cost($) 30 60 90 120 150 - - -

18 Reliability 0.8 0.96 0.99 0.998 0.9997 0.9999 0.99999 0.999999
Cost($) 20 40 60 80 100 120 140 160
19 Reliability 0.75 0.938 0.98 0.999 0.9999 — - —
Cost(3) 30 40 50 60 70 - - -

20 Reliability 0.85 0.99 0.999 0.9999 0.99998 0.999998 | 0.9999998 | 0.99999998
Cost($) 20 40 65 80 100 120 140 155
21 Reliability 0.9 0.95 0.999 0.9999 0.99999 - - -
Cost($) 25 30 50 70 90 - - -

2 Reliability 0.95 0.99 0.997 0.9997 0.99997 0.999997 | 0.9999997 | 0.99999997
Cost(3) 40 60 80 100 120 140 160 180
23 Reliability 0.85 0.995 0.999 0.9999 0.99999 - - -
Cost($) 10 30 60 80 120 — — —

21 Reliability 0.9 0.95 0.995 0.9995 0.99995 0.999995 | 0.9999995 | 0.99999995
Cost($) 30 50 70 90 110 130 150 170
25 Reliability 0.99 0.999 0.9999 0.99999 0.999999 | 0.9999999 — -
Cost(3) 15 40 70 100 130 160 - -

Table A.4. Data for example 4 (with 166 variables)
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