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Abstract
In the absence of the exact footing form of shallow foundations, we develop a procedure to determine the optimal
footing form made up of four foothills from the knowledge of the inexact footing forms. The structural perturbations
that are the major cause of the inexact forms are approximated in linear elastic model whose the solution is used to
formulate the evolutionary structural optimization problem. To stabilize the solution, a serial of decisions is made to
minimize structural perturbations in finite element modeling, initial volume and design constraints. By using the
evolutionary structural optimization technique, we examine if the material of efficient and inefficient perturbations is
needed or not on the points of inexact forms. Our analysis shows that the loading forces can be transferred to structural
perturbations when they are efficient and used to reinforce the design material. This transfer can modify geometric
elements of footing in finite element analysis and the optimal solution. The results of the numerical experiment provide
the optimal footing form of shallow foundation, the sizes of associated foothills and the form of inefficient
perturbations. This approach allows to redesign the structures from the inexact forms and detects the errors of
dimensioning.
Keywords-Perturbations, Ill-posed problems, Linear elastic model, Eurocode 7, Topology optimization, Foundations.

1. Introduction
The base of many tropical trees in Cameroon is made up of foothills and their structure needs
more exploration as the researcher Link (1949) laid its local interpretations at Alberta, in Canada.
The dimensioning using Eurocode 7 had emerged as a powerful technique and proposed in the
recent years by the guide of designers to EN 1997 (2004); Orr and Farell (2012).
In geotechnical structure the analysis of dimensioning and tolerances were developed by Hillyard
and Braid (1978) and other workers as Light and Gossard (1983) had applied new methods to
modify a part of geometry. The researcher Olchawa and Zawalski (2014) had found that certain
values of coefficients obtained by using Eurocode 7 are higher than those prescribed in the design
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of shallow foundations. In accordance with the structural tolerance, some specific errors of
dimensioning were detected by Zong and Mao (2015) through analysis and mathematical
modeling. The performance of linear elastic models had been tested on the shallow foundations of
building, bridges and trusses (Green and Zerna, 1968; Terzaghi et al., 1996; Bowles, 1996; Das,
2010; Fellenius, 2018; Mbock et al., 2019). However, the most of under- and over-dimensioning
of shallow foundations arising from ill-posed problems are costly. Beyong the ill-posed problems
in elasticity, inverse boundary value problems were widely solved by Eskin and Ralston (2002);
Nakamura and Uhlmann (2003). Several applications of optimization to ill-posed and inverse
problems were widely studied by Engl and Groetsch (2014) for stabilization of numerical
solutions. The causes of the ill-posedness can arise from explicit consideration of perturbation
components (Mbock, 2009). Structural failure involve often the solution of an optimization
problem including the important role that plays structural reliability analysis and reinforcement
(Ikpe et al., 2017; Bhunia et al., 2017; Kumar and Ram, 2018) due to the difficulty to predict the
membership of some components in various field of engineering.
In topology optimization the researcher Xie et al. (2005) had designed materials to find the forms
of complex structures by using the evolutionary structural optimization (ESO) method developed
by Huang and Xie (2008); Huang and Xie (2010), and Jouve (2014). This intuitive method has
been applied to determine if material is needed for every point in the design domain or not. The
calculus of small structural change using perturbations based redesign methods have been
introduced by Stetson and Palma (1976) for the large admissible perturbation methodology
(LEAP). Using the evolutionary structural optimization method, the LEAP methodology was
developed by Suryatama and Bernitsas (2000); Miao and Bernitsas (2006) to optimize structures.
The optimal design of shallow foundations can include information on topology, shape and size
optimization. More recently the mechanism of combined rupture was studied in shallow
foundations by Gajo and Smith (2018).
In this paper, the foothills of shallow foundations are designed only from the knowledge of the
inexact footing forms. We assume that the causes of the inexact forms are structural perturbations
whose the existence do not prevent the transfer of the loading forces. Our topology optimization
approach consists in removing the materials of inefficient perturbations and using the efficient
perturbations to reinforce the design material needed to obtain the optimal footing form made up
of four foothills.
For this, we introduce the work in this section. We describe the ill-posed problem as inverse
boundary value problem for linear elasticity in Section 2 whose the stabilized solution is used in
Section 3 to formulate the evolutionary structural optimization problem. In Section 4, the
numerical experiments show a serial of decisions, which provides information on the optimal
footing form, the sizes of the associated foothills and the inefficient perturbations form. A short
summary is presented in Section 5 to conclude this work.

