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Abstract
The article deals with the inverse problem of determining the transient resistance of the main pipeline insulating coating.
For this, UAV measurements of the magnetic induction vector modulus of the magnetic field excited by the system of
electrochemical cathodic protection of pipelines are used. The solution method is based on Tikhonov's method for finding
the extremal of the regularizing functional. The developed algorithm is implemented in software. The results of
computational experiments are presented.
Keywords- Pipeline cathodic protection, UAV-magnetometry, Inverse problem, Transition resistance measurement.

1. Introduction
In terms of cargo transportation pipeline transport takes a leading position in the world. The main
pipelines run is large and lengthens annually. To protect the main pipeline from corrosion, active
and passive methods are combined in practice such as systems of electrochemical cathodic
protection of pipelines, as a rule, with polymer outer insulating coating. Insulating coating suffers
mechanical effect in the process of the pipeline functioning due to in-line pressure changes, ground
shifting deformations etc., it gets older, it is negatively affected by humidity and ground acidity,
microorganisms. As a result, there is corrosion of the pipe metal leading to the decrease in resisting
power and pipeline operation term (see Cicek, 2013; Goldobina and Orlov, 2016; Lazzari and
Pedeferri, 2006; Lazzari, 2011; Peabody, 2001a; Peabody, 2001b). The regularly held pipeline
condition monitoring is a basis of safe and efficient run exploitation. Measurements of an electric
field in the process of monitoring, carried out, as a rule, with the method of an outer electrode, are
made on the ground surface over the pipeline (see ISO, 2003). The development of wearable
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magnetometric measurement systems (see Krapivinsky et al., 2016a; Krapivinsky et al., 2016b;
Krapivinsky et al., 2019; Liao et al., 2011; Lyubchik, 2010; Lyubchik, 2012; Maximov et al., 2017;
Saxon et al., 2012) makes it possible to raise the measurement efficiency (increase in the velocity
of measurement data, cut on monitoring financial costs) in the air over the run. The next step in the
development of efficiency monitoring of the pipeline runs is elaboration and application of
intellectual robotized magnetometric systems on the basis of flying machines. The latter allow to
increase a frequency of run monitoring and, consequently, improve the level of their safe
exploitation by means of earlier prediction of problem zones – zones with a stress-stain state or
pipelines segments with the critical state of an insulation coating (see Hausamann et al., 2003;
Kamaeva et al., 2019).
The system of a cathode electrochemical protection of underground main pipelines is a source of
constant artificially excited electric and magnetic fields. Injected by cathodic protection stations
(CPS), when passing anode beds an electrical field with pipeline ground, its insulating coating,
running down along the pipe metal towards the drainage points carries information on physical and
geometrical properties of the system “anode/ground/pipe”. An electric field excites a constant
magnetic field which can be measured over a pipeline run. The criterion of the state is described in
the terms of transition resistance value at the boundary of ground/pipe” along the run.
The working models of computing the parameters of cathodic protection of systems functioning
are normally based on the formulae taking into account a single average for all the pipe leg value
of an insulating coating exponentially decreasing during an operation term. Modern computer
technologies with an artificial intellect (see Lapiga and Shchipachyov, 2019; Lapiga et al., 2021)
make it possible to create digital twins of the operating pipeline runs (see Iureva et al., 2020; Riemer,
2000) including mathematical models of thermal and gas-hydrodynamic processes of the products
transfer (see Fetisov et al., 2018a; Fetisov et al., 2018b; Seleznyov et al., 2007), strength models of
pipes stress-strain state (see Iynbinder and Kamershtein, 1982), thawing mechanics and ground
strain (see Borodavkin, 2003), scattering in electromagnetic fields of the cathodic protection system
(see Bolotnov et al., 2008; Krizsky et al., 2019; Krizsky et al., 2020; Liu et al., 2014; Min et al.,
2016; Mujezinovich et al., 2016) and so on. Computer modeling allows to specify processes, to
make an account of a pipe segment beginning with some parts homogeneous in residual metal
magnetization (between the welding joints) and less (about 1 m). Controlling the monitored time
dynamics of physical parameters of the segments, it is possible to make relevant efficient steps to
carry out local repairing works or changes of operation modes, for instance, change of power of the
station injected cathodic protection of current.
The paper presents a mathematical model to define transition resistance of pipeline insulation based
on magnetometry in the air over the pipeline run. Mathematical model can be described as an
inverse problem of a mathematical physics where the required function is a coefficient function of
Newton’s boundary condition at the “ground/pipe”. In parallel with the mathematical models of
direct problems computing electrical and magnetic fields of cathodic protection systems in isotropic
homogeneous (see Bolotnov et al., 2008; Liu et al., 2014; Min et al., 2016; Mujezinovich et al.,
2016), isotropic horizontally layered (see Krizsky et al., 2019) and anisotropic (see Krizsky et al.,
2020) media a model of an inverse problem can be put into the basis of an analytical nucleus of
computer appliance monitoring of the main pipeline runs. Focusing on the aspects of an inverse
problem solution, let us start with an elementary case of a background medium – case of
homogeneous isotropic background main pipeline ground of constant electric conductivity.

