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Abstract

In this paper, the effects of permeability parameter on the magneto-hydrodynamic laminar flow of a viscous
incompressible fluid in a channel with a porous bounding wall have been investigated. A transverse magnetic field has
been applied in the channel flow of viscous fluid and the stream function is used to reduce the governing partial
differential equations into non-linear ordinary differential equation which is solved by applying Perturbation method.
Numerical simulation is used to analyze the problem and the graphs have been plotted using MATLAB. It has been
observed that an increase of magnetic parameter increases the velocity of the viscous fluid while the velocity decreases
with the increase of permeability parameter. The flow of viscous fluid has also been investigated with the variation of
Reynolds number and the slip coefficient.

Keywords- Porous medium, MHD Flow, Reynolds number, Slip coefficient, Laminar flow.

Nomenclature

h Height of the channel

x Horizontal distance from the channel entrance

y The distance along coordinate axis which is perpendicular to the channel walls measured from the non-
porous wall

u Velocity component in the x-direction

U Average velocity of fluid over the channel at entrance of the channel

Re Wall Reynolds number

v Velocity component in the y- direction

K Permeability parameter
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B Magnetic field
M Hartmann number (also known as magnetic parameter)
Ho Strength of the magnetic field

Greek Symbols

Density of the viscous fluid

Non-dimensional distance in the y- direction, y / h
Kinematic coefficient of viscosity

Electrical conductivity

Stream function

Slip coefficient,Vk/ah

p Non-dimensional pressure drop, 2[p(0,7)-p(X, 7)]/(puo?)

< Q <3

> s

1. Introduction

The study of a steady laminar flow of electrically conducting viscous fluids confined in a channel
with the porous walls has been subject of intensive study because of its applications in industrial
and geophysical situations such as the prevention of the boundary layer separation with injection
or suction, magneto hydrodynamics generators, membrane separation, the filtration process,
electrochemical engineering and other biological transport systems such as plasma studies, blood
flow problems etc. Many researchers have solved the problem of laminar flow of incompressible
viscous fluids over and through porous walls of different permeabilities under steady-state
situations. Berman (1953) has analyzed the laminar flow of a viscous fluid in a channel with the
porous bounding walls and solved the Navier-Stokes equations with suitable boundary conditions.
He has discussed a complete description of the flow of viscous fluid flowing in a channel with
equally porous walls having a rectangular cross-section and found that the velocity components
and the pressure depend on position coordinates, channel dimensions, and fluid properties. In the
past analysis, several researchers used boundary conditions with no slip. But the experimental
results reveal that there exists a slip velocity at the bounded porous surface which is connected
with the occurrence of a thin layer of stream wise fluid that is moving just below the porous
surface. The results obtained in our problem reduce to the results of Berman when the Hartmann
number is zero. Terrill (1965) has discussed the problem of laminar flow in a uniformly porous
channel with large injection and used the method of inner and outer expansions which includes
the viscous layer. Terrill and Shrestha (1966) have investigated a laminar flow through a channel
with uniformly porous walls of different permeabilities. They have obtained a perturbation
solution for the case of suction at one wall and injection at the other wall by choosing the velocity
differences of two walls as a perturbation parameter. They confirmed the asymptotic and
perturbation solutions with the exact solutions.

Vafai and Kimi (1990) have investigated fluid mechanics of an interface region between a porous
medium and a fluid layer-an exact solution. Makinde and Osalusi (2006) have discussed the
variation of a magnetic field on the flow of viscous incompressible fluid flowing in a channel
with permeable boundaries having a slip in the steady state. They used Perturbation method for
the solution of non-linear differential equations and found that the velocity of the fluid decreases
due to an increase in the magnetic field as well as with the slip on the permeable boundaries.
They have also found that the wall slip affects the flow inversely near the channel walls. Ganesha
and Krishnambal (2006) have investigated magneto-hydrodynamic flow in the channel with two
parallel plates, of a viscous fluid in the presence of a transverse magnetic field when the fluid is
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moving at the same rate through both the walls of a channel. Abdou et al. (2007) have considered
the laminar flow of micropolar fluids about a cone in the presence of a magnetic field with mixed
thermal boundary conditions. Muthuraj and Srinivas (2009) have discussed the effects of a
magnetic field and the slip on the wall on the steady flow of fluid flowing in the channel between
a parallel flat wall and a long wavy wall with Soret effect. They found that the effect of
increasing suction parameter suppresses the velocity while it enhances the fluid temperature.