2. Our Proposed Approach in the Case of Structural Perturbations
In the absence of the exact footing forms we develop numerical procedure to find the optimal
footing form of Figure 1c made up of four foothills from the knowledge of inexact forms
presented in Figure 1a and 1b.
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Figure1. a) Initial footing form, b) inexact footing form and c) unknown and desired footing form.

The stability of the desired footing form requires additional constraints on structural perturbations
which are considered as the major cause of the inexact footing forms. We assume that the
perturbations field exists in the design domain and the forms of structural perturbations are
unknown variables which do not prevent for example the compressive and shear stress to be
active. The ill-posed and inverse problem consists in finding the causes of inexact forms and then
we examine if they are removed for every point in the inexact domain or not. To do this, we
describe the reconstruction problem through mathematical modeling in linear elasticity and solve
the perturbed boundary value problem whose the stabilized solution is used to formulate the
objective of the optimal footing forms. In this procedure the evolutionary structural optimization
technique is based on a serial of decisions that minimizes the initial volume, structural
perturbations in finite element modeling and design constraints.

2.1 Modelling the Structural Perturbation Problem
We consider that the shallow footing occupies a domain Ω of N-dimensional design space ℝ𝑁 and
the boundary of Ω is denoted by ∂Ω. In general, the Hilbert space ℒ 2 (Ω) is the set of measurable
∂ω
and square integrable functions in Ω and the set ℋ 1 (Ω) = {ω ∈ ℒ 2 (Ω) | ∀i ∈ {1,2, … , N}, ∂x ∈
i

ℒ

2 (Ω)}

is the Sobolev space.
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Figure 2. Shallow footing fixed at the surface of soil

At the boundary ∂Ω𝐹 of the Figure 2 above, the compressive load F ∈ ℒ 2 (Ω) is supported by the
concrete shallow footing and the moment M ∈ ℒ 2 (Ω) acting on the concrete footing are
normalized through the vertical forces R 𝑧 . The applied forces R 𝑥 and R 𝑦 with respect to the
directions x and y are neglected. In the same figure, the shallow foundation is fixed at the
boundary ∂Ω𝑢 where the displacement vector u ⋳ ℋ 1 (Ω) is neglected with respect to vertical and
horizontal direction. We assume that the perturbation tensor 𝜎̃ ∈ ℒ 2 (Ω )N exists and can be
decomposed to efficient perturbations and inefficient perturbations tensor respectively denoted by
𝜎̃e ∈ ℒ 2 (Ω )N and 𝜎̃i ∈ ℒ 2 (Ω )N . Those perturbations are not observable directly where the
loading forces F do not act. In our setting, the known stress tensor 𝜎 ∈ ℒ 2 (Ω )N are employed
such that the difference 𝜎 − 𝜆𝜎̃ = 𝜎0 ∈ ℒ 2 (Ω )N is the new stress tensor where 𝜆 is a positive
weighting factor. The overall boundary is ∂Ω = ∂ΩF ∪ ∂Ω𝑢 ∪ ∂ΩF0 and the boundary ∂ΩF0 is the
variable part of the footing including the boundary variables of structural perturbations denoted
by ∂Ω𝜎̃e and ∂Ω𝜎̃i . By observing the Figure 1b, the constant directional force F induced by the
load tends to compress and shear the footing from the boundary ∂Ω𝐹 while the force applied on
∂Ω ∪∂Ωu
theboundary ∂ΩF0 = C∂Ω F
is equal to zero. The divergent of 𝜎0 denoted by 𝑑𝑖𝑣 𝜎0 ∈ ℒ 2 (Ω)
cannot measure with accuracy how much the flow is expanding at a given point p ∈ Ω. Due to the
elastic properties of the concrete footing, one considers the symmetric matrix function A(x) =
∈ IRN×Nand the unit vector external to Ω denoted by 𝑛 = (𝑛i ) with 1 ≤ i ≤ N.
(ai,j (x))
1≤i,j≤N