1730 | Vol. 6, No. 6, 2021

Krizsky et al.: Determination Transition Resistance of Cathode-Polarized Main …

2. Mathematical Model of an Inverse Problem and Algorithm of its Solution
Forward Problem (FP)
Suppose there is given space divided by plane boundary 𝛾0 {𝑧 = 0} into two half spaces 𝛺0 and
𝛺1 , where 𝛺0 – air, 𝛺1 – ground (Figure 1). We introduce the Cartesian coordinate system oXYZ
starting on the plane 𝛾0 and axis oZ inward the earth. Let’s 𝜎1 (Sm/m) is ground electrical
conductivity filling out space 𝛺1 . Air electrical conductivity 𝜎0 (Sm/m) is supposed to equal to
zero.

Figure 1. Scheme of cathodic protection in homogeneous isotropic half space.

Suppose in space 𝛺1 there is pipeline 𝑉𝑡 geometry of axis line of which is described with the
parametric curve 𝑉𝑡 (𝑥𝑡 (𝑠), 𝑦𝑡 (𝑠), 𝑧𝑡 (𝑠)), 𝑠 ∈ [0, 𝐿𝑡 ], where 𝐿𝑡 is length of a pipe. Let’s consider
marginal parameter value 𝑠 equal to 0 and 𝐿𝑡 to correspond to the check marks through which
electric power in the pipe metal does not flow along the pipe. Radius 𝑅𝑡 (m), specific conductivity
of pipe metal 𝜎𝑡𝑚 (Sm/m) and square of pipe metal cross section 𝑆𝑡𝑚 (m2) are to be known. Given
electrochemical pipe protection realized by 𝑁𝐶𝑆 (items) cathodic protection stations (CPS), each of
them ejects protective direct current into the ground across anodal beds – anode 𝑉𝑎𝑘𝑛 (𝑛 = ̅̅̅̅̅̅̅
1, 𝑁𝑎𝑘 )
̅̅̅̅̅̅̅̅
𝑘𝑛 𝑘𝑛 𝑘𝑛
𝑘
and (or) point anode 𝐴𝑘𝑛
𝑝𝑎 (𝑥𝑝𝑎 , 𝑦𝑝𝑎 , 𝑧𝑝𝑎 ) (𝑛 = 1, 𝑁𝑝𝑎 ) (𝑘 – CPS number). Axis lines of extended
𝑘𝑛
anode beds are presented in parameters – 𝑉𝑎𝑘𝑛 (𝑥𝑎𝑘𝑛 (𝑠), 𝑦𝑎𝑘𝑛 (𝑠), 𝑧𝑎𝑘𝑛 (𝑠)), 𝑠 ∈ [0, 𝐿𝑘𝑛
𝑎 ]. Here 𝐿𝑎 is
𝑘𝑛
length (m) of n-th of extended anode of k-th station of CP. Current lead of 𝐼𝑎 (А) power to
𝑘𝑛 𝑘𝑛 𝑘𝑛
𝑘𝑛
extended anodes is done in 𝐴𝑘𝑛
𝑎 (𝑥𝑎 , 𝑦𝑎 , 𝑧𝑎 ). Radii 𝑅𝑎 (m) in circular extended anodal beds,
𝑘𝑛
specific conductivity of their metal bars (Sm/m), square of metal cross section 𝑆𝑎𝑚
(m2), transition
𝑘𝑛
𝑘𝑛
2
resistance of anode filling 𝑐𝑎𝑔 (s) (Ohm·m ) are known. Current of 𝐼𝑝𝑎 (А) gets into the system
through the point anodes found in 𝐴𝑘𝑛 (𝑥 𝑘𝑛 , 𝑦 𝑘𝑛 , 𝑧 𝑘𝑛 ) (𝑛 = ̅̅̅̅̅̅̅̅
1, 𝑁 𝑘 ). Current drain of 𝐼 𝑘 (А) with
𝑝𝑎

