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Abstract

The growing relevance of hybrid nanofluids (HNFs) in advanced thermal management systems has driven extensive research in
recent years. Nevertheless, the cumulative effects of thermal and solutal buoyancy, MHD, viscous dissipation, and Newtonian
heating/cooling on HNF transport remains unaddressed. Motivated by their significance in solar energy systems, electronic
cooling, and chemical reactors, this study presents a comprehensive numerical investigation of magnetohydrodynamic (MHD)
hybrid nanofluid flow over a porous stretching sheet, incorporating the combined effects of thermal and solutal buoyancy forces,
Newtonian heating/cooling, viscous dissipation, and heat generation/absorption. The hybrid nanofluid (Cu/ALOs-water) is
modelled using the Tiwari—Das approach. The governing PDEs are transformed into ODEs through similarity transformations
and solved using a finite-difference-based Runge—Kutta—Fehlberg method in MATLAB. The analysis reveals that both thermal
and solutal buoyancy significantly enhance fluid temperature while reducing nanoparticle concentration through stronger
convective transport. The skin-friction coefficient enhances with the copper nanoparticle volume fraction but decreases with
solutal buoyancy. The hybrid nanofluid demonstrates superior heat-transfer performance, with up to a 16% higher Nusselt
number compared to single nanofluids, making it ideal for thermal regulation in microchannel heat sinks and renewable energy
systems. Validation against prior literature confirms the model’s accuracy.

Keywords- Hybrid nanofluid, Newtonian heating/cooling, Buoyancy effect, Joule heating, Viscous dissipation, Stretching sheet.

1. Introduction

The study of extrusion techniques in engineering and technology, the motion of biological fluids, glass
fibre manufacturing, and lubrication processes such as the forcing out of plastic has gained significant
recognition in recent decades. Much of this attention has been directed towards investigating flow
behaviour over stretching surfaces. The pioneering work of Siddappa and Abel (1985) examined
boundary-layer flow over a stretching sheet, while Mahapatra and Gupta (2002) studied the behaviour of
incompressible viscous fluids over a deformable surface. Subsequent studies, including those by
Vajravelu and Rollins (1992) and Wang and Mujumdar (2007), highlighted the thermal behaviour and
flow properties of fluids across stretching surfaces under various physical effects. These studies
collectively established stretching-sheet flows as a central model for analysing boundary-layer transport.

Building on this foundation, researchers broadened their studies to nanofluids, further aiming to enhance
mass and heat transfer in stretching sheet configurations. Keblinski et al. (2002) demonstrated that
classical macroscopic theories fail to explain the experimentally observed thermal conductivity
enhancement and proposed new mechanisms such as Brownian motion and liquid layering. When Oztop
and Abu-Nada (2008) studied nanofluids in natural convection enclosures, they discover a significant
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increase in heat transmission. Khan and Pop (2010) investigated boundary layer nanofluid flow past a
stretching surface and reported significant enhancement in thermal transport compared to pure fluids.
More recently, Turkyilmazoglu (2024b) revealed new time-dependent solutions for unsteady
stretching/shrinking sheet flows, while Turkyilmazoglu (2024a) investigated nonlinear similarity flows
triggered by stretching/moving sheets with applications in electrospinning and atomization. These works
show the relevance of stretching-sheet models in modern industrial processes.

Although nanofluids provided notable advancements, researchers later developed hybrid nanofluids to
achieve even higher thermal efficiency. Suresh et al. (2012) experimentally carried-out studies on the
convective heat transport of (Cu/AlL,Os water) hybrid-nanofluid in a evenly heated circular-tube and
discovered higher heat transfer rates with only a slight increase in skin friction compared to single
nanofluids. Devi and Devi (2017) found a 11% enhancement in Nusselt number for hybrid nanofluids
over nanofluids and 17.3% over water. Aly et al. (2023) investigated hybrid-nanofluid flow across a sheet,
incorporating viscous-dissipation and partial slip, revealing significant improvement in heat-transfer.
Researchers (Varatharaj et al., 2024; Khan et al., 2025) investigated hybrid- nanofluid flow and
discovered that they are more efficient than nanofluids and pure water, making them suitable for advanced
cooling applications.