According to the Hooke law, the unit vector to the stress tensor A∇u = 𝜎 is different from the one
with the new stress tensor 𝜎0 ∈ ℒ 2 (Ω)N . One can consider the perturbed boundary value problem
stated as:
div σ0 = 0,

in Ω

(1)
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u = 0,
F = σ0 . n = 0,
F = σ0 . n = 0,

on ∂Ω𝑢
on ∂ΩF
on ∂ΩF0

(2)
(3)
(4)

The Hilbert space ℋs = {u ∈ ℋ 1 (Ω) | u = 0 on ∂Ωu } is the solution space and the displacement
vector u ∈ ℋs cannot be found from the ill-posed variational formulation stated as:
∫Ω div σ0 (x) ⋅ v(x)dx = − ∫Ω σ0 (x) ⋅ ∇v(x)dx + ∫∂Ω σ0 (x)v(x) ⋅ n(x)ds , ∀v ∈ ℋs

(5)

It looks like the volume and the surface force are neglected or do not exist in perturbation
equations (1) and (3). The deformation cannot be modeled by the displacement vector and the
boundaries ∂Ωσ̃ and the domain Ωσ̃ of perturbations are unknown design variables. The structural
perturbations seem to be the causes of the ill-posedness, but not all the types of structural
perturbations are inefficient. The perturbation model equations (1-4) can be rewritten as:
div σ = λdiv 𝜎̃,

in Ω

(6)

on ∂Ωu

(7)

σ. n = λ𝜎̃ ⋅ n,

on ∂ΩF

(8)

σ . n = λ𝜎̃ . n,

on ∂ΩF0

(9)

u = 0,

where λ > 0 is the weighting factor associated to the structural perturbations. In the model
equations (6-9) the structural perturbations exist on the boundary ∂ΩF0 where the loading force F
does not act. Also they exist in the design domain Ω and on the boundary ∂ΩF where the loading
forces F are applied. In the perturbed model equations (6-9), the volume and surface force can be
corrupted by the variables of structural perturbations. To allow the transfer of loading forces to
geometric element of structural perturbations in finite element modeling, some approximations
are required for stabilization.
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Figure 3. Finite element modeling of the initial shallow foundation fixed at the surface of the soil

2.2. Our Inverse Boundary Value System
Two types of perturbations tensor are considered in this analysis, namely the efficient
perturbations tensor 𝜎̃e and the inefficient perturbations tensor 𝜎̃i . The loading forces are
transferred only to elements of efficient perturbations that reinforce the design material and
modify geometric elements in finite element analysis. Thus, the volume and surface force exist
and they are variables that depend on the efficient perturbations tensor 𝜎̃e when the fully stress
material is needed. A part of loading forces can be supported by the structural perturbations when
the total load cannot be transferred to materials of the design domain. More general we can
consider the following approximations:
a) In equation (6), div σ ≠ 0 in Ω ⇒ ∀𝜎̃ ∈ ℒ 2 (Ω )N , ∃f ∈ ℒ 2 (Ω) such that λdiv𝜎̃ ≈ f(𝜎̃).
b) In equation (8),σ. n ≠ 0 on ∂Ω ⇒ ∀𝜎̃ ∈ ℒ 2 (Ω )N , ∃𝑔0 ∈ ℒ 2 (∂ΩF ) such that λ𝜎̃. n ≈ 𝑔0 (𝜎̃)
c) In equation (9), σ. n ≠ 0

on ∂ΩF0 ⇒ ∀𝜎̃ ∈ ℒ 2 (Ω )N , ∃0 ∈ ℒ 2 (∂ΩF0 ) such that λ𝜎̃. n ≈

0ℒ 2 (∂ΩF ) .
0

The analysis of structural perturbations and existence proofs of f(𝜎̃) and 𝑔0 (𝜎̃) are not from
interest because our proposed approach is capable to find the causes of the inexact forms
numerically. These causes are geometric elements of inefficient perturbations in the design
domain of Figure 3. With the approximations mentioned above, the Dirichtlet condition (7) is
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satisfied in the solution space ℋs while the Neumann conditions (8) and (9) are imposed until
having the variational problem given by:
∫Ω A∇u. ∇vdx = ∫Ω f(𝜎̃) . vdx + ∫∂Ω 𝑔0 (𝜎̃) . vds , ∀v ∈ ℋs
F