The flow of fluid in a porous region occur in a wide range of engineering and geophysical
applications such as in the flow of oil through porous rocks, drug permeation through human
skin, the spreading of chemicals and fertilizers in the soil and in the industries like material and
chemical, the fluid saturating the porous regions is non-Newtonian. Recently Abou-Zeid (2009)
has studied the numerical treatment of the heat and the mass transfer of MHD flow of Carreau
fluid with diffusion and chemical reaction through a non-Darcy porous medium. He has obtained
the solution of partial differential equations by finite difference technique. Prasad and Kumar
(2011) have studied the flow of a hydro magnetic fluid through the porous medium between
permeable beds under an exponentially decaying pressure gradient. Mahanta (2012) has analyzed
numerical study on the heat transfer of a non-Newtonian fluid flow over stretching surface with
variable viscosity in a uniform magnetic field. Hosseini et al. (2013) have studied the non-
Newtonian fluid flow in an axi-symmetric channel with porous walls. Jafaryar et al. (2014) have
studied analytically the laminar flow through expanding or contracting gaps with porous walls.
Akeem et al. (2014) have investigated the heat and mass transfers on MHD oscillatory slip flow
in a channel with non-uniform wall temperature that is filled with porous medium. The exact
solutions of the velocity, the temperature and the concentration have been obtained. Naikoti and
Vadithya (2014) have studied thermal radiation effects on a magneto hydrodynamic flow and heat
transfer in a channel with porous walls of different permeabilities. Zhang et al. (2014) obtained
perturbation asymptotic solutions for asymmetric laminar flow in porous channel with expanding
and contracting walls and shown that Reynolds number plays an important role in the flow
behavior. Yadav and Joseph (2017) have analyzed the numerical investigation of the heat transfer
along the symmetrical porous wedge and discussed the effects of radiation in the presence of
variable fluid viscosity of flow.

Bujurke et al. (2010) have analyzed the laminar flow in a channel with porous bounding walls.
They have investigated the effect of the magnetic field and the permeability parameter on the
fluid flowing in a channel surrounded by the porous walls. The effects of various parameters like
slip coefficient, Reynolds number, etc., have been shown graphically. Reddy et al. (2017) have
discussed the MHD flow of a Newtonian fluid through a porous medium in the planer channel.
They have used perturbation method for solving governing equations and analyzed the effects of
various physical parameters graphically. Ramakrishnan and Sathish (2018) discussed the effects
of the porous parameter on MHD flow between porous walls of finite thickness with different
permeabilities and shown that the flow of the viscous fluid between porous walls depends upon
the wall thickness. Ramadevi et al. (2018) have used the regular perturbation technique for the
unsteady motion of Casson fluid over a wavy surface under the effect of magnetic field. The
problem of an unsteady mixed convective flow of micro-polar fluid in the presence of transverse
magnetic field has been discussed by Dey (2019). He has solved the governing equations of
motion analytically using the perturbation method.
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2.Mathematical Formulation

Let us consider the steady incompressible laminar flow of a viscous fluid in a channel of widthh,
which is bounded by one porous wall and a solid surface under the influence of a transverse
magnetic field. The induced magnetic field has been neglected in the flow since the magnetic
Reynolds number is so small. Let u and v be the components of velocity in x-direction and y-
direction respectively. Then the governing equations of the continuity and linear momentum in
the presence of magnetic field for this problem are

%M%:o, (1)
X
ua_u+va_u:_£@+£ @.’_@ _O-Bzu—ﬁu, (2)
ox oy pox ploxt oy K

2 2 2
U@-FV@:—E@-FE 8\2/4_8\2/ —GB —ﬁv, (3)
ox oy poy plox® oy P K

where o is the electrical conductivity and B( = & Ho) is the electromagnetic induction, s being
the magnetic permeability and Ho is the intensity of the magnetic field.

