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Abstract 

In this paper, we study the uniform asymptotic behavior for the ruin probability in a continuous time renewal counting 

process. For the proposed model, we assume that the financial claims for each extreme event are compensated by a finite 

number of independent insurance companies. Moreover, it is assumed that the claims of each insurance company is a 

sequence of random variables the tail distribution of which belongs to the class of subexponential distributions with finite 

mean. More specifically the objective of this work is the study of the uniform asymptotic behavior of ruin probability 

within the class of strongly subexponential distributions, a subclass of subexponential distributions, which provides a 

convenient framework for investigating heavy tailed distributions. The results are established for two types of asymptotic 

relations, namely for the common ruin probability of insurance companies and also for the ruin probability of at least one 

insurance company. 

 

Keywords- Insurance risk, Heavy tailed distributions, Subexponential tails, Ruin probability, Renewal model, k-th 

dimensional risk model, Uniform asymptotic theory. 

 

 

 

1. Introduction 
Nowadays, the occurrence of extreme value events has become increasingly frequent. Earthquakes, 

wildfire and cyclones can be indicatively mentioned. Furthermore, extreme events could happen in 

complex computer systems and in construction projects. 

 

The consequences of these events are, in many occasions, catastrophic when financial and social 

aspects are involved. Risk theory and ruin probabilities are considered to be important parts of 

insurance mathematics. Although in practice Value-at-Risk and Expected Shortfall are typical risk 

measures, ruin theory retains a key role not only for risk handling and management in actuarial 

science but also in various other applied probability areas such as queueing theory or mathematical 

finance (see e.g. Kostyuchenko, 2018). Apparently, there is a need to develop prediction theories 

and actuarial methods for analyzing the ruin probabilities of such events. In order to develop these 

theoretical tools, random variables (like the claims in insurance companies) with heavy tailed 

distributions are applied. 

 

The model studied in this work is that in each extreme phenomenon, there are a number of ruins, 

compensated by a finite number k, of insurance companies, which are independent from one 

another. Another hypothesis in our model is that extreme events happen following the renewal 
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counting process. Therefore, the renewal counting process N(t) shows the number of extreme 

events that happen during a period of time t with a mean function λ(t)=E(N(t)) which tends to 

infinity as t → ∞. 

 

The asymptotic ruin probability for claims with heavy-tails has attracted the attention of many 

investigators in recent years. In the case that the integrated tail distribution of F is subexponential, 

(Embrechts and Veraverbeke, 1982) established a simple asymptotic relation. Among numerous 

other results on this field, the interested reader may refer to papers by Veraverbeke (1977), Hao 

and Tang (2008), Kim and Lee (2008), Toma and Dedu (2014), D’ Amico et al. (2015) & Jordanova 

and Stehlik (2018). 

 

It should be noted that not only the asymptotic but also the finite ruin probability has attracted the 

interest of researchers. We refer the reader to interesting works by Asmussen (2003) and Tang 

(2004). For further extensions of these results see the papers by Leipus and Siaulys (2007, 2009) 

& Dermitzakis and Politis (2011). 

 

These days, many results are based on the assumption of dependence between the actual size and 

the waiting time of claim. Interested readers are referred to Chen and Yuen (2012) and Li (2015, 

2016). 

 

Also, in recent years, the asymptotic performance of insurance quantities for bidimensional risk 

models has been placed in the center of attention of risk theory researchers. Lu and Zhang (2016) 

provide asymptotic results for the two-dimensional case under specific assumptions on the 

associated hazard rate with subexponential claims size. Also, in Foss et al. (2017) we find results 

for bidimensional ruin probability for subexponential claims size in the case the initial capitals xi, 

i = 1,2 tend to infinity. For further results see Liu et al. (2007), Chen et al. (2011), Chen et al. 

(2013a, 2013b), Psarrakos (2015), among many others. 

 

Our aim in this work is the study of the uniform asymptotic behavior of ruin probability within the 

class of strongly subexponential distributions (Korshunov, 2002) which constitute a special 

subclass of subexponential distributions (see Embrechts et al., 1997) known to provide a convenient 

framework for studying large classes of heavy tailed distributions. 

 

The paper is organized as follows. The notations and a number of preliminary results are presented 

in Section 2 with the main results provided in Section 3. Some concluding remarks can be found in 

Section 4. 

 

2. Notations and Preliminary Results 
Let assume that k is the number of insurance companies having an initial capital xi, i = 1,2,3,...,k 

and a premium ci, i = 1,2,...,k each. We symbolize with Xij, i = 1,2,3,...,k,  j = 1,2,3,...,N(t) the 

random variables that represent the damage of the ith company during the jth extreme event. 