𝑝𝑎

𝑝𝑎

𝑝𝑎

𝑝𝑎

𝑡

the pipeline interface towards k-th cathodic station is arranged in 𝐵𝑡𝑘 (𝑥𝑡𝑘 , 𝑦𝑡𝑘 , 𝑧𝑡𝑘 ), 𝑘 = ̅̅̅̅̅̅̅̅
1, 𝑁𝐶𝑆 .
𝑘𝑛
Current generated by k -th station 𝜎𝑎𝑚
is known to be equal to 𝐼0𝑘 Ampere. Let’s specify the
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function of current potential in 𝑃(𝑥, 𝑦, 𝑧) of sub-space 𝛺1 in 𝑈1 (𝑃) (V), in the pipe metal 𝑈𝑡𝑚 (𝑃)
𝑘𝑛
(V), in extended anodal bed 𝑈𝑎𝑚
(𝑃) (V).
The mathematical model used to describe the distribution of the DC potential in the system can be
represented as (see Krizsky et al., 2019; Krizsky et al., 2020):
𝑘

𝑁𝑝𝑎 𝑘𝑛
𝐶𝑆
𝑘𝑛
̅ 𝑈1 (𝑃)) = − ∑𝑁
𝑑𝑖𝑣(𝜎1 ∙ 𝛁
𝑘=1 ∑𝑛=1 𝐼𝑝𝑎 ∙ 𝛿(𝑃 − 𝐴𝑝𝑎 ), 𝑃 ∈ 𝛺1

(1)

̅ 𝑈𝑡𝑚 (𝑃)) = 0, 𝑃 ∈ 𝛺𝑡
𝑑𝑖𝑣(𝜎𝑡𝑚 ∙ 𝛁

(2)

𝑘𝑛 ̅ 𝑘𝑛
𝑑𝑖𝑣( 𝜎𝑎𝑚
∙ 𝛁 𝑈𝑎𝑚 (𝑃)) = 0, 𝑘 = ̅̅̅̅̅̅̅̅
1, 𝑁𝐶𝑆 , 𝑛 = ̅̅̅̅̅̅̅
1, 𝑁𝑎𝑘 , 𝑃 ∈ 𝛺𝑎

(3)

̅ 𝑈1 (𝑃), 𝐧
(𝜎1 ∙ 𝛁
⃗ )|𝑧=0 = 0; 𝑈1 (𝑃) → 0, 𝑃 → ∞

(4)

𝜕𝑈𝑡𝑚 (𝑃)/ 𝜕𝑠 |𝑠=0; 𝐿𝑡 = 0

(5)

̅ 𝑈1 (𝑃), 𝐧
⃗ )|
𝑈1 (𝑃) − 𝑐𝑔𝑡 (𝑠)(𝜎1 ∙ 𝛁

𝑆𝑔𝑡

= 𝑈𝑡 (𝑃)

𝑘𝑛
̅ 𝑈1 (𝑃), 𝐧
⃗ )|
𝑈1 (𝑃) + 𝑐𝑎𝑔
(𝑠)(𝜎1 ∙ 𝛁

𝑘𝑛
𝑆𝑎𝑔

𝜕𝑈 𝑘

[ 𝜕𝑠𝑡 ]|

𝐵𝑡𝑘

=

𝐼0𝑘
𝜎𝑡𝑚 𝑆𝑡𝑚

(6)

= 𝑈𝑎𝑘𝑛 (𝑃), 𝑘 = ̅̅̅̅̅̅̅̅
1, 𝑁𝐶𝑆 , 𝑛 = ̅̅̅̅̅̅̅
1, 𝑁𝑎𝑘

𝑘𝑛

𝜕𝑈
, 𝑘 = ̅̅̅̅̅̅̅̅
1, 𝑁𝐶𝑆 ; [ 𝑎 ]|
𝜕𝑠

𝐴𝑘𝑛
𝑎

=

𝐼𝑎𝑘𝑛
𝑘𝑛
𝑘𝑛
𝜎𝑎𝑚 𝑆𝑎𝑚

(7)

, 𝑘 = ̅̅̅̅̅̅̅̅
1, 𝑁𝐶𝑆 , 𝑛 = ̅̅̅̅̅̅̅
1, 𝑁𝑎𝑘

(8)