(10)

where the bilinear form ∫Ω A∇u. ∇vdx = b(u, v) ∈ ℋs (Ω) can admit a quadratic form denoted by
q(v). According to the theory of Lax-Milgram, the unique solution of the variational problem
(10) is also the unique solution of the inverse boundary value problem given by:
div σ = f(𝜎̃),
u = 0,

in Ω

(11)

on ∂Ωu

(12)

σ. n = 𝑔0 (𝜎̃) ,

on ∂ΩF

(13)

σ . n = 0,

on ∂ΩF0

(14)

Its stability depends continuously on the surface force 𝑔0 (σ
̃) ∈ ℒ 2 (∂ΩF ), the volume force f(σ
̃) ∈
2 (Ω)and
ℒ
the geometry of elements of structural perturbations. In the Hilbert space ℋs the
energy functional is expressed as:
1
2

J(v, σ
̃) = q(v) − (∫Ω f(σ
̃). vdx + ∫∂Ω 𝑔0 (σ
̃). vds)
F

(15)

The displacement vector is obtained by minimizing J(v) and we have:
u = arg min

v∈ℋs (Ω)

J(v, σ
̃)

(16)

We are interested not only on geometric elements of structural perturbations which contribute to
model the deformations, but also in how the displacement vector changes when the type of
structural perturbations changes. If 𝜎̃ = 𝜎̃e and 𝜎̃i ≠ 0 then the structural perturbations contribute
not only to model the deformations, but also to reinforce fully stresses material of the design
domain Ω. It does not mean that the material of inefficient perturbations does not exist or the
form of the design domain is exact otherwise 𝜎̃i = 0. This case participates faster to the objective
of optimal forms finding than the case where the volume force depends only on the inefficient
perturbations if 𝜎̃ = 𝜎̃i. In this particular case the structural perturbations can reinforce under
stresses material of the design domain Ω and can participate to the mechanism of rupture in
shallow foundations.

Proposition 2.1:
Let J(v,σ
̃) be the energy functional defined for v ∈ ℋs (Ω) and 𝜎̃ = 𝜎̃e ∈ ℒ 2 (Ω )N .
Let u ∈ ℋs (Ω) be the unique solution of the variational problem (10).

(i) If u is the unique solution of inverse boundary value problem (11-14) obtained by solving
the energy minimization problem (16), then u is also the unique solution of the perturbed
boundary values problem (1-4).
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(ii) If f(σ
̃) ≈ f and g 0 (σ
̃) ≈ g 0 , then the unique solution of the perturbed boundary values
problem(1-4) is also the unique solution of the linear elastic model:
div σ = −f,

on Ω

(17)

u = 0,

in ∂Ωu

(18)

σ. n = g 0 ,

in ∂ΩF

(19)

σ . n = 0,

in ∂ΩF0

(20)

This proposition has been sequentially demonstrated in the analysis mentioned above and the
solution is not more unique when the efficient perturbations are inside and apart from the design
domain Ω.

3. Topology Optimization with Structural Perturbations
3.1. Design Constraints and Objective Functions
Since ΩF0 ⊂ Ω is the part of the initial footing volume V0 ∈ ℒ 2 (Ω) that varies when the loading
forces act on the boundary ∂ΩF . The form of the domain changes with respect to the
directions x, y and z and also the forms of the structural perturbations Ωσ̃ .Thus, the unknown
forms Ωx , Ωy Ωz and Ωσ̃ are the variables of the shallow footing design. Let Ωad be the set of
admissible forms such that:
Ωad = {Ωx ∪ Ωy ∪ Ωz ∪ Ωσ̃ = Ω | ∂ΩF ⋃ ∂Ωu ⊂ ∂Ω and ∫Ω dp = V0 , (x, y, z) ∈ R3 }

(21)

Let Ωh and Ωg be respectively the set of the objective functions and admissible structural
constraints such that:
Ωh = {(σ, σ
̃, u) ∈ (ℒ 2 (Ω )N )2 × ℋs | hj (Ω, f(σ
̃), 𝑔0 (σ
̃), u, α) = Vj , j = 1, 2, . . . , m}

(22)