 

In this paper, we write the vector claims sizes 𝑋⃗𝑗 = (𝑋1𝑗, … , 𝑋𝑘𝑗)
𝑇

,   𝑗 = 1,2, . . , 𝑁(𝑡) with 

distribution functions (𝐹1, … , 𝐹𝑘)𝑇  and finite means (𝜈1, … , 𝜈𝑘)𝑇where bT represents the transpose 

of the vector b. It is assumed that the claim amounts vectors 𝑋⃗𝑗 = (𝑋1𝑗, … , 𝑋𝑘𝑗)
𝑇

 are independent 

identically distributed copies of 𝑋⃗ = (𝑋1, … , 𝑋𝑘)𝑇and are independent of the renewal counting 

process {N(t), t ≥ 0}. Let us denote by {θi, i ≥ 1} the independent identically distributed inter-arrival 



Loukissas & Karagrigoriou: Uniform Asymptotic Probability for Multi Renewal Risk Model with…  
 

 

155 | Vol. 7, No. 1, 2022 

times with common finite positive mean 1/λ. 

 

With the initial surplus vector 𝑥⃗ = (𝑥1, … , 𝑥𝑘)𝑇  and the constant premium rate vector denoted by 

𝑐 = (𝑐1, … , 𝑐𝑘)𝑇, the surplus vector process 𝑅⃗⃗(𝑡) = (𝑅1(𝑡), … , 𝑅𝑘(𝑡))
𝑇

is given by 

𝑅⃗⃗(𝑡) = 𝑥⃗ + 𝑐𝑡 − ∑ 𝑋⃗𝑗,       𝑡 ≥ 0,
𝑁(𝑡)
𝑗=1                                                                                                                           (2.1) 

 

where, 

𝑅𝑖(𝑡) = 𝑥𝑖 + 𝑐𝑖𝑡 − ∑ 𝑋𝑖𝑗 ,       𝑡 ≥ 0,    𝑖 = 1, … , 𝑘
𝑁(𝑡)
𝑗=1                                                                                         (2.2) 

 

represents the surplus of each insurance company. Furthermore, the time of ruin of each insurance 

company is expressed by 

𝑇𝑖(𝑥𝑖) = inf{𝑡 > 0: 𝑅𝑖(𝑡) < 0|𝑅𝑖(0) = 𝑥𝑖} ,     𝑖 = 1, … , 𝑘.                                                                           (2.3) 

 

In the literature of the ruin probabilities, we find the following types of ruin time. The first type is 

defined by 

𝑇𝑚𝑎𝑥(𝑥⃗) = inf{𝑡 > 0: max {𝑅1(𝑡), … , 𝑅𝑘(𝑡)} < 0|𝑅⃗⃗(0) = 𝑥⃗} 

 

representing the first time for which all Ri(t), i = 1,...,k become negative at the same time whereas 

the second one is 

𝑇𝑚𝑖𝑛(𝑥⃗) = inf{𝑡 > 0: min {𝑅1(𝑡), … . , 𝑅𝑘(𝑡)} < 0|𝑅⃗⃗(0) = 𝑥⃗} 

 

which represents the 1st time that R1(t) or R2(t) or..., Rk(t) became negative. The 3rd type is defined 

by 

𝑇𝑎𝑛𝑑(𝑥⃗) = max {𝑇1(𝑥1), … . , 𝑇𝑘(𝑥𝑘)} 

 

representing the first time for which all Ri(t), i = 1,...,k become negative but not at the same time 

and the last type is 

𝑇𝑠𝑢𝑚(𝑥⃗) = inf{𝑡 > 0: 𝑅1(𝑡) + ⋯ + 𝑅𝑘(𝑡) < 0|𝑅⃗⃗(0) = 𝑥⃗} 

 

representing the first time for which the aggregate surplus process of Ri(t), i = 1,...,k goes below 

zero. 

 

Then, the probabilities of ruin are given respectively by 

𝜓∨(𝑥⃗, 𝑡) = 𝑃(𝑇𝑚𝑎𝑥(𝑥⃗) ≤ 𝑡)                                                                                                                                          (2.4) 

𝜓∧(𝑥⃗, 𝑡) = 𝑃(𝑇𝑚𝑖𝑛(𝑥⃗) ≤ 𝑡)                                                                                                                                           (2.5) 

𝜓𝑎𝑛𝑑(𝑥⃗, 𝑡) = 𝑃(𝑇𝑎𝑛𝑑(𝑥⃗) ≤ 𝑡)                                                                                                                                      (2.6) 

𝜓𝑠𝑢𝑚(𝑥⃗, 𝑡) = 𝑃(𝑇𝑠𝑢𝑚(𝑥⃗) ≤ 𝑡).                                                                                                                                    (2.7) 

 

Compared to the prosperity of the study on bidimensional risk models, the results on 

multidimensional risk models have been quite limited. Indeed, recent results mostly on bi-

dimensional models, include large deviations for sums of claim-size vectors (Fu et al., 2021), 

asymptotic sum-ruin probabilities (Sun et al., 2021a, 2021b) and uniform asymptotics for ruin 
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probabilities (Cheng, 2021; Wang et al., 2021). On the other hand, we refer for instance to the work 

by Li and Yang (2015) who studied a special case of the multidimensional risk model with a 

