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Abstract 
The mostly used measure to analyze the stock market behavior is wavelet correlation analysis. Cross-country 

correlations have been largely used to obtain a static estimate of the comovements of actual returns across country. In 

this paper wavelet based variance, covariance and correlation analysis of BSE and NSE indexes financial time series 

have been done using index data from April 1990 to March 2006.  
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1. Introduction 
A time series is a sequence of data points, measured typically at successive times, spaced at 

uniform time intervals. Time series analysis comprises methods that attempt to understand such 

time series, often either to understand the underlying theory of data points or to make forecasts 

(predictions). Examples of time series are the gross national product, steel production, income per 

capita, etc. Wavelets are a relatively new way of analyzing time series. Wavelet analysis is in 

some cases complementary to existing analysis techniques (e.g. correlation and spectral analysis) 

and in cases capable of solving problems for which little progress has been made prior to the 

introduction of wavelets (Percival and Walden, 2000). 

 

Traditional time series analysis techniques can be represented as autoregressive integrated 

moving average models (Bowerman and Connell, 1987; Box and Jenkins, 1976). The traditional 

models can provide good results when the dynamic system under investigation is linear or non-

linear. However, for cases in which the system dynamics are highly nonlinear, the performance of 

traditional models might be very poor (Cichocki and Unbehauen, 1993; Weigend and 

Gershenfeld, 1994). The analysis of time series has often been difficult when data do not conform 

to well study theoretical concepts. One of the most common statistical properties violated by time 

series data is stationarity. A time series is considered (weakly or second-order) stationary when it 

has a mean and auto covariance sequence that do not vary with time. It is not uncommon to 

encounters departures from stationarity in financial time series. Its effects are not limited to the 

mean of a financial time series, but may also enter into the variance. Other time series exhibit a 

persistence of correlation much longer than can be explained by short memory (ARIMA) models; 

they are known as long memory process. The existence of data, such as these, that defy current 

statistical methods motivates researchers to develop better theories and better tools with which to 

analyze them. Another concept which arises in the time series analysis is the notion of ‘multi-

scale features’ i. e. , an observed financial time series may contain several phenomena, each 

occurring in different time scales (these correspond to ranges of frequencies in the Fourier 
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domain). Wavelet techniques possess a natural ability to decompose financial time series into 

several sub-series which may be associated with particular time scales. Hence, interpretation of 

features in complex financial time series may be alleviated by first applying a wavelet transform 

and subsequently interpreting each individual sub-series (Kumar et al., 2010, 2011). 

 

2. Methodology 
Variability and association structure of certain stochastic processes can be represented with the 

help of wavelet methods on a scale-by-scale basis. For a given stationary process {X} with 

variance 
2

X , the wavelet variance 
2

, jX  at scale j have the relationship (Saiti et al., 2014): 
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Thus, as 
2

, jX  represents the contribution of the changes at scale j to the overall variability of the 

process.  

 

With the help of the above relationship the variance of a time series can be decomposed into 

components that are associated to different time scales. Spectral density decomposes the variance 

of the original series with respect to frequency f in the similar manner the wavelet variance 

decomposes the variance of a stationary process with respect to the scale at jth level i.e. 
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where S(.) denotes the spectral density function.  

 

By definition the time independent wavelet variance at scale j, 
2

, jX  is given by the variance of j-

level wavelet coefficients  tjjX W ,

2

,

~
var . 

 

A time-independent wavelet variance may be defined not only for stationary processes but also 

for non-stationary processes with stationary dth order differences with local stationarity (Gallegati, 

2008). As the wavelet filter {hl} represents the difference between two generalized averages and 

is related to a difference operator, wavelet variance is time-independent in case of non-stationary 

processes with stationary dth order differences, provided that the length L of the wavelet filter is 

large enough. dL   is a sufficient condition to make the wavelet coefficients tjW ,

~
 of a 

stochastic process stationary whose dth order backward difference is stationary. 

 

As MODWT employs circular convolution, the coefficients generated by both beginning and 

ending data could be spurious. Thus, if the length of the filter is L, there are   112  Lj

coefficients affected for 
12 j
-scale wavelet and scaling coefficients (Schleer-van and Gellecom, 

2014). If 0 jLN , then an unbiased estimator of the wavelet variance based on the MODWT 

may be obtained by removing all coefficients affected by the periodic boundary conditions using 
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 jj LNN  is the number of maximal overlap coefficients at 
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scale j and    1112  LL j

j  is the length of the wavelet filter for level j. Thus, the jth scale 

wavelet variance is simply the variance of the non-boundary or interior wavelet coefficients at 

that level. Scaling of BSE index financial time series has been done and shown that it is 

monofractal and can be represented by a fractional Brownian motion (Razadan, 2002). 