Here: (1) – equation of current distribution in the ground, (2) – equation of current in pipe metal,
(3) – equation of current in metal of extended anodal beds, (4) – condition of current inflowing at
the boundary “air/ground” and condition of solution regular intervals in infinity. Boundary
conditions (5) show the current absence through frontal pipe ends. Condition (6) represents a
condition of current flow at the lateral boundary 𝑆𝑔𝑡 of “ground/pipe”, where coefficient function
𝑐𝑔𝑡 (𝑠) is transition resistance of the pipe insulation. Boundary conditions (7) set the conditions of
𝑘𝑛
𝑘𝑛
current flow at the boundaries 𝑆𝑎𝑔
“extended anode/ground” where coefficient function 𝑐𝑎𝑔
(𝑠) is
transition resistance of anodal filling. Conditions (8) include cathodic station connection to pipes
̅ 𝑈1 (𝑃), 𝐧
⃗ ) is a
and extended anodal beds. In boundary conditions (4), (6), (7) expression (𝜎1 𝛁
scalar product of vectors or projection of a vector gradient of current potential multiplied by the
coefficient of specific conductivity 𝜎1 , by the external normal vector to the corresponding boundary.
To solve direct problem (1)-(8) a method of digitalization (pseudo-source method) can be applied,
details of which are given in Bolotnov et al. (2008), Tkachenko (2007). Due to the method pipeline
𝑉𝑡 is divided into 𝑀𝑡 of different segments while each of extended anodal bed 𝑉𝑎𝑘𝑛 (𝑘 = ̅̅̅̅̅̅̅̅
1, 𝑁𝐶𝑆 ,
̅̅̅̅̅̅̅
𝑘
𝑘𝑛
𝑛 = 1, 𝑁𝑎 ) is divided into 𝑀𝑎 of equal segments. Each of these segments is considered to keep
𝑘𝑛
𝑘𝑛
constant electric parameters (potentials 𝑈𝑎𝑚
, 𝑈𝑡𝑚 and current 𝐼𝑎𝑚
, 𝐼𝑡𝑚 flowing in the metal of
𝑘𝑛
𝑘𝑛
extended anode and in the pipe metal; potentials 𝑈𝑎𝑔 , 𝑈𝑡𝑔 and 𝐼𝑎𝑔 , 𝐼𝑡𝑔 current flowing through the
boundaries “extended anode/ground” and “ground/pipe”) and equal to some average for each
segment value. Each segment of the extended anodes is viewed as a pseudo-point current source
while each pipe segment – as a point current drain. The values of current potential at any point of
half space 𝛺1 can be presented in:
𝑁

𝑁𝑘

𝑁

𝑁𝑘

𝑀 𝑘𝑛

𝑀

𝑝𝑎 𝑘𝑛
𝑝𝑎
𝑘𝑛
𝑘𝑛
𝑘𝑛
𝐶𝑆
𝐶𝑆
𝑎
𝑡
∑𝑛=1
𝑈1 (𝑃) = ∑𝑘=1
𝐼𝑝𝑎 𝐺(𝑃, 𝐴𝑘𝑛
𝑝𝑎 ) + ∑𝑘=1 ∑𝑛=1 ∑𝑖=1 𝐼𝑎𝑔𝑖 𝐺(𝑃, 𝐴𝑎𝑖 ) − ∑𝑗=1 𝐼𝑡𝑔𝑗 𝐺(𝑃, 𝐵𝑡𝑗 ) (9)
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Here function 𝐺(𝑃, 𝑄) corresponds to Green function of host space (function defining the value of
current potential in a homogeneous half space at 𝑃(𝐫𝑃 ) = 𝑃(𝑥𝑃 , 𝑦𝑃 , 𝑧𝑃 ), if pointed current source
of a single intensity is found at 𝑄(𝐫𝑄 ) = 𝑄(𝑥𝑄 , 𝑦𝑄 , 𝑧𝑄 ) of half space). Function 𝐺(𝑃, 𝑄) can be
presented as:
1

𝐺(𝑃, 𝑄) = 4𝜋𝜎 [
1

1
2

2

2

√(𝑥𝑃 −𝑥𝑄 ) +(𝑦𝑃 −𝑦𝑄 ) +(𝑧𝑃 −𝑧𝑄 )

+

1
2

2

2

]

(10)

√(𝑥𝑃 −𝑥𝑄 ) +(𝑦𝑃 −𝑦𝑄 ) +(𝑧𝑃 +𝑧𝑄 )