Taking =y /h, equations (1)-(3) reduce to

ou 1 ov
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0, (4)

v, (6)

where v is the kinematic coefficient of viscosity, p is the pressure, p is the density of the fluid.
Equations (5) and (6) are known as Navier - Stokes equation of motion for the magneto-
hydrodynamic flow of viscous fluid.

The boundary conditions are

u(x,n) =0, v(x,n7) =0,whenz =0 7

v(x,n7) =V,whenn =1 ()

u(xd) =4 ©
on

Equation (7) represents boundary condition with no-slip for the flow of viscous fluid that passes
through the solid surface and equation (8) mathematically describes the rate of suction or
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permeability at the permeable wall which is constant along the length of channel. Equation (9)
represents the slip boundary condition.

Introducing stream function ¥ (x, y), we have

u:%yandv:—%—yj, (10)
X

In dimensionless form, equation (10) becomes

u:%z—i’andv=—%—f (11)
We assume the following stream function for the flow as (Terril and Shrestha, 1964)

(%)= (hU -Vx)t (), (12)
where U is the average velocity of the viscous fluid at the entrance of the channel x = 0.

Using equation (12), the velocity components u and v in equation (11) are given by:

0= [ _ \ﬂ £1(7), (13)
v=Vf () (14)
Eliminating p from equations (5) and (6) and then using equations (10), (11) and (12), we get
Re[ff"— ff" — 4f"—rf"]+ £V =0,

or Redd—n[f’z—ff”—;(f’—rf']+f‘v=0. (15)
Integrating the above differential equation, we get

Re[f’z—ff"—;(f’—rf’]+f’”=A (16)

Here Re = (Vph/w) represents the Reynolds Number of the suction, r = (hg / K) is constant and
K =r Re represents the permeability parameter of the porous medium. We take

7 =Holulohl pV, Re=hV/vand v=ulp,M=(Re. ) =Bh (c/ vp)"2 (17)

The differential equation given by equation (16) is a non-linear differential equation and is solved
by using Perturbation method. The boundary conditions on f (7) are
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f,=0 at n=0,vnx>0

' ) (18)
f,=0 at n=0,vn=>0

fo=1f,=0 at n=1,vn=x1 19)
fl+gf’=0 at n=1,vn=0]|

The process of solving the differential equation given by equation (16) using Perturbation method
is given below.

3. Method of Solution

The non-linear differential equation given by equation (16) is solved by a perturbation approach
subject to the boundary conditions given in equations (18) and (19). However for the special case
when Re is multiplied by y and r, then it will be Re.y = M 2 and Re.r = K, where M is Hartmann
number and K is permeability parameter. In this situation, we take the following expansions for
f(n7)and A as power series in Re as

f(7)=fo(7)+Re f,(n)+Re® f,(n)+...= > Re" f, (1) (20)
and A=A +ARe+ARe*+...=>" ARe" (21)

Putting these expressions of f (77) and A from equations (20) and (21) in equation (16), we get

Re((f;(7) + Re f,() +Re? £/(i) +...

~(fo () +Re f,(7) + Re? () +...)(fJ() + Re £,;7) + Re? fGp)+...)
— A(f(7) +Re /(1) +Re? £,(7) +...) — r(f(17) +Re f,(7) +Re? £;(;) +..)]

+ fJ(n) + Ref,"(n) + Re* () +...= A, + A Re+ A, Re*+... (22)

For first approximation, we take the coefficient of Re?, Re and Re? from equation (22). Then we
have

fo'=Ay, (23)
= A+ fo ) — 07+ ] +rfy, (24)
= A+ o £+ £, 17— 2 + ff +rf), (25)

Integrating and solving equations (23), (24) and (25) under the boundary conditions given in
equations (18) and (19), we get

__2i+g) s 30+29) . (26)

° (1+49)"  (1+49)
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3234001+ 4g)° || 646800(1+ 4¢)°

, 148308854304° + 2500851280/" + 202973760¢° | , |
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(31)