Poisson claim number process. They established results associated with the finite time ruin 

probabilities defined in (2.5) and (2.7). Konstantinides and Li (2016) established a continuous time 

model with a constant force of interest and derived a precise asymptotic expansion for the finite 

time ruin probability defined in (2.6) while Li (2016) studied precise asymptotic results for the 

finite time ruin probabilities defined in (2.5) and (2.6) in a multidimensional risk model with a 

stochastic return driven by a geometric Levy process. Finally, bounds for multidimensional ruin 

probabilities in regime-switching models have been recently proposed (Gajek and Rudź, 2021). 

 

Last but not least we refer to Cheng and Yu (2019) obtained uniform asymptotic results with 

strongly subexponential claims in a multidimensional risk model defined in (2.7). In this work we 

concentrate on the two types of ruin probabilities defined in (2.4) and (2.5). It should be noted that 

the present work contributes to the existing literature and complements the ruin asymptotic theory 

by providing asymptotic results for the case of ruin time Tmax, given in (2.4) which to the best of 

our knowledge, has not been considered before and it is the most interesting for the actuarial science 

while at the same time, investigates the case Tmin given in (2.5) under the general framework of 

the multi renewal risk model within the class of strongly subexponential distributions. 

 

2.1 Preliminary Results 
In order to secure that the certainty of ruin in each occurrence is non existed, we proceed with 

assuming that the safety loading conditions hold, namely µi = ci /λ − νi > 0, i = 1,2,...,k. 

 

In the rest of the paper we use the following notations. Consider positive functions a(·) and b(·). 

The notation 𝑎(𝑥) ≾ 𝑏(𝑥)  is used when limsup a(x)/b(x) ≤ 1 while the notation 𝑎(𝑥) ≿ 𝑏(𝑥) is 

used when liminf a(x)/b(x) ≥ 1 for x → ∞. Finally, in case the limit lima(x)/b(x) = 1 holds then the 

notation a(x) ∼ b(x) is used. 

 

As indicated in the Introduction our aim in this work is the study of the uniform asymptotic behavior 

of ruin probability within S which represents the class of subexponential distributions (see 

Embrechts et al., 1997). Assume that the support of the df F is on [0,∞) and 𝐹̅ = 1 − 𝐹. Then, F ∈ 

S if it satisfies the expression 

lim
𝑥→∞

𝐹∗𝑛̅̅ ̅̅ ̅(𝑥)

𝐹̅(𝑥)
= 𝑛, ∀ 𝑛 ≥ 2, 

 

where, F∗n represents the nth convolution of F. We further focus on the subclass S∗ of strongly 

subexponential distributions proposed by Korshunov (2002). Consider a subexpontential 

distribution function F with finite stop-loss premiums, namely 

∫ 𝐹(𝑦)𝑑𝑦
∞

0

< ∞. 

 

For any u > 0 we can state the following 

𝐹̅𝑢(𝑥) = ∫ 𝐹̅(𝑦)𝑑𝑦.
𝑥+𝑢

𝑥

 

 

Then, F is defined to be strongly subexponential, provided that the following relation holds 

uniformly for u ∈ [1, ∞): 
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𝐹𝑢
∗2̅̅ ̅̅̅(𝑥)~2𝐹𝑢̅(𝑥). 

 

Finally, note that the following proposition holds (see Korshunov, 2002) that is useful for our main 

aim. 

 

Proposition 1 If F ∈ S∗ with finite mean ν < 0, then the following holds uniformly for n ≥ 1: 

𝑃( max
1≤𝜅≤𝑛

𝑆𝑘 > 𝑥) ~
1

|𝜈|
∫ 𝐹̅(𝑦)𝑑𝑦 ,           𝑥 → ∞

𝑥+𝑛|𝜈|

𝑥
                                                                                       (2.8) 

 

where, 𝑆𝑘 = ∑ 𝑋𝑖
𝑘
𝑖=1  represents the partial sum. 

 

Recall that S is a subclass of L, the family of long tail distributions. It is well known that F ∈ L with 

support on [0, ∞) if: 

lim
𝑥→∞

𝐹̅(𝑥 − 𝑦)

𝐹̅(𝑥)
= 1, ∀ 𝑦 > 0. 

 

Furthermore, note that for any F ∈ L there exists an increasing non-negative function l(x)=o(x) 

with l(x) → ∞ as x → ∞ such that 

𝐹̅(𝑥 ± 𝑙(𝑥))~𝐹̅(𝑥),     𝑥 → ∞.                                                                                                                                      (2.9) 

 

The expressions l(x) = o(x/lnx) and l(x) = o(x1−α), α ∈ (0,1), are two representative examples 

associated with the lognormal and Weibull distributions, respectively. As for the case of 

intermediate regularly varying distributions (more specifically, regularly varying distributions) the 

function l(x) = x1/2 can be used. More information about the increasing function l(x) can be found 

find in Foss et al. (2011). 