The current density at any point 𝑃(𝐫𝑃 ) of the soil in the half-space with the pipeline is found from
(9) by the formula:
̅ 𝑈1 (𝐫𝐏 ), 𝑃 ∈ 𝛺1
𝐣1 (𝐫𝐏 ) = −𝜎1 ∙ 𝛁
(11)
̅ 𝑈1 (𝐫𝐏 ) determination leads to vector 𝛁
̅ 𝐺(𝑃, 𝑄)
where, the component of gradient vector 𝛁
determination.
Suppose host half space for a pipeline to be homogeneous, isotropic and constant by its magnetic
properties. Hence, vector of magnetic induction 𝐁(𝐫𝟎 ) at any space point defined by radius-vector
𝐫𝟎 (including in the air over the pipeline run) can be calculated with the formula of Biot-SavartLaplace according to the well-known distribution of vector field of current density 𝐣(𝐫):
[𝐣(𝐫)𝑑𝑉, 𝐫𝟎 − 𝐫]
𝜇𝜇0
𝐁(𝐫𝟎 ) =
∫
(12)
|𝐫𝟎 − 𝐫|3
4𝜋 𝑉
where, [·,·] is a vector product, 𝜇0 = 4𝜋 · 10−7 is a magnetic constant, 𝜇 is a relative magnetic
permeability (see Landau and Lifshits, 1988).
The schematic solution of a direct problem – the problem of calculation of vector field of magnetic
induction over the pipeline run excited by the current of the system of cathodic electrochemical
protection can be given in the following way:
(11)

𝑈(𝐫, 𝑐𝑔𝑡 (𝑠)) →

(12)

𝐣(𝐫, 𝑐𝑔𝑡 (𝑠)) →

𝐁(𝐫𝟎 , 𝑐𝑔𝑡 (𝑠))

(13)

where the points with radius-vector 𝐫𝟎 are found at the measuring path of sensors of magnetometer
𝑉𝑈𝐴𝑉 . In scheme (13) there is specially defined the dependence of calculated fields on the required
function of transition resistance of insulated pipe coating, i.e. function 𝑐𝑔𝑡 (𝑠). In the method of
pseudo sources function 𝑐𝑔𝑡 (𝑠) is piecewise constant. It is used to describe average for a discrete
pipe segment transition resistance of its insulated coating. The arrows are marked by numbers of
formulas.
Inverse Problem (IP)
Let the function of transition resistance of insulated coating of pipe 𝑐𝑔𝑡 (𝑠) is not known on
boundary 𝑆𝑔𝑡 ∈ Ω1 . Determine this function from measurements of the module of vector magnetic
induction 𝐁𝑈𝐴𝑉 on line 𝑉𝑈𝐴𝑉 ∈ Ω0 . To solve this problem let’s apply a variation method of A.N.
Tikhonov (see Tikhonov and Arsenin, 1986; Yagola et al., 2014), according to which the solution
𝑐𝑔𝑡 (𝑠) is achieved as an extremal (minimizing element) of a regularization functional:
𝐹 𝛼 (𝑐𝑔𝑡 (𝑠)) = 𝐹1 (𝑐𝑔𝑡 (𝑠)) + 𝛼 𝐹2 (𝑐𝑔𝑡 (𝑠))
(14)
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for the forward problem FP (1)-(9), (11), (12). In the Tikhonov’s functional (14):
𝐹1 (𝑐𝑔𝑡 (𝑠)) = ‖ |𝐁 (𝐫𝟎 , 𝑐𝑔𝑡 (𝑠))| − |𝐁𝑈𝐴𝑉 (𝐫𝟎 , 𝑐𝑔𝑡 (𝑠))| ‖

2
𝐿2 (𝑉𝑈𝐴𝑉 )

–

residual

functional;

|𝐁𝑈𝐴𝑉 (𝐫𝟎 , 𝑐𝑔𝑡 (𝑠))| – module of vector magnetic induction measured with a magnetometer;
|𝐁 (𝐫𝟎 , 𝑐𝑔𝑡 (𝑠))|– module of vector magnetic induction – solution of the FP (1)-(9),(11),(12);
0 (𝑠)
𝐹2 (𝑐𝑔𝑡 (𝑠)) = ‖ 𝑐𝑔𝑡
− 𝑐𝑔𝑡 (𝑠) ‖

2
𝐾(𝑉𝑡 (𝑠))