 

The MODWT-based estimator has been shown to be superior to the DWT-based estimator 

although both can decompose the sample variance of a time series on a scale-by-scale basis via its 

squared wavelet coefficients. 

 

To determine the magnitude of the association between two financial time series of observations 

X and Y on a scale-by-scale basis the notion of wavelet covariance is used. The wavelet 

covariance at wavelet scale j can be defined as the covariance between scale j wavelet 

coefficients of X and Y, i.e. 

 Y

tj

X

tjjXY WW ,,,

~~
cov~                                                                                                                      (3) 

 

An unbiased estimator of the wavelet covariance using MODWT can be obtain by removing all 

wavelet coefficients affected by boundary conditions and given by 
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The MODWT estimator of the wavelet cross-correlation coefficients for scale j and lag  may be 

obtained by making use of the wavelet cross-covariance jXY ,,
~
 , and the square root of the 

wavelet variances jX ,
~  and jY ,

~  by 
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The wavelet cross-correlation coefficients jXY ,,
~
 , just as the usual unconditional cross-

correlation coefficients are between 0 and 1 and provide the lead/lag relationships between the 

two processes on a scale-by-scale basis. 

 

Starting from spectrum jXS ,  of scale j wavelet coefficients, it is possible to determine the 

asymptotic variance Vj of the MODWT-based estimator of the wavelet variance and construct a 

random interval which forms a 100(1-2p) % confidence interval. 

 

3. Results and Conclusion 
Here, the authors have presented the variance of a process on a scale basis with the help of 

wavelet analysis. Plot of 
2

,
~

jX  against scale j indicates which scales contribute more to the 

process variance. Fig. 1 shows the MODWT-based variance of the BSE Index and NSE Index 

plotted on a log-log scale. In this figure the straight line “U” and “L” represent the upper and 

lower bounds for the 95% approximate confidence interval and the straight line shows the valued 

wavelet variance. Reflection boundary condition has been applied for the calculation of wavelet 
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variance. Due to this, we have sufficient number of non-boundary coefficients to approximate 

wavelet variance up to scale 6. 

 

As wavelet analysis have the ability to decompose a financial time series into its time scale 

components. It is also advantageous in analyzing conditions in which the degree of 

association between two financial time series is likely to change with the time-horizon. The 

lead/lag relationship between two financial time series of BSE and NSE has been analyzed 

on a scale-by-scale source by using wavelet cross-correlation analysis.  

 

 
 

Fig. 1. Wavelet variance for the BSE index and NSE index at log-log scale 

 

 

 
Scale 

 

Fig. 2. Wavelet spectrum of NSE (curve a) and BSE (curve b) indices 
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          Fig. 3. Financial time series of BSE index                  Fig. 4. Financial time series of NSE index 

 

Fig. 2 shows the Wavelet spectrum of NSE and BSE indices and Fig. 3 & Fig. 4 shows the 

financial time series of BSE and NSE indexes. Fig. 5 exhibits the MODWT-based wavelet 

correlations and cross-correlation coefficients with the corresponding imprecise confidence 

intervals. For example, scale 1 is associated to 2–4 month periods, scale 2 to 4–8 month 

periods, scale 3 to 8–16 month periods, and so on.  

 

The magnitude of the association between the two variables at the shortest scales; i.e. scales 

1 to 2; is generally close to zero at all leads and lags, whereas at scales 4 and 5, such 

connection become stronger. There is a low magnitude of association between BSE and 

NSE indexes at scales 3 and 4 as the value of wavelet correlation coefficient at lag zero 

indicates.  

 

On the other hand, the cross-correlation wavelet coefficients 0.5 and 0.7 at scale 4 and 5 

reveal high positive foremost relationship between BSE and NSE indexes with the leading 

period increasing as the time scale increases. It is clear that the largest cross-correlation 

coefficients going on at leads 6 for wavelet scale 4, that is 16–32 month periods, and 10 for 

wavelet scale 5, that is 32–64 month periods. 

 

Table 1 and Table 2 represents the monthly average of BSE and NSE Sensex closing index 

 

The averages are based on daily BSE Sensex closing index. 

 

(Base: 1978-79 = 100) 

 

The averages are based on daily closing index. 

 

(Base: 1983-84 = 100) 

 

So, it is clear from the above discussion that correlation between BSE and NSE indices is scale 

dependent. 
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Fig. 5. Wavelet cross-correlations between BSE and NSE indexes 
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Table 1. Monthly average of BSE sensex 

 

 

 

 

 

 

 

 

 

 

 

 
Table 2. Monthly average of NSE index 
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