With the emergence of hybrid nanofluids, entropy generation and slip effects became crucial factors for
modeling nanoscale and microscale transport. Ibrahim and Shankar (2013) examined the slip flow of
nanofluids across permeable stretching sheets, and noticed reduction in heat transport as well as velocity.
Under slip conditions, Varatharaj et al. (2025) showed that ternary hybrid nanofluids further enhance heat
transfer over stretching sheet, verifying the increasing efficiency of multi-component nanoparticle
systems. Researchers (Naqvi et al., 2024, Sakkaravarthi and Reddy, 2024, Hayat et al., 2024) highlighted
the outcomes of boundary conditions and slip effects on entropy generation in a range of nanofluids.
Considering convective and thermal slip conditions, Kandukoori et al. (2025) studied HNF (MgO-
ZnO/water) transport over exponentially stretching sheet with viscous dissipation, focusing entropy
generation. Abrar et al. (2025) numerically studied the entropy optimization of in tangent hyperbolic fluid
flow over stretching sheet, demonstrating that entropy generation increases with Brinkman number, and
Darcy dissipation with applications in water soil infiltration and oil recovery, while Aziz et al. (2020)
considering velocity slip conditions, analysed the entropy, heat transfer of electrically conducting hybrid
nanofluid over stretching horizontal surface. Arif et al. (2023) illustrated the physical-perception of
entropy generation in a curved-surface with cross diffusion and transpiration. In the findings, it is
culminated that in case of blood-based hybrid-nanofluid the heat transfer rate is 19.16% whereas there is
an enhancement of 16.42% in case of menthol-based hybrid-nanofluid. Using the Eyring-Powell model,
Ogunseye et al. (2020) looked into entropy production in the viscous hybrid-nanofluid flow, revealing
hybrid-nanofluid have enhanced thermal characteristics in comparison to regular fluid. Acharya et al.
(2022) explored entropy generation on flow of unsteady hybrid nanofluid over a rotating disc with slip.
As slip effects gained prominence, attention also shifted to magnetic fields, which play a decisive role in
modifying nanofluid and hybrid nanofluid transport.

The application of MHD in nanofluids is vital for controlling thermal and electromagnetic flow. Abbas et
al. (2024) analyzed second-grade nanofluid flow over an inclined surface under the combined effects of
MHD and porosity. Santosh and Parida (2023) investigated MHD nanofluid flow with heat generation
over nonlinearly stretching sheets, revealing mechanisms for controlling thermal profiles. Turkyilmazoglu
and Alotaibi (2025) examined asymptotic MHD viscous flow through porous-walled pipes. Sobale et al.
(2025) focused on flow of MHD ternary hybrid nanofluid under the effects of viscous dissipation,
radiation over stretched sheet and findings shows that ternary HNF shows enhanced heat transfer. Uygun
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and Turkyilmazoglu (2025) investigated MHD Bingham fluid flow over rotating disks regulated by
electric fields. Khalatbari et al. (2025) thoroughly evaluates the most recent studies on hybrid nanofluids,
providing novel insights into their design methodologies and thermophysical characteristics. To further
improve such models, buoyancy effects both solutal and thermal have been incorporated, as they are
fundamental convection drivers in nanofluid systems.

Thermal buoyancy refers to the buoyant force generated within a fluid due to temperature variations.
Solutal buoyancy, also known as compositional or concentration buoyancy, is the buoyant effect
generated by solute concentration changes in a fluid. Abdelhafez et al. (2024) studied EMHD flow with
thermal buoyancy effects over a stretched-sheet in porous media, exhibiting strong temperature
enhancement. Incorporating buoyancy effects, Rafique et al. (2025) investigated the stagnation point flow
of an AL0s—Cu/H-0 fluid over an inclined-cylinder, revealing buoyancy-driven dual solutions. Waini et
al. (2021) enlightened hybrid-nanofluid flow on an exponentially shrinking/stretching sheet and reported
bifurcation behaviour due to buoyancy reversal. Tanuja et al. (2024) investigated the flow behaviour of a
HNF composed of tin oxide and silica nanoparticles dispersed in engine oil, flowing through porous-
media adjacent to a semi-infinite flat plate. Following Darcy—Brinkman model, Khan et al. (2021) inquire
into the results of buoyant force on hybrid-nanofluid stream in the saturated porous media over a plate
placed vertically. The results are distinct for Positive buoyant flow (Ac < 0), but has dual or many
outcomes occur for buoyancy-opposing flow (ic < 0). Two kinds of HNFs were considered by Rana et al.
(2023), who compared and evaluated the thermal-transport performance of these two sets of HNFs in the
presence of buoyant-force. Owing to their practical relevance, Researchers (Farooq et al., 2024;
Mahmood et al., 2025) enlightens the effects of buoyant force and entropy generation of HNF flows
across various media. Abdou and Al-Wtheeh (2025) examined flow of nanofluid (Cu—water) along a
vertical surface in non-Darcian porous-media, accounting for Joule heating, viscous dissipation,
suction/injection, buoyancy effects on mass and heat transfer.