0 (𝑠)
– regularization functional, 𝑐𝑔𝑡
– a priori given

transition resistance of insulation along the pipe (obtained, for example, on the findings of a
previous run monitoring relying on insulation ageing during the time between the checks); 𝑐𝑔𝑡 (𝑠)
– required function of transition resistance of pipe’s insulation coating; 𝛼 – Tikhonov’s
regularization parameter; 𝑉𝑈𝐴𝑉 – sensors paths of magnetometric system in the air; 𝐿2 – space of
the square-integrable functions determined on line 𝑉𝑈𝐴𝑉 ; 𝐾(𝑉𝑡 (𝑠)) – compact set of limited
piecewise constant functions.
Algorithm 1. Optimization algorithm
1: Set the baseline insulation resistance values for all pipe segments by the constant function.
Simulate "defective" segments by reducing the base values of the insulation resistance on
them – get function 𝑐𝑔𝑡_𝑑𝑒𝑓 (𝑠).
2: Solve the forward problem FP (1)-(9),(11),(12) for insulation resistance distribution
𝑐𝑔𝑡_𝑑𝑒𝑓 (𝑠) on line 𝑉𝑈𝐴𝑉 – determine module of vector magnetic induction
|𝐁 (𝐫𝟎 , 𝑐𝑔𝑡_𝑑𝑒𝑓 (𝑠))|. Add into the module random noise of the given level 𝛿𝑛 (10, 20 %)
with the proportional probabilistic distributional law – form the file of the “measured”
magnetometric data |𝐁𝑈𝐴𝑉 (𝐫𝟎 , 𝑐𝑔𝑡 (𝑠))| for the residual functional of A.N. Tikhonov’s
regularizing functional (14).
3: “Forgot” the given data on the “defective” segments – consider the situation when all the
pipe segments (including defective) had only basic properties. Take into account at the
0
process of the stabilizing functional a priori given function 𝑐𝑔𝑡
(𝑠).
4: Solve the inverse problem IP – find an extremal solution minimizing the regularization
∗
functional (14) – get 𝑐𝑔𝑡
(𝑠) piecewise constant on the pipe segments function of transition
resistance at the boundary “ground/pipe”. Value of regularizing parameter 𝛼 is taken as
equal to 0,001.
∗
5: On the basis of the obtained function 𝑐𝑔𝑡
(𝑠) compute the measure of deviation of the
obtained solution of the initial resistance function 𝑐𝑔𝑡_𝑑𝑒𝑓 (𝑠) – Euclid’s (spherical) vector
2

𝑀

∗
𝑡
∗
norm 𝜌𝑐 = ‖𝑐𝑔𝑡
(𝑠) − 𝑐𝑔𝑡_𝑑𝑒𝑓 (𝑠)‖ with the form of 𝜌𝑐 = √∑𝑖=1
(𝑐𝑔𝑡,𝑖
(𝑠) − 𝑐𝑔𝑡_𝑑𝑒𝑓,𝑖 (𝑠))

for a discrete function.
6: Compute
the
value

of

magnetic

fields

difference

𝜌𝐵 =

2

∗
√∑𝑀𝑡 (|𝐁𝑖 (𝑟0 , 𝑐𝑔𝑡
(𝑠))| − |𝐁𝑖 (𝑟0 , 𝑐𝑔𝑡_𝑑𝑒𝑓 )|) .
𝑖=1

3. Results of Simulation Experiments
A well-known zero-order method by Hooke-Jeeves (configurations) (see Kelley, 1999) is applied
as a method for minimizing of functional (14). The method shows a close similarity, compared with
the other zero-order methods, to a small number of applications in direct problems solutions in
search of a minimum of a strong ravine function for boundary geoexploration problem (see
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Krizsky et al., 2015). Such property of the method makes it possible to cut the time of a
computerized system work to find a solution.
The Algorithm 1 was used for solution of the inverse problem IP using high-performance code
written in C++. In the simulation experiments above half space of the main pipelines is
homogeneous isotropic with ground conductivity 𝜎1 = 0,0163 Sm/m. Table 1 shows parameters
values of the simulation experiments. It is supposed that on the pipe pieces with the length of ℎ𝑠𝑔𝑚
(m) its physical properties can be considered constant. In the experiment is studied a simplifying
model where extended anodal beds are missing and current is injected into the system only from
pointed anodal beds. In this case equations (3), limiting condition (8) and secondary equality (9)
are excluded. As pipes’ “defective” segments where transition resistance of insulation differs from
the “basic” one there are specified both separate segments and systematic imitating local and
extended drawbacks. Their numbers, x-coordinates of midplanes, resistance values in Ohm*m2 and %
of the basic are presented in Table 1.