 

The result below, which will be used later, has been obtained by Tang et al. (2001). 

 

Lemma 1 For the renewal counting process N(t) with k ≥ 1 it holds that 

lim ∑ 𝑛𝑘𝑃(𝑁(𝑡) ≥ 𝑛) = 0𝑛>(1+𝜖)𝜆𝑡
𝑡→∞

 .                                                                                                                    (2.10) 

 

The uniform asymptotic behavior for two function a(x) and b(x) which we study in this paper has 

the following formula 

lim
𝑡→∞

 sup
𝑓(𝑥)≥𝑡

𝑎(𝑥)

𝑏(𝑥)
= 1. 

 

where, f(·) is an increasing function. 

 

Now, we prove the following relation which is useful in the main result. 

 

Lemma 2 Let {Xk, k ≥ 1} be a non-negative independent and identically distributed sequence of 

random variables with common d.f. F ∈ S∗. Then holds, 

𝑃(∑ 𝑋𝑖 >𝑛
𝑖=1 𝑥) ≿  𝑛𝐹̅(𝑥),                                                                                                                                             (2.11) 

 

as n → ∞ uniformly for l(x) ≥ n. 

 

Proof. From the Bonferroni inequality we get 
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𝑃(∑ 𝑋𝑖 > 𝑥) ≥

𝑛

𝑖=1

𝑃(∑ 𝑋𝑖 > 𝑥, 𝑚𝑎𝑥1≤1≤𝑛𝑋𝑖)

𝑛

𝑖=1

 

≥ ∑ 𝑃 (∑ 𝑋𝑖 > 𝑥, 𝑋𝑖 > 𝑥

𝑛

𝑖=1

) − ∑ 𝑃 (∑ 𝑋𝑖 > 𝑥, 𝑋𝑘 > 𝑥, 𝑋𝑙 > 𝑥 

𝑛

𝑖=1

)

1≤𝑘≤𝑙≤𝑛

𝑛

𝑖=1

 

≥ ∑ 𝑃(𝑋𝑖 > 𝑥) − (𝑛𝑃(𝑋𝑖 > 𝑥))2𝑛
𝑖=1   ≥   𝑛𝐹̅(𝑥)(1 − 𝑛𝐹̅(𝑥)). 

 

For a sequence {Xk, k ≥ 1} of non-negative random variables with df F and finite mean holds 

nF(x) → 0 as n → ∞ uniformly for l(x) ≥ n. So, we conclude 

lim
𝑡→∞

 sup
𝑙(𝑥)≥𝑛

𝑃 (∑ 𝑋𝑖 >𝑛
𝑖=1 𝑥)

𝑛𝐹̅(𝑥)
≥ 1. 

 

Finally, the following inequality will be used in proving the main result in the next section: 

 

Let a, b and c be constants satisfying the inequality a < b < c and let f(y) be a non-increasing 

function defined in [a,c]. Then, it holds that 

∫ 𝑓(𝑦)𝑑𝑦
𝑐

𝑎
≤

𝑐−𝑎

𝑏−𝑎
∫ 𝑓(𝑦)𝑑𝑦.

𝑏

𝑎
                                                                                                                                       (2.12) 

 

3. Main Results 
In this work, we are interested in carrying out the results for two uniform asymptotic relations for 

ruin probabilities in the framework of the multi-dimensional renewal risk model. The first relation 

is in regard to 𝜓∨(𝑥⃗, 𝑡) and the second one is in relation to 𝜓∧(𝑥⃗, 𝑡) given in expressions (2.4) and 

(2.5) respectively. 

 

Theorem 1 For the k-dimensional renewal risk model, we suppose that both F1,...,Fk ∈ S∗. Then it 

holds 

𝜓˅(𝑥⃗, 𝑡)~(𝜆𝑡)𝑘 ∏ 𝐹̅𝑖(𝑥𝑖
𝑘
𝑖=1 )                                                                                                                                           (3.1) 

 

as t → ∞, uniformly for li(xi) ≥ λcit
2, i = 1,2,...,k. 