1.1 Research Gap and Present Study

Although many studies have examined hybrid nanofluid flow over stretching sheets, the combined effects
of thermal and solutal buoyancy, Newtonian heating/cooling, and viscous dissipation in HNFs remain
insufficiently explored. Most existing work overlooks these interactions, limiting understanding of
coupled heat and mass transfer under realistic boundary conditions. This study addresses this gap by
analyzing the buoyancy-driven HNF flow with Newtonian thermal effects over a stretching surface by the
expanding the findings of Joyce et al. (2023). The interplay of mass & heat transfer along with buoyancy
effects is crucial in several practical usages to enhance the efficiency and effectiveness of various thermal
and chemical processes.

The parameters incorporated in this study is given in the Table 1 and are chosen because they directly
affect momentum, solutal and thermal transport in boundary layer flows and are essential to industrial and
engineering processes.

The novel findings of the current study are listed below.:

e In HNF flow, incorporation of solutal and thermal buoyancy in momentum equation, has rarely been
overlooked together, especially for (Cu/AlOs water) mixture.

o Inclusion of heat source/sink and viscous dissipation in the energy equation, create a more realistic
model of energy transport in engineering applications.

e Convective boundary-conditions are used.

o The shooting technique in conjunction with Runge-Kutta-Fehlberg's scheme to solve the mathematical
model.
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e Comparison of single nanoparticle nanofluids with the HNF, emphasising performance benefits.

Table 1. Applications of parameters and its physical significance.

Parameter

Meaning

Applications

Joule heating

Heat generated due to electrical resistance in magnetic
fields

nuclear fusion systems, MHD devices, electronic cooling

Buoyancy Force
(Thermal and Solutal)

Generates natural/mixed convection due to temperature
and concentration variations

electronic devices, Cooling of solar-collectors, nuclear
reactors

Heat source/sink

Internal energy generation/absorption

Chemical reactors, combustion chambers, solar absorbers

Viscous Dissipation

Conversion of Kinetic energy to internal energy

electronic cooling, lubrications MHD devices

Velocity Slip

Non zero velocity relative to solid surface at the boundary

biomedical flow, Micro/nano-scale devices

Newtonian
heating/cooling

heat exchange through convection

heat exchangers, solar energy collectors

2. Mathematical Description

Consider a 2D, steady and incompressible flow of hybrid-nanofluid composed of two types of NPs,
Copper (Cu) and Aluminium Oxide (4/,03), over a porous stretching sheet as illustrated in Figure 1.
These two NPs have varied range of industrial and engineering applications as mentioned in literature.
The associated thermophysical-properties are shown in Table 2 and the effective thermophysical
properties for hybrid-nanofluid are shown in Table 3.

The energy equation governs the thermal field. Beyond convection and conduction, Heat transfer is
affected by many irreversible mechanisms like viscous dissipation, heat source/sink, joule heating.
Therefore, it is physically and naturally acceptable to incorporate more terms in energy equation. In the
present model, it is empowered by heat sink/source and viscous dissipation terms. With the addition of
these terms, the thermal analysis becomes more relevant and practical in engineering applications such as
nuclear/solar thermal systems, polymer extrusion and electromagnetic cooling devices.