Table 1. Parameters used in the experimental set-up.
Parameters
Values

Parameters
Pipeline
Length of the protected piece, m., 𝐿1
Outer diameter, m., Dt

Cathodic protection nodes
Number of service stations, nmb., 𝑁𝑐𝑠
Running current, А., 𝐼01
Drainage point coordinates, m.,
𝐵𝑡1 (𝑥𝑡1 , 𝑦𝑡1 , 𝑧𝑡1 )
Pointed anode bed coordinates,
11 11 11
m., 𝐴11
𝑝𝑎 (𝑥𝑝𝑎 , 𝑦𝑝𝑎 , 𝑧𝑝𝑎 )

CPS 1

16260.0
0.53

Wall thickness, m., htm

0.008

Steel electric resistance, Ohm*m, 1/σtm

2.45*10-7

Running current, А.,

1.435

Transition resistance of insulation
(basic), Ohm*m2, с0gt

14685.6

Host medium
Current conductivity, 𝜎0 , 𝜎1 , Sm/m

0.0000 , 0.0163

Sampling parameters
Number of segments, nmb., 𝑀𝑡
(segment length, m., hsgm)

I

2
1.2
(5001.2; 0.0; 1.7)
(5000.0; 240.0; 22.5)

2
0

0.8

CPS 2

Occurrence depth (axially), m, ht

Parameters
Values

Parameters

Drainage point coordinates, m.,
𝐵𝑡2 (𝑥𝑡2 , 𝑦𝑡2 , 𝑧𝑡2 )
Pointed anodal bed coordinates,
21 21 21
m., 𝐴21
𝑝𝑎 (𝑥𝑝𝑎 , 𝑦𝑝𝑎 , 𝑧𝑝𝑎 )
Measurement parameters
Height of displacement of sensor
measuring system, m., hms

(12999.8; 0.0; 1.7)
(13000.0; 345.0; 22.5)
hms = hsgm ∗ 𝑘𝑜𝑒𝑓 ;
𝑘𝑜𝑒𝑓 = {0.5, 2, 4}

Noise level in the data, %, 𝛿𝑛

990 (16.424)

10; 20

403

404

405

406

407

408

409

410

411

412

421

X-coordinate, m.

6594.33

6610.76

6627.18

6643.61

6660.03

6676.45

6692.88

6709.30

6725.73

6742.15

6758.57

6906.39

Transition resistance,
Ohm*m2, сgt_def
(% of basic)

4405.68
(30)

1468.56
(10)

2937.12
(20)

422

423

430

7054.21

402

6939.24

401

6922.82

Number of segments

6577.91

«Defective» segments

1468.56
(10)

Figure 2 shows function graph 𝑐𝑔𝑡_𝑑𝑒𝑓 (𝑥) (Ohm*m2) – given, with account of resistance of
“defective” segments, transition resistance along the pipeline. As a part of the study there is taken
a segment of the pipeline between the drainage points of two cathodic stations excluding stretches
of 200 meter long bordering with the drainage points. The segments 200 meters long were taken
for analysis supposing that on more than 200 meters distance the impact of magnetic field is
insignificant. Are not analyzed segments from 0 to the first cathodic station, and after the second
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cathodic station to the pipe end. The choice of the segment was conditioned by: 1) inclination to
take into account currents from the both cathodic stations in the place of their combined impact on
the pipeline; 2) intention not to take into account run segments outside the drainage points when
computing magnetic fields (during integrating process).
The algorithm for solving the forward problem FP allows one to calculate electromagnetic fields
characteristics of the of cathodic protection systems that are important for practice. These
characteristics include the protective potential at the “ground/pipe” interface, the potential of the
electric field at the “soil/air” surface, the density of the electric current flowing in the pipe metal,
and the modulus of the magnetic induction vector in the air above the pipeline. Figure 3 shows a
graph of the magnetic induction vector modulus 𝐁(𝑟0 , 𝑐𝑔𝑡 (𝑠)) at a height of 1 meter in air above
the axis of the pipeline (on a straight line 𝑉𝑈𝐴𝑉 ).

Figure 2. Given transition resistance of insulation (Ohm*m 2) at the boundary “ground/pipe”.