 

Proof 

We first proceed with the proof of the asymptotic lower bound 

lim
𝑡→∞

 sup
𝑙𝑖(𝑥𝑖)≥𝜆𝑐𝑖𝑡2

𝜓˅(𝑥,𝑡)

(𝜆𝑡)𝑘  ∏ 𝐹̅𝑖
𝑘
𝑖=1 (𝑥𝑖)

≥ 1,     𝑖 = 1,2, … , 𝑘.                                                                                         (3.2) 

 

𝜓˅(𝑥⃗, 𝑡) =  𝑃(𝑇𝑚𝑎𝑥(𝑥⃗) ≤ 𝑡) = 𝑃 (⋂ {∑ ( 𝑋𝑖𝑗 − 𝑐𝑖𝑡) > 𝑥𝑖
𝑁(𝑡)
𝑗=1 }𝑘

𝑖=1   ) 

= ∑ 𝑃 (⋂ {∑ 𝑋𝑖𝑗 > 𝑥𝑖 + 𝑛𝑐𝑖𝑡

𝑛

𝑗=1

}

𝑘

𝑖=1

  , 𝑁(𝑡) = 𝑛)

∞

𝑛=0

 

≥ ∑ 𝑃 (⋂ {∑ 𝑋𝑖𝑗 > 𝑥𝑖 + 𝑛𝑐𝑖𝑡

𝑛

𝑗=1

}

𝑘

𝑖=1

  , 𝑁(𝑡) = 𝑛)

(1−𝜖)𝜆𝑡≤𝑛≤(1+𝜖)𝜆𝑡
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≥ 𝑃 (⋂ { ∑ 𝑋𝑖𝑗 > 𝑥𝑖 + (1 + 𝜖)𝜆𝑐𝑖𝑡2

(1−𝜖)𝜆𝑡

𝑗=1

}

𝑘

𝑖=1

  , (1 − 𝜖)𝜆𝑡 ≤ 𝑁(𝑡) ≤ (1 + 𝜖)𝜆𝑡) 

≥ 𝑃 (⋂ { ∑ 𝑋𝑖𝑗 > 𝑥𝑖 + (1 + 𝜖)𝜆𝑐𝑖𝑡2

(1−𝜖)𝜆𝑡

𝑗=1

}

𝑘

𝑖=1

) 𝑃 (|
𝑁(𝑡)

𝜆𝑡
− 1| ≤ 𝜖). 

 

Observe that the following well-known result holds for the renewal counting process N(t): 

N(t)/λ(t) →p 1,    λ(t) ∼ λtas t → ∞                                                                                                                               (3.3) 

 

or equivalently 

lim
𝑡→∞

 𝑃 (|
𝑁(𝑡)

𝜆𝑡
− 1| ≤ 𝜖) = 1                                                                                                                                           (3.4) 

 

for any arbitrary ϵ ∈ (0,1). 

 

As X1i, X2i,..., Xkj are independent with distribution F1, F2,..., Fk ∈ L and if we take  ϵ → 0  combining 

with Lemma (2) we come to the following inequality 

𝜓˅(𝑥⃗, 𝑡) ≳ ∏ 𝜆𝑡𝐹̅𝑖(𝑥𝑖 + 𝜆𝑐𝑖𝑡2) ≳𝑘
𝑖=1  ∏ 𝜆𝑡𝐹̅𝑖(𝑥𝑖 + 𝑙𝑖(𝑥))~ ∏ 𝜆𝑡𝐹̅𝑖(𝑥𝑖)𝑘

𝑖=1
𝑘
𝑖=1 , 

 

as t → ∞, uniformly for li (xi) ≥ λci t
2, i = 1, 2,...,k. Taking ϵ → 0 we come to the following asymptotic 

inequality 

lim
𝑡→∞

 sup
𝑙𝑖(𝑥𝑖)≥𝜆𝑐𝑖𝑡2

𝜓˅(𝑥⃗, 𝑡)

(𝜆𝑡)𝑘  ∏ 𝐹̅𝑖
𝑘
𝑖=1 (𝑥𝑖)

≥ 1,     𝑖 = 1,2, … , 𝑘. 

 

Now, we establish the asymptotic relation for the upper bound, namely 

lim
𝑡→∞

 sup
𝑙𝑖(𝑥𝑖)≥𝜆𝑐𝑖𝑡2

𝜓˅(𝑥,𝑡)

(𝜆𝑡)𝑘  ∏ 𝐹̅𝑖
𝑘
𝑖=1 (𝑥𝑖)

≤ 1,     𝑖 = 1,2, … , 𝑘.                                                                                         (3.5) 

 

For the proof, we choose an arbitrarily ϵ ∈ (0,1) and we define the sequence of random variables 

as  𝑋̃𝑖𝑗 = 𝑋𝑖𝑗 − 𝑐𝑖𝜃𝑖 ,    𝑖 = 1, … , 𝑘 with finite negative mean µi. We notice that the increments 𝑋̃𝑖𝑗  

and the counting process N(t) are not independent anymore, so we continue as follows: We notice 

that 

𝜓˅(𝑥⃗, 𝑡) = 𝑃 (⋂ { max
0<𝑚≤𝑁(𝑡)

∑( 𝑋𝑖𝑗 − 𝑐𝑖𝜃𝑖) > 𝑥𝑖

𝑚

𝑗=1

}

𝑘

𝑖=1

  ) 