The coordinate system is specified such that the x-axis is taken along the stretching sheet and the y-axis is
normal to it. The sheet is stretched at a steady pace u.(x) = ax with a > 0, where a is stretching rate. Here

T, : ambient temperature, C, : ambient-concentration.

The following assumptions are made:

e The hybrid-nanofluid is assumed to be incompressible and Newtonian.
o The state of fluid and NPs are in thermal-equilibrium.

e Since the induced magnetic-field is minimal, it is neglected.

A
u—-0T7r-7T,C—C_
>
By
2 > xu
_—

a a
u=u,+Lv= o'kk"fa_,r- =h(r-T1,)C=C,

Figure 1. Problem’s physical model.
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Under the above assumptions, the governing equations for conservative momentum, energy, &
concentration in a steady 2D flow of a hybrid nanofluid are:

am, v, (1)

ox Oy

ou  Ou 1 u u

ua+‘}5:p_|:luhnf [y_Fj_ahnfBozu—l—g(pﬂ)hnf (T_Tw)+g(pﬂ)h/y’(c_cw):| (2)
hnf

or  oT 1 T - ou’Y

oL e k  ——+0, B u*+ = | +q(T-T 3

oC oC o*C

”a”@zDM[ayz}k’(C_C“) N

The associated boundary-conditions are

z't:uw—'_us[ip :MW-FL(Z—MJ’ khnf (aa_TJ:hs (T_T;v)ivsz :05 C:Cw aty:() (5)
v y

T—>T, u—>0C—>C, asy—>x»

Here C, T denotes concentration and temperature of the hybrid-nanofluid, while v, u are velocities along
y-axis and x-axis respectively. Furthermore, Dy, k-, By, k™ represents mass diffusivity, rate of chemical-
reaction, magnetic-field strength, and permeability of porous-media.

The boundary conditions in Equation (5) are explained as follows:

At n =0, velocity slip condition (partial slip effects) is incorporated where velocity of fluid is inconsistent
with sheet velocity, but is proportional to the rate of change of velocity near the wall, play a key role in
nano and micro-scale flows. Thermal boundary condition is of convective type, where the temperature at
the wall is determined by heat transfer with the ambient medium. The no-penetration condition assures
with no suction/injection across its surface. The solutal concentration at the surface is specified to control
how mass is moved at the wall.

At p—o0, the concentration and temperature tend to their respective ambient conditions, whereas velocity
approaches the free-stream value.

Table 2. Thermo-physical properties of nano-particles & water (El-Dawy and El-Amin, 2021; Krishna et al., 2021).

Properties o(s/m) k (WimK) Cp(J/kgK) p (kgim®)
ALO; 3.69 x 107 40 765 3970
Cu 5.96 x 107 400 385 8933
water 5.5x10-6 0.613 4180 997.1

Copper and Aluminium oxide nanoparticles are incorporated in this study due to the complementary
thermophysical properties. 4/20; nanoparticles (NPs) enhance the heat absorption and suspension stability
by providing high specific heat, superior chemical stability and lower cost. In contrast, Copper
nanoparticles show high thermal conductivity (around 400/ / mK) which enhances the suspension
capacity to transfer heat. The combination of A/:0s and Cu nanoparticles dispersed in water guarantees
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both enhanced thermal conductivity and stable dispersion, making the hybrid nanofluid particularly

suitable for applications such as electronic cooling, solar collectors, and advanced heat exchangers and
microchannel heat sinks.

Table 3. Thermo-physical properties of HNF following (El-Dawy and El-Amin, 2021; Krishna et al., 2021).

Properties Hybrid-Nanofluid
Heat capacity (PC )y = $(PC,), + (=)A= )(PC,) , + i (pC))\]
Electrical %:H—G 3Ua/o)-1id, Where%:H—a 3Ua/o) 14
conductivity & :j+2—{(02/0/)-1}¢2 / ;i+2—{(0,/0,)-1}¢.
Density Pis = (1-¢)l 7¢1),0/ +épl+épo,
Dynamic- viscosit; v -

Yy y Inf (1_¢1)2.5(1_¢2)zv5
Thermal Ky _ k, +2k,, -2¢, (k”/ —k,) k}ij/: ko + 2k, -2, (k, —k)
conductivity ky  ky+2k,+¢(k, —k,) where k. k+2k, +¢(k,—k)