Ωg = {(σ, σ
̃, u) ∈ (ℒ 2 (Ω )N )2 × ℋs | g i (Ω, f(σ
̃), 𝑔0 (σ
̃), u, α) ≤ 0 , i = 1, 2, . . . , n}

(23)

where α is a real fixed parameter of ESO, n is the number of structural constraints and 𝑚 is the
number of objective functions. The initial volume V0 = h1 (Ω, f(σ
̃), 𝑔0 (σ
̃), u, α) is considered as a
continuous function of several variables and dimensioned through the Eurocode 7. Intuitively one
applies the ESO method to find the unknown footing form given in Figure 1c from the knowledge
of inexact forms given in 1a and 1b. We eliminate the materials of inefficient perturbations where
the compressive stress σzz , the shear stresses σxzand σyz are not active. It means that the optimal
form can satisfy the following constraints:
σ

zz
g1 (Ω, f(σ
̃), 𝑔0 (σ
̃), u, α) = σmax
− 0.01 ≤ 0

(24)

zz

σ

zz
g 2 (Ω, f(σ
̃), 𝑔0 (σ
̃), u, α) = σmax
− 0.02 ≤ 0

(25)

xz

σ

zz
g 3 (Ω, f(σ
̃), 𝑔0 (σ
̃), u, α) = σmax
− 0.02 ≤ 0

(26)

yz
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g 4 (Ω, f(σ
̃), 𝑔0 (σ
̃), u, α) = σmax
zz − σadz ≤ 0

(27)

g 5 (Ω, f(σ
̃), 𝑔0 (σ
̃), u, α) = σmax
xz − σadx ≤ 0

(28)

g 6 (Ω, f(σ
̃), 𝑔0 (σ
̃), u, α) = σmax
yz − σady ≤ 0

(29)

where the maximum available values of structural stresses are respectively denoted by
max
σmax
and σmax
At a footing point p ∈ Ω those values muss be lower than its
xz , σyz
zz .
corresponding maximal permissible values denoted respectively by σadz , σadx and σady. Other
constraints arise from the resolution of the perturbed model equations (1-4) whose the unique
solution satisfies two inequality constraints such as:
σ − σad = g 7 (Ω, f(σ
̃), 𝑔0 (σ
̃), u, α) ≤ 0

(30)

u − uad = g 8 (Ω, f(σ
̃), 𝑔0 (σ
̃), u, α) ≤ 0

(31)

where σad ∈ Ωg and uad ∈ Ωg are respectively values of permissible stresses and displacements.

3.2 Statement of the Constrained Minimization Problem
Our topology optimization decides if materials of inefficient or efficient perturbations are needed
or not for every point of inexact domain to determine optimal footing forms made up of foothills.
Since we have the objective function at the first stage j = 1, the design constraints (24-29) and
those obtained by modeling the deformation of the structure (30-31). The constrained
minimization problem is stated as:
min

Ωx ,Ωy ,Ωx ,Ωσ
̃ ⋴Ωad

hj (Ω, f(σ
̃), 𝑔0 (σ
̃), u, α)

(32)

subject to {g ji (Ω, f(σ
̃), 𝑔0 (σ
̃), u, α) ≤ 0, for 1 ≤ i ≤ n ,1 ≤ j ≤ m

(33)

where n = 8 is the number of structural constraints and m, the number of decision stages at each
iteration k whose the value is fixed from the convergence criterion. The constrained minimization
problem (32-33) consists in determining the optimal geometric forms with respect to x, y and z
directions and the form of structural perturbations Ωσ̃ which minimize the volume hj of the
shallow footingat a finite number of decision stages. At each decision stage j, the decisions are
taken to minimize the initial volume in finite elements modeling, structural perturbations and
design constraints. In Figure 4 below, the evolutionary structural optimization (ESO) technique is
based on serial decisions of dimensioning at each decision stage.
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Figure 4. Flowchart of optimal forms finding

To design the foothills one removes the material of inefficient perturbations for every point of the
inexact domain Ω where the loading forces are not transferred.The same initial conditions of
modeling are applied on the new boundaries of the reduced volume until getting the transfer of
the total load to materials of efficient perturbations. Two consecutive elimination rates RR k and
RR k+1 are related by the evolutionary rate ER of stresses given by:
ER = RR k − RR k+1

(34)

The elimination rate of the compressive and shear stress are initialized respectively by 1% and
2%. These values can change dependently on the complexity of the footing structure. The stop
criteria are fixed at the terminal iteration when the ratio of the relative volume does not exceed
1%. We have the convergence criterion:
⃒

Vk+1 −Vk
⃒
Vk

≤ 1%

(35)

4. Numerical Experiments
In this section, we define the experimental data and solve the constrained minimization problem
(32-33) with the guidance of the computer program CAST3M (Verpeaux et al., 1988) based on
finite element analysis (Larson and Bengzon, 2013).