= 𝑃 (⋂ { max
0<𝑚≤𝑁(𝑡)

∑ 𝑋̃𝑖𝑗 > 𝑥𝑖
𝑚
𝑗=1 }𝑘

𝑖=1 ) = ∑ 𝑃 (⋂ { max
0<𝑚≤𝑛

∑ 𝑋̃𝑖𝑗 > 𝑥𝑖
𝑚
𝑗=1 }𝑘

𝑖=1 , 𝑁(𝑡) = 𝑛  ) 𝑛≤(1+𝜖)𝜆𝑡  

+ ∑ 𝑃 (⋂ { max
0<𝑚≤𝑛

∑ 𝑋̃𝑖𝑗 > 𝑥𝑖
𝑚
𝑗=1 }𝑘

𝑖=1 , 𝑁(𝑡) = 𝑛 ) 𝑛>(1+𝜖)𝜆𝑡 = 𝐽1(𝑥⃗, 𝑛, 𝑡)+𝐽2(𝑥⃗, 𝑛, 𝑡). 

 

For the first term, 
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𝐽1(𝑥⃗, 𝑛, 𝑡) = ∑ 𝑃 (⋂ { max
0<𝑚≤𝑛

∑ 𝑋̃𝑖𝑗 > 𝑥𝑖

𝑚

𝑗=1

}

𝑘

𝑖=1

, 𝑁(𝑡) = 𝑛 ) 

𝑛≤(1+𝜖)𝜆𝑡

 

≤ ∑ 𝑃 (⋂ { max
0<𝑚≤𝑛

∑ 𝑋̃𝑖𝑗 > 𝑥𝑖

𝑚

𝑗=1

}

𝑘

𝑖=1

) 

𝑛≤(1+𝜖)𝜆𝑡

 

 

and Proposition 1 leads to 

𝐽1(𝑥⃗, 𝑛, 𝑡) ≲ ∑ ∏
1

|𝜇𝑖|
∫ 𝑃(𝑋̃𝑖 > 𝑦)

𝑥𝑖+𝑛|𝜇𝑖|

𝑥𝑖

𝑘

𝑖=1
𝑑𝑦

𝑛≤(1+𝜖)𝜆𝑡

 

≤ ∏
1

|𝜇𝑖|
∫ 𝑃(𝑋̃𝑖 > 𝑦)

𝑥𝑖+(1+𝜖)|𝜇𝑖|𝜆𝑡

𝑥𝑖

𝑘

𝑖=1
𝑑𝑦 ≤ ∏ (1 + 𝜖)

1

|𝜇𝑖|
∫ 𝑃(𝑋̃𝑖 > 𝑦)

𝑥𝑖+|𝜇𝑖|𝜆𝑡

𝑥𝑖

𝑘

𝑖=1
𝑑𝑦 

≤ ∏(1 + 𝜖)

𝑘

𝑖=1

(𝜆𝑡𝐹̅𝑖(𝑥𝑖)) 

 

where, in the second step we use the inequality (2.12). If we take  0 then the asymptotic 

inequality holds 
𝐽1(𝑥,𝑛,𝑡)

(𝜆𝑡)𝑘  ∏ 𝐹̅𝑖
𝑘
𝑖=1 (𝑥𝑖)

≲ 1                                                                                                                                                              (3.6) 

 

as t → ∞, uniformly for li(xi) ≥ λcit
2, i = 1,2,...,k. 

 

Turning now to the 2nd term we can write that 

𝐽2(𝑥⃗, 𝑛, 𝑡) = ∑ 𝑃 (⋂ { max
0<𝑚≤𝑛

∑ 𝑋̃𝑖𝑗 > 𝑥𝑖

𝑚

𝑗=1

}

𝑘

𝑖=1

, 𝑁(𝑡) = 𝑛 ) 

𝑛>(1+𝜖)𝜆𝑡

 

≤ ∑ 𝑃 (⋂ { max
0<𝑚≤𝑛

∑ 𝑋𝑖𝑗 > 𝑥𝑖

𝑚

𝑗=1

}

𝑘

𝑖=1

, 𝑁(𝑡) = 𝑛 ) .

𝑛>(1+𝜖)𝜆𝑡

 

 

We define the sequence of independent random variables as 𝑋𝑖𝑗
∗ = 𝑋𝑖𝑗 − 𝜈𝑖 − 1,    𝑖 = 1, … , 𝑘 with 

𝐸(𝑋𝑖𝑗
∗ ) = −1. So, 

𝐽2(𝑥⃗, 𝑛, 𝑡) = ∑ 𝑃 (⋂ { max
0<𝑚≤𝑛

∑ 𝑋𝑖𝑗
∗ > 𝑥𝑖𝑗 − (𝜈𝜄 + 1)

𝑚

𝑗=1

}

𝑘

𝑖=1

 ) 𝑃(𝑁(𝑡) = 𝑛).