4. Results and Discussion

In order to get a physical significance of this problem, graphs are plotted with the help of
MATLAB software by giving numerical values to various parameters which are present in the
mathematical formulation of the problem. The velocity of the viscous fluid has been drawn for
different values of magnetic parameter M (Hartmann Number), permeability parameter K,
Reynolds number Re, slip coefficient ¢ and the width of the channel h. The objective of the
present study is to investigate the effects of a magnetic field and the permeability parameter on
the flow of a viscous fluid in a channel with a porous bounding wall of different permeabilities.
The graph of the velocity against distance from the non-porous wall has been plotted in Figure 1
by taking constant values of slip coefficient, Reynolds number, permeability parameter and
different values of the magnetic parameter. In the presence of magnetic field M = 1.0, the velocity
of fluid slightly increases and then decreases with the increase of the distance from the non-
porous wall. The velocity of the fluid increases sharply with the increase of the magnetic field (M
=1.0,3.0,5.0, 7.0).
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Figure 1. The graph of fluid velocity f (77) against# for magnetic parameters (M = 1.0, 3.0, 5.0, 7.0) by
taking parameters K = 0.8, Re =2.0 and ¢ =0.5
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In Figure 2, the graph of f (7) is plotted against » by taking different values of permeability
parameter K for constant parameters M, Re and ¢ . The graph shows that the velocity of the fluid
decreases slowly with the increase of permeability parameter porous medium. The velocity of the
fluid against the distance from the non-porous wall has been plotted in Figure 3 for different
values of the Reynolds number by taking M = 2, K = 0.8 and ¢ =0.3. This graph reveals that the
velocity of the fluid decreases with the increase of the Reynolds number. Figures (4) and (5)
show that the velocity of the fluid decreases with the increase of Reynolds number Re and slip
coefficientg for constant values of magnetic and permeability parameters. These graphs also
reveal that the velocity of the fluid decreases as the distance from the non-porous wall increases.
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Figure 2. Variation of fluid velocity f (77) against 7 for permeability parameters K (0.1, 0.3, 0.6, 0.9) by
taking parameters M =2, Re = 2.0 and ¢ =0.5
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Figure 3.Variation of fluid velocity f (77) against 7 for Reynolds Number Re (1, 8, 11, 15) by taking
parameters M =2, K=10.8 and ¢=0.3
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Figure 4. Variation of fluid velocity f (77) with respect to 77 for Reynolds Numbers Re (1, 8, 11, 15) by
taking parameters M = 2, K=0.8 and ¢ =0.05
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Figure 5. Variation of fluid velocity f (77) with respect to 7 for Reynolds Numbers Re (1, 3, 5, 7) by taking
parameters M =2, K=0.8 and ¢=0.5
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Figure 6. Variation of fluid velocity f (77) against 7 for slip coefficients ¢ (0.1, 0.3, 0.6, 0.9) by taking
parameters M =2, K=0.8 and Re = 2
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Figure 7. Variation of fluid velocity f (7) against 7 for slip coefficients ¢ (0.0, 0.01, 0.05, 0.10, 0.30) by
taking parameters M =2, K=0.8 and Re = 0.1

In Figures 6 and 7, the velocity of the fluid has been plotted against the distance from the non-
porous wall for constant parameters M, K and Re. These graphs show that with the increase of
slip coefficient ¢, the velocity of the fluid increases sharply but the velocity of the fluid decreases
as the distance from the non-porous wall increases.

Figure 8 shows the variation of the velocity of the fluid against the slip coefficient ¢ by taking
different values of magnetic parameter M for constant values of parameters Re, K and 7 and it
has been found that with the increase of magnetic parameter, the velocity of fluid increases

sharply.
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Figure 8. Variation of fluid velocity f (77) against ¢ for Magnetic parameters M (1, 3, 5, 7) by taking
parameters 7= 1.6, K=0.8 and Re =0.5
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Figure 9 shows a variation of the velocity of the fluid against the slip coefficienty by taking
different values of permeability parameter for constant values of Re, M and#n. It has been
obtained that with the increase of permeability parameter K, the velocity of fluid increases sharply

and forms a constant velocity at ¢ =1.