Following (Devi and Devi, 2017; Krishna et al., 2021) for a numerical solution of Equations (1) - (5) by
the appropriate similarity variables as follows:

= / oy oy
l//(ﬂ)—x avlff(n)au—g,\/——a,n_ ’%fy’

(6)
v==av, f)y.u=axf'(n).0(n)= ; _77% ’g’)(”):%

Using the Equation (6), the Equations (1) — (5) becomes

f"’—Kpf’+i{@(ﬁ‘”—f’z)—%Mf’+@[Gr0+Gc¢]} -0 )

Moy | Py Oy Pr

(pCP)/ k f 1 O H

| 9"+ M Ec f? + L Ec f 0'+06=0 8

(,DCI,)W{/W o +af cf +#f cf }+f +Q ®)

¢"+Sc(f¢-K,$)=0 ©)

The BCs are:

7'(0) =1+/1f"(o),9'(0)=—:—fBi{1—9(o)},f(o)=o,¢(0)=1am =0 (10)
hnf

0(0)=0, f"(0)=0,4(c0)=0asn — oo
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k v, v, B> 2.2 h V.
WhereaKr Z_VISCZ_f’Pr :L’M = g 0 ,EC= ax ,BZ.Z_S,KPZ—I*Q
a D, a apy (T,-T. )(Cp )f k ak

8B 8B . :
i=L % ,0= L,G}f == (Tw -T, ), Ge= —]f(Cw - Cm) are chemical reaction parameter,
Vi ('0 CP )h f a athy W

Schimdt number, Prandtl number, magnetic parameter, Eckert number, Biot number, porosity parameter,
slip parameter, heat source/sink parameter, thermal and solutal Grashof numbers respectively.

The nonlinear Equations (7) - (9) with the boundary conditions (10) comprises a well posed boundary
value problem. The governing equations satisfy the Lipchitz-Continuity in the permissible domain and are
smooth. So, by Picard-Lindelof theorem, the transformed initial value problem which is solved by
Shooting technique possesses a unique solution. Also, only one velocity, temperature, and concentration
profile can satisfy both free-stream behaviour and wall conditions. More than one solution indicates
different flow states in the same conditions, which is impractical for this type of laminar boundary layer
problems.

The skin friction coefficient, Nusselt and Sherwood numbers are the physical quantities of engineering
interest and are defined as

Cf, =25 = Re2 ¢, =22 17(0),
pu, #y
- k
Nu, =—Lo s Re 2 Nu, =—-"L¢/(0) (11)
TR -m) TR T
xq,, *V '
Sh,=—="——=Re /> Sh =—¢'(0
X DM(CM—C“J) X X ¢( )
where, 7, =, . (%J 24, =~k (a—TJ .q,=—D,, (G_Cj and Re, = "X are surface shear stress,
oy =0 "oy =0 oy =0 v

heat flux, mass flux and local Reynolds number respectively.

3. Entropy Generation

In MHD viscous flow, entropy generation arises due to several irreversible effects such as:
e Heat conduction through finite temperature gradients,

e Viscous dissipation from fluid friction,

e Ohmic (Joule) heating due to interaction of the magnetic field with the conducting fluid.

For this study, the Volumetric entropy generation rate is given as
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k B;
hnf (asz (Ghnf 0 ) 2 Xt (Gu ]2
E; = | — + —u + —
T oy T, T, oy
_— _— _
Thermal irreversibility  Joule dissipation irreversibility ~ Nanofluid friction irreversibility (12)
Hanf 2 RD,, (ac ar] RD,, (acjz
—u + — —— |+ —] —
T k T, Oy Oy C, \o
| —
Porosity irreversibility ~ Nanoparticle mass transfer irreversibility
The entropy generation characteristic is
E — a(]ww _T"J)kf
0 s
T,
and
E, i, Os A f ' . .
Ny=—S5="" 40" + "L MBrf”+B|¢0' +—¢" |+ Lo py. L+ " | is entropy-generation number.
E, K oy 4 Hy E
2.2
ax RD T -T c -C
where, Br = ad ,B=—H4 (CW—COC),Az W% A= 2
k(T,-T,) k, T, C,

Here, A and A' are temperature and concentration difference parameter, Br is Brinkman number, and B is
Diffusion Parameter.