Figure 3. Module of magnetic induction vector (T) at height of 1 m. in the air over the pipeline axis.
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Koef

Figure 4 shows the results of computational experiments performed in accordance with the above
algorithm for solving the inverse problem IP. Here are the values of the found transient resistances
at the «soil/pipe» interface depending on the variation in the level of uniform noise added to the
initial data (𝛿𝑛 = 10 and 20 %) and the values of the multiplicative coefficient 𝑘𝑜𝑒𝑓 that determines
the flight altitude of the sensors of the magnetometric system. Comparison of the 𝜌𝑐 values shows
that the best heights of magnetometric measurements for determining the transient insulation
resistance are heights from 2 to 4 lengths of pipe sampling sections.
𝛅𝐧 = 𝟏𝟎%
𝒄𝒈𝒕_𝒅𝒆𝒇 (𝒙)

,

𝒄∗𝒈𝒕 (𝒙)

𝛅𝐧 = 𝟐𝟎%
, Ohm·m

2

𝒄𝒈𝒕_𝒅𝒆𝒇 (𝒙)

, 𝒄∗𝒈𝒕 (𝒙)

, Ohm·m2

0.5

∗
𝜌с = 4022.085; 𝐹1 (𝑐𝑔𝑡
(𝑥)) = 3303.059 ; 𝜌𝐵 = 102.357
𝒄𝒈𝒕_𝒅𝒆𝒇 (𝒙)
, 𝒄∗𝒈𝒕 (𝒙)
, Ohm·m2

∗
𝜌с = 5023,803 ; 𝐹1 (𝑐𝑔𝑡
(𝑥)) = 6611.634 ; 𝜌𝐵 = 158.546
𝒄𝒈𝒕_𝒅𝒆𝒇 (𝒙)
, 𝒄∗𝒈𝒕 (𝒙)
, Ohm·m2

∗
𝜌с = 513.122 ; 𝐹1 (𝑐𝑔𝑡
(𝑥)) = 834.226 ; 𝜌𝐵 = 10.122
𝒄𝒈𝒕_𝒅𝒆𝒇 (𝒙)
, 𝒄∗𝒈𝒕 (𝒙)
, Ohm·m2

∗
𝜌с = 334.102; 𝐹1 (𝑐𝑔𝑡
(𝑥)) = 1668.873 ; 𝜌𝐵 = 10.168
𝒄𝒈𝒕_𝒅𝒆𝒇 (𝒙)
, 𝒄∗𝒈𝒕 (𝒙)
, Ohm·m2

∗
𝜌с = 3.149E-11; 𝐹1 (𝑐𝑔𝑡
(𝑥)) = 420.432; 𝜌𝐵 = 1.007E-07

∗
𝜌с = 13347.777 ; 𝐹1 (𝑐𝑔𝑡
(𝑥)) = 841.723; 𝜌𝐵 = 37.637

2.0

4.0

Figure 4. Comparison of the given ( 𝒄𝒈𝒕_𝒅𝒆𝒇 (𝒙) ) and obtained ( 𝒄∗𝒈𝒕 (𝒙) ), as a solution of an inverse
problem IP, functions of transition resistance at the boundary of “ground/pipe”.

4. Conclusions
The article concerns the mathematical model of the mathematical geophysics problem to determine
transition resistance at the boundary “ground/pipe” of the main pipeline on the basis of
magnetometry data. Then inverse problem solution is found as an extremal of a regularizing
functional by A.N. Tikhonov in the set of piecewise constant limited functions. There are given the
results of the simulating experiments. The influence of the noise level in the given data and the
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height of movement of the sensors of the magnetometric system in air on the simulation results is
shown.
The above mathematical model of the problem is simplified – it does not take into account the
residual magnetic stress of the pipeline rings (between welded joints). Residual magnetization for
each of the fragments is formed during the production of hot-rolled pipes. The model also does not
take into account the influence of the magnetic field of the welded joints themselves, areas of the
stress-strain state and other parameters. The influence of these and other unaccounted for
parameters requires additional research and computer experiments. However, the above
experiments show that, on the basis of the presented mathematical models, it is possible to
determine the function of the transient resistance at the “ground/pipe” interface, which reflects the
state of the pipeline insulation coating. To determine it more qualitatively, it may be necessary to
fine-tune the parameters used in computational procedures (for example, the regularization
parameter). Reducing the length of the pipe segment ℎ𝑠𝑔𝑚 to a length of 1 meter typical for
practical use, leads to an increase in the dimension of the inverse problem. This entails a significant
increase in the simulation time and requires the use of multiprocessor systems and parallel
programming technologies to speed up the computation or/and a neural network approximator for
quickly solving direct problems used in the Tikhonov method.
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