4.1 Characteristics of soil:



Cohesion, 10 kPa
Friction angle, 35°
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Unit weight, 19KN/m3
Specific density, 2.65
Young Modulus, 3100 𝑀𝑃𝑎
Poisson coefficient, 0.3.

4.2 Characteristics of concrete foundation:





Characteristic resistance of concrete to28 days, 25 𝑀𝑃𝑎
Unit weight, 2 300 kg/m3
Young Modulus,3100 𝑀𝑃𝑎
Poisson coefficient, 0.3.

4.3 List of applied loads on the shallow footing in Table 1.
Table 1. Coordinate systems with respect to x, y and z-axis
Applied Loads

Vertical, Rz
(KN)

Horizontal, Ry (KN)

Moment, My
(KN,m)

Permanent loads

160

0

0

Exploitation loads

60

0

0

Accidental loads

-10

0

0

4.4 Dimensioning of the initial volume using Eurocode 7 in Table 2.

Table 2. Dimensions of the shallow footing
Dimensions

Width(𝐦)

Lengh(𝐦)

Thickness(𝐦)

Concrete column

0.2

0.2

-

Concrete footing

1

1

0.4

4.5 Illustration of optimal form finding made up of four foothills at a finite number of iterations
in Figure 5.
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(a)

(b)

(c)

(d)

(e)
(f)
Figure 5. Initial volume for (a), finite element modeling at k=0 for (b), volume reduction at k=1 for (c) and
at k=2 for (d), final form made up of four foothills at k=3 for (e) and dimensions of the final form for (f)
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4.6 Geometry components of shallow footing made up of four foothills in Figure 6 including the
form of inefficient perturbations Ω𝜎̃i in finite element modeling.

(a)

(b)

(c)

(d)

Figure 6.Top view of the final footing form for (a), column of the final footing form for (b), four foothills at
the terminal iteration for (c) and form of inefficient perturbations Ω𝜎̃i for (d)

4.7 Variation of initial volume at a finite number of iterations and different rates in Figures 7 and
8.
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Figure 7. Volume reduction stopped automatically at the terminal iteration k=3

Figure 8. Elimination and evolutionary rates.

The elimination and evolutionary rates show that the shear stress is more active in the design of
four foothills than the compressive stress due to the nature of concrete.
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4.8 Representation of complex footing forms made up of more than four foothills of the same
size in Figure 9.

(a)

(b)

(c)

(d)

Figure 9. Complex footing forms based on finite element modeling for (a) with four foothills, for (b) with
eight foothills, for (c) with twelve foothills and for (d) with sixteen foothills
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5. Conclusion
In the absence of the exact footing form, a procedure has been developed to determine the
optimal footing form made up of four foothills from the knowledge of the inexact footing forms.
We have solved the inverse boundary value problem for linear elasticity and the stabilized
solution has been used to formulate topology optimization problem with structural perturbations.
By using the evolutionary structural optimization method, a serial of decisions has been made in
order to minimize the initial volume, the structural perturbations in finite element modeling and
the design constraints. We saw that the inefficient perturbations can be removed for every point
of the inexact domain where the total loading force is not transferred while the fully stresses
material of efficient perturbations is used to reinforce the design material. The results of the
numerical experiment have provided the optimal footing form, the size of associated foothills and
the form of geometric elements of inefficient perturbations. We have found that a finite number
of foothills can be designed from inexact footing forms by modifying geometric elements of
structural perturbations in finite elements modeling. This approach can be used to detect the
dimensioning errors and also to avoid the rupture in shallow foundations. It brings more
substantial changes in analysis of numerical instabilities of inexact forms and opens new
perspectives on optimal control of points of geometry elements.
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