The Bejan number represents the fraction of mass and heat transport to overall entropy.
k !
ﬂAel2 +B ¢!9!+i¢!2
k, A
Be = ' (13)

k. o, . ' : '
ﬂA@'z + hnf MBrfrz +B|:¢!0'+A¢,2:| + :uhnf Bl"|:f+f"2:|
ky G 4 Hy E

Therefore, it is evident from (13) that Be is in the range between 0 and 1. It is implied that heat
transmission predominates over irreversibility when Be >> 0.5. The irreversibility is brought on by
porosity, viscous dissipation & Joule-heating for Be << 0.5. This suggests that irreversibility resulting
from heat-transfer, porosity, Joule heating, & viscous-dissipation are similar when Be = 0.5.

The analysis on Entropy generation is incorporated to analyse the thermodynamic efficiency of the hybrid
nanofluid system. It gives a measure of irreversibility in mass and heat transfer processes, which is crucial
in cooling and energy applications. The balance between enhanced heat transfer and entropy minimization
is central to the present investigation. In the present model, higher entropy generation reflects stronger
irreversibilities due to mechanisms such as buoyancy forces, Joule heating, and viscous dissipation, which
reduce the thermal efficiency of the system. Conversely, lower entropy generation indicates minimal
irreversibility, resulting in more efficient mass and heat transfer. Thus, evaluating entropy generation
offers insights into the energy efficiency and optimization of hybrid nanofluid-based engineering systems.
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4. Numerical Solution

The non-linear coupled ODEs (7) - (9) with BCs (10) are numerically resolved using Runge-Kutta
Fehlberg's approach with the Shooting technique. This method (also known as the Fehlberg-method) is a
numerical algorithm used to solve ODEs. It is a 4™ order method equipped with a 5" order error estimator.
The overall numerical procedure adopted for the present computation is illustrated in Figure 2.

The algorithm is as follows:

Step 1: Conversion of BVP to IVP:

Firstly, this approach converts the boundary value problem (BVP) into a system of first-order IVP, and
are:

f'=p
P'=q
’ /’l pn' Gn' pn’
q =Kp(p)——f{ﬂ(fq—pz)—LMp+A[Gr6’+G6’¢]
Hyp | Py Oy Py
0'=s (14)
o. . X pC ).
s':—i |:—h"/MEcp2 +/uh—"/Ecq2:|+—( p)‘/ [fs+ﬂu9]
a || o, Uy (pCp )hnf
¢ =w
w' =Sc[K,¢— fiw]
k, .
where, g, = hnf i
k, Pr

The boundary conditions are:
p(o):1+/1q(o),s(o)=—k—fBi{1—9(o)},f(o) =0,4(0)=1atn=0

K (15)
0()=0,p()=0,4(0)=0

Step 2: Initial guesses for unknown conditions:
Since some boundary conditions are specified at infinity (77, ) (or a sufficiently large finite value),

unknown initial slopes are assumed at the wall (at # = 0). These guesses are crucial for initiating the
numerical integration.

Step 3: Numerical Integration using RKF45:

The system of first-order ODEs is solved using the RKF45, which provides an adaptive step size and
error control. This method ensures numerical stability and high accuracy for stiff boundary layer
equations.

Step 4: Shooting and Correction Technique:

After integration, the obtained solution is checked against the specified boundary conditions at the far-
field (as #—o0). If discrepancies are observed, the initial guesses are updated using a root-finding
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algorithm such as the Newton—Raphson method. The process iterates until all boundary conditions are
satisfied within a pre-defined error tolerance.

Step 5: Convergence Criteria and Grid Independence:
A uniform step size of # = 0.001 is used in the integration process. The solution is considered converged

when the relative error in all boundary conditions falls below 107. Grid independence is confirmed by
repeating the numerical solution with smaller step sizes and verifying that the results remain unchanged

beyond a certain precision level.