𝑛>(1+𝜖)𝜆𝑡

 

 

We use Proposition 1 to reach the following result 

𝐽2(𝑥⃗, 𝑛, 𝑡) ≲ ∑ ∏ ∫ 𝑃(𝑋𝑖
∗ > 𝑦)

𝑥𝑖−(𝜈𝑖+1)+𝑛

𝑥𝑖−(𝜈𝑖+1)

𝑘

𝑖=1
𝑑𝑦𝑃(𝑁(𝑡) = 𝑛)

𝑛>(1+𝜖)𝜆𝑡
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≤ ∑ ∏ (
𝑘

𝑖=1
𝑛𝑃(𝑋𝑖

∗ > 𝑥𝑖 − (𝜈𝜄 + 1)))𝑃(𝑁(𝑡) = 𝑛)

𝑛>(1+𝜖)𝜆𝑡

 

≤ ∑ 𝑛𝑘𝑃(𝑁(𝑡) = 𝑛) ∏ 𝐹̅𝑖
𝑘
𝑖=1 (𝑥𝑖)𝑛>(1+𝜖)𝜆𝑡 ≤ ∑ 𝑛𝑘𝑃(𝑁(𝑡) ≥ 𝑛)(𝜆𝑡)𝑘 ∏ 𝐹̅𝑖

𝑘
𝑖=1 (𝑥𝑖)𝑛>(1+𝜖)𝜆𝑡 . 

 

Lemma 1 for t tending to infinity, yields 

𝐽2(𝑥⃗, 𝑛, 𝑡)~𝑜 ((𝜆𝑡)𝑘 ∏ 𝐹̅𝑖
𝑘
𝑖=1 (𝑥𝑖)),                                                                                                                      (3.7) 

 

uniformly for li(xi) ≥ λcit
2, i = 1,2,...,k. Combining relations (3.6) and (3.7) we deduce that, 

lim
𝑡→∞

 sup
𝑙𝑖(𝑥𝑖)≥𝜆𝑐𝑖𝑡2

𝜓˅(𝑥⃗, 𝑡)

(𝜆𝑡)𝑘  ∏ 𝐹̅𝑖
𝑘
𝑖=1 (𝑥𝑖)

≤ 1.  

 

The above Theorem for k = 1 reduces to the result below: 

 

Proposition 2 If the df F ∈ S∗ with finite mean then for the renewal counting process N(t) holds 

ψ(x,t) = P(T(x) ≤ t) ∼ λt𝐹̅(𝑥),                                                                                                                                          (3.8) 

 

as t → ∞ uniformly for l(x) ≥ λct2. 

 

Now, we turn our attention to prove a result for 𝜓∧(𝑥⃗, 𝑡). 

 

Theorem 2 For the k-dimensional renewal risk model, we suppose that F1, F2,...,Fk ∈ S∗ with finite 

means. Then it holds 

𝜓˄(𝑥⃗, 𝑡)~𝜆𝑡 ∑ 𝐹̅𝑖(𝑥𝑖)𝑘
𝑖=1                                                                                                                                                   (3.9) 

 

as t → ∞, uniformly for li(xi) ≥ λcit
2, i = 1,2,...,k. 

 

Proof. 

The result will be proved by induction. Thus, for k = 2 using relation (3.8) we get 

𝜓∧(𝑥⃗, 𝑡) =  𝑃(𝑇𝑚𝑖𝑛(𝑥⃗) ≤ 𝑡)= 𝑃(𝑇1(𝑥⃗) ≤ 𝑡) + 𝑃(𝑇2(𝑥⃗) ≤ 𝑡) − 𝑃(𝑇𝑚𝑎𝑥(𝑥⃗) ≤ 𝑡)                       (3.10) 

~𝜆𝑡 ∑ 𝐹𝑖̅(𝑥𝑖) −2
𝑖=1 𝑃(𝑇𝑚𝑎𝑥(𝑥⃗) ≤ 𝑡).                                                                                                                       (3.11) 

 

Hence, it suffices to show that 

𝑃(𝑇𝑚𝑎𝑥(𝑥⃗) ≤ 𝑡) = 𝑜(1)𝜆𝑡 ∑ 𝐹̅𝑖(𝑥𝑖)

2

𝑖=1

. 

 

From Theorem 1 we get 

𝑃(𝑇𝑚𝑎𝑥(𝑥⃗) ≤ 𝑡)

𝜆𝑡 ∑ 𝐹̅𝑖(𝑥𝑖)2
𝑖=1

 ~
(𝜆𝑡)2  ∏ 𝐹̅𝑖

2
𝑖=1 (𝑥𝑖)

𝜆𝑡 ∑ 𝐹̅𝑖(𝑥𝑖)2
𝑖=1

=
1

 ∑  
1

𝜆𝑡𝐹̅𝑖(𝑥𝑖)
2
𝑖=1

= 𝑜(1) 

 

as t → ∞, uniformly for li(xi) ≥ λcit
2, i = 1,2. 