Figures (10) and (11) show that for constant values of parameters 7 and¢, the velocity of the fluid
decreases sharply with an increase of Reynolds number and permeability parameter but increases
with the increase of magnetic parameter.
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Figure 9. Variation of fluid velocity f (77) against ¢ for permeability parameters K (0.1, 0.3, 0.6, 0.9) by
taking parameters n=1.6, M =2 and Re = 0.5
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Figure 10. Variation of fluid velocity f (77) against K for Reynolds numbers Re (1, 3, 5, 8) by taking
parameters n=1.6, M=2and ¢=0.5
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Figure 11. Variation of fluid velocity f (77) against K for Reynolds number Re (1, 3, 5, 8) by taking 7= 1.6,
M=0and ¢=0.5
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Figure 12. Variation of fluid velocity f (77) against Re for permeability parameters K (0.1, 0.3, 0.6, 0.9) by
taking parameters 7=1.6, M=2and ¢=0.5

The velocity of the fluid is plotted against Reynolds number for constant values of the parameters
¢ ,M andpn in Figure 12 which shows that there is a sharp decrease in the velocity of the fluid in

the channel as permeability parameter K and Reynolds number Re increases.

The case (M =0 and K = 0): In the absence of the magnetic field and the permeability parameter,
the velocity of fluid has been plotted in figures 13 and 14 against the distance # for different
values of slip coefficient ¢ and Reynolds number Re. These graphs reveal that the velocity of the
fluid increases with the increase of slip coefficient but it decreases as the distance from the non-
porous wall increases. These graphs also show that the velocity of the fluid decreases with the
increase of Reynolds number but it increases first and then decreases as the distance from the
non-porous wall increases. Similar results for the velocity have been seen with the enhancement
of Reynolds number Re for the constant value of slip coefficient which is shown in Figure 15.
These results are similar to those obtained by Bujurke et al. (2010). In Figure 16, the velocity of
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the fluid f (#) is plotted against n with M =0, K = 0 and at ¢ = 0.9. It has been found that the
velocity of the fluid decreases sharply with the increase of Reynolds Number Re which is
opposite to that obtained in Figure 14 due to effects of slip coefficients because in Figure 16, the
slip coefficient is ¢ = 0.9 whereas in Figure 15, the slip coefficient ¢ is less than 0.9. The overall
observations of our paper match with the results described by Bujurke et al. (2010) in the absence
of magnetic field.

15

Figure 13. Variation of fluid velocity f (77) against 7 for slip coefficients ¢ (0.0, 0.01, 0.05, 0.10, 0.30) by
taking parameters M =0, K=0and Re = 0.3

Our problem describes the significant effects of permeability parameter and slip coefficient on the
velocity of the viscous fluid flowing in a channel with a porous bounding wall in the presence of
transverse magnetic field. This result also matches with the result of Naikoti and Vadithya (2014).
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Figure 14. Variation of fluid velocity f (77) against 7 for slip coefficients ¢ (0.01, 0.06, 0.10, 0.40, 0.90)
by taking parameters M =0, K =0 and Re = 0.3
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Figure 15. Variation of fluid velocity f (77) against 77 for Reynolds numbers Re (1, 8, 11, 15) by taking
parameters M =0, K=0and ¢=0.05
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Figure 16. The graph of fluid velocity f () against 7 for Reynolds numbers Re (1, 10, 18, 26) by taking
M=0,K=0and ¢=0.9

5. Conclusion

The effect of a transverse magnetic field on the laminar flow of viscous incompressible fluid in a
channel with a porous bounding wall of different permeabilities has been analyzed. The analytical
expression for the velocity of the fluid has been determined by solving the non-linear differential
equations using Perturbation method. The approximations obtained by this method are valid not
only for the small values of the parameters but also for very large values of the parameters thus
providing an efficient method for exact and numerical solution of non-linear differential
equations. It has been found that with the enhancement of magnetic parameter (Hartmann
number) M, the velocity of fluid increases sharply whereas the velocity of the fluid decreases with
the increase of permeability parameter K. Due to upmost importance of Reynolds number, the
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observations with the different Reynolds number on the velocity of fluids under the constant
magnetic field have been also seen. It is found that the Reynolds number sharply affects the
velocity of the fluid. Due to the gradual increase of the slip coefficient ¢, the velocity of fluid
increases.
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