[ Convert BVP into

wvp

I

Guess the unknown ]

initial conditions

4

. Modify initial guesses
technique to “—| by Newton’s method
solve IVP

If, residuals < error Calculate residuals of If, residuals > error
tolerance boundary conditions tolerance
\_\——(> [ Final solution ]

Figure 2. The flow chart of the numerical method.

5. Convergence Analysis and Grid Independence Test

5.1 Convergence Analysis

The RKF45 is known for its high accuracy, adaptive step size control and ideal for solving nonlinear
ODEs. Its intrinsic formulation guarantees unconditional stability in non-linear systems experienced in
nanofluid flow and MHD.

The iterations continued until the convergence criterion satisfied:
max |u* —u M 1<107

5.2 Grid Independence Test

A grid independence test was conducted to guarantee the reliability and accuracy of the Runge Kutta—
Fehlberg method. The numerical results for skin friction coefficient, Nusselt number and Sherwood
number were evaluated for several grid sizes. Table 4 demonstrates the Grid Independence analysis.
showning that results become practically unchanged for Ay < 0.002. Based on this observation, a very

251 | Vol. 11, No. 1, 2026



Santosh & Parida: Enhanced Thermal Efficiency Using Hybrid Nanofluids in MHD Boundary ...

fine step size of Ay = 0.001 was selected for all computations to ensure high resolution and numerical
stability.

Table 4. Grid-independence analysis.

Step size A Number of grid points (N = ’7% ,7) Sherwood-number Skin-friction coefficient Nusselt number
0.001 1000 0.3805 0.9585 0.5686
0.002 500 0.3805 0.9585 0.5686
0.005 200 0.3802 0.9584 0.5682
0.010 100 0.3791 0.9576 0.5672

Step size of Ay = 0.001 is used throughout the analysis for optimal accuracy and the comparison validates
that the results are independent of further grid refinement beyond Ay = 0.002.

6. Results & Discussion

The non-linear ODEs equations in Equations (7)-(9) together with boundary conditions in Equation (10)
are solved using Keller box technique to find results. In this discussion, an equal grid size Ay = 0.001 is
used and solutions are obtained with an error tolerance of 10 with the parameter values Pr = 6.2,
Ec=0.1,4 =¢, =0.02,4=0.1,M =03 Gr=Gc=2,K, =0.1,5¢=0.6,0=0.1,Kp=0.3,Bi =0.1. To
have a comprehension of the physical nature of the problem, the essential elements of flow, heat and mass
transfer characteristics are analysed. Numerical simulations are carried out for the governing parameters.
The accuracy of numerical code is achieved by comparing the numerical outcomes of the current
investigation with the earlier results of Devi and Devi (2016) and Ahmad et al. (2021) as seen in Table 5.
It is clear from the table that a very good agreement is observed.

Table 5. Result Comparison of —9'(0) for different values of Pr where Ec=0.1, n=1, Kp=2, M=0.3, Gr =G¢=0,

Sc=1, K,=0.2.
Pr Ahmad et al. (2021) Devi and Devi (2016) Present result
2 0.91045 091135 0.911238
7 1.89083 1.89540 1.895026
20 3.35271 3.35390 3.352775
70 6.47814 6.45614 6.458249

e FEffect on velocity field:
Figure 3 demonstrates the consequences of the volume-fraction of Cu and A/,0s nanoparticles on the

velocity of a hybrid nanofluid. Augmenting ¢, (Cu nanoparticles) lessens the nanofluid's velocity because

of the greater flow resistance brought on by the higher density, intensified viscosity, and improved
thermal dissipation. But opposite effect is observed for 4/,0s nanoparticles as the fluid experiences less
inertia, lower viscosity, and less resistance, allowing it to flow more freely. Figure 4 depicts the
implications of M and Kp on the velocity-profile of hybrid-nanofluid. The figure clearly demonstrates that
that as porosity escalates, the effective flow area decreases, leading to greater resistance, causing a
consequent drop in fluid velocity. Also, the hike in M, introduces a Lorentz-force that counteracts the
flow, diminishing the hybrid-nanofluid’s velocity. Figure 5 explains the repercussions of Gr and Gc on
velocity profile. Temperature at the stretching sheet differs from that of the surrounding fluid as the
thermal Grashof number escalates. Because of the buoyancy forces produced by this temperature
differential, the fluid is forced upward or outward from the surface. Essentially, the stronger the buoyancy
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effect, the greater the upward or outward push on the fluid, leading to an enhanced velocity. Similar scene
has been witnessed in case of Gc. Greater concentration differences deliver stronger buoyancy effects,
which lower fluid motion resistance and raise the fluid’s-velocity. Figure 6 demonstrates the
consequences of thermal-slip on profile of velocity. It is clearly seen that velocity gradually diminishes
when slip parameter hikes but from 7 = 0.47 (nearly), reverse effect has been noticed.