 

Now, let us assume that (3.9) holds true for k − 1: 
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𝜓˄(𝑥⃗, 𝑡) = 𝑃(𝑇𝑚𝑖𝑛(𝑥⃗) ≤ 𝑡)~𝜆𝑡 ∑ 𝐹̅𝑖(𝑥𝑖)𝑘−1
𝑖=1                                                                                                      (3.12) 

 

as t → ∞, uniformly for li(xi) ≥ λcit
2, i = 1,2,...,k − 1. Now, we prove that the above relation holds 

for k. 

𝜓˄(𝑥⃗, 𝑡) = 𝑃(𝑇𝑚𝑖𝑛(𝑥⃗) ≤ 𝑡) = 𝑃 (⋃ 𝑇𝑖(𝑥𝑖)

𝑘

𝑖=1

≤ 𝑡)  

= 𝑃 (⋃ 𝑇𝑖(𝑥𝑖)

𝑘−1

𝑖=1

≤ 𝑡) + 𝑃(𝑇𝑘(𝑥𝑘) ≤ 𝑡) − 𝑃 (⋃ 𝑇𝑖(𝑥𝑖)

𝑘−1

𝑖=1

≤ 𝑡, 𝑇𝑘(𝑥𝑘) ≤ 𝑡 ) 

~𝜆𝑡 ∑ 𝐹̅𝑖(𝑥𝑖)𝑘
𝑖=1  −𝑃(⋃ 𝑇𝑖(𝑥𝑖)𝑘−1

𝑖=1 ≤ 𝑡, 𝑇𝑘(𝑥𝑘) ≤ 𝑡 ). 

 

Using the asymptotic relation (3.12) and Proposition 2, we get 

𝑃(⋃ 𝑇𝑖(𝑥𝑖)𝑘−1
𝑖=1 ≤ 𝑡, 𝑇𝑘(𝑥𝑘) ≤ 𝑡 )

𝜆𝑡 ∑ 𝐹̅𝑖(𝑥𝑖)𝑘
𝑖=1

=  
(⋃ 𝑇𝑖(𝑥𝑖)𝑘−1

𝑖=1 ≤ 𝑡)  ∙ 𝑃(𝑇𝑘(𝑥𝑘) ≤ 𝑡)

𝜆𝑡 ∑ 𝐹̅𝑖(𝑥𝑖)𝑘
𝑖=1

 

~
𝜆𝑡 ∑ 𝐹̅𝑖(𝑥𝑖)𝜆𝑡𝐹̅𝑘(𝑥𝑘)𝑘−1

𝑖=1

𝜆𝑡 ∑ 𝐹̅𝑖(𝑥𝑖)𝑘
𝑖=1

=  
∑ 𝐹̅𝑖(𝑥𝑖)𝜆𝑡𝐹̅𝑘(𝑥𝑘)𝑘−1

𝑖=1

∑ 𝐹̅𝑖(𝑥𝑖)𝑘
𝑖=1

 

= 
1

 
1

𝜆𝑡𝐹̅𝑘(𝑥𝑘)
 +

1

 𝜆𝑡 ∑ 𝐹̅𝑖(𝑥𝑖)𝑘−1
𝑖=1

= 𝑜(1) 

 

as t → ∞, uniformly for li(xi) ≥ λcit
2, i = 1,2,...,k. 

 

4. Conclusions 
In this work we focus and investigate the uniform asymptotic behavior of ruin probability within 

the class of strongly subexponential distributions which constitute a special subclass of 

subexponential distributions (see Embrechts et al., 1997) known to provide a convenient framework 

for studying large classes of heavy tailed distributions. The theoretical results are established for 

two types of asymptotic relations with the first describing the common ruin probability of insurance 

companies, while the second referring to the ruin probability of at least one insurance company. 

 

Compared to the prosperity of the study on bidimensional risk models, the results on 

multidimensional risk models have been quite limited. Indeed, only a handful of works deal with 

such issues (see e.g. the works of Li with various co-authors (Li and Yang, 2015; Konstantinides 

and Li, 2016; Li, 2016). As a result, the present work is filling up the gap with the main 

contributions lying on the fact that the asymptotic results are characterized by a great generality 

since they are established for the general multidimensional renewal risk model and at the same time 

being quite simple without having to rely on any restricted assumptions and in that sense, they 

provide a significant addition to the relevant literature. 

 

Future research directions include the study of the dependent renewal risk model among claims, 

the dependence structure between the waiting time for a claim and its actual size, the ruin 

probabilities in a general economic environment and the probability of randomly weighted sums of 

independent-dependent random variables. 
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