1 T T T
—— ¢$,=0,4,=0,
o8 —— $,=01,6,=0
—— $,=03,$,=0
$,=0.3,4,=0.1
_osf —— ¢,=03,4,=03 "
E
-
0.4t 1
02} 1
0
0 1 2 3 4 5 6 7 8
n

Figure 3. Illustrations of velocity with ¢ and @, .

1.2 : . . , .
—— M=0.1,Kp=0
—— M=0.5Kp=0
—— M=1,Kp=0
M=1,Kp=05
—— M=1,Kp=1

Figure 4. Illustrations of velocity with M and Kp.
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Figure 5. Illustration of velocity with Gr and Gc.
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Figure 6. Illustration of velocity with A .

e FEffect on Temperature Field:

From Figure 7, it is concluded that, a greater volume proportion of both nanoparticles indicates more
surface area is available to absorb and transfer heat. These particles are spread over the base fluid and
transmit heat more efficiently from the stretching sheet to the rest of the fluid, raising the overall
temperature. Also from Figure 8, it is determined that enhancing M usually raises the hybrid-nanofluid’s
temperature. This is because as soon as an external magnetic field is introduced to a hybrid-nanofluid,
Lorentz forces are produced. These forces impede the fluid's velocity, causing energy to dissipate as heat
which raises the fluid's temperature. However, the opposite effect has been observed in case of Kp,
because increased porosity facilitates fluid flow through the porous material, generally leading to
improved convection. This enhanced convection raises heat transmission away from the fluid, which
lowers its temperature. Figure 9 demonstrates the repercussions of slip parameter and Biot-number on
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temperature profile. Surface convective heat transfer efficiency is enhanced with increasing Bi, allowing
more heat to be transmitted from sheet to the hybrid-nanofluid, causes a greater fluid temperature whereas
larger thermal slip parameter implies a weaker heat transfer between the fluid and solid-surface, meaning
less heat is conducted into the fluid, resulting in a drop in temperature. Figure 10 indicates the variation
of temperature with varying Gr and Gc. Enhancing both Gr and Gc leads to stronger buoyancy-driven
convection due to temperature and concentration differences respectively which in turn enhances heat
transfer and raises the overall temperature. It is observed from Figure 11 that as Ec rises, viscous forces
inside the fluid are powerful enough to transfer a large portion of its kinetic energy into heat, resulting in
a rise in temperature. Also, hike in Q (> 0 heat source) means, more heat is being generated internally
within the hybrid-nanofluid. This additional heat directly elevates the thermal energy of the fluid,
resulting in an increased temperature whereas for Q < 0 acts as the heat sink produces the opposite effect.

0.3

0.25 |

Figure 7. Illustrations of temperature with ¢ and ¢, .
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0.2 _M=1,Kp=1
=
= 0.15
>
0.1
0.05
0 .
0 1 2 3 4 5 6 7 8

Figure 8. Impacts of M and Kp on temperature.
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Figure 11. Impacts of Q and Ec on temperature.
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e [Effect on Concentration Field:

Figure 12 demonstrates the repercussions of Sc and K, on concentration profile. Enhancement in Schmidt
number reduces the concentration of solutes or nanoparticles in the hybrid nanofluid by slowing the
diffusion process, thereby causing greater dilution and lowering mass transfer efficiency. But in case of
raising K, when the reaction is generative, it enhances the nanoparticles particle production and retention,
resulting in an overall rise in concentration. From Figure 13, it is observed that due to higher Grashof
numbers (Both Gr and Gc¢), there is an elevated buoyancy, which in turn enhances convective transport
and reduce diffusion, ultimately contributing to a reduction in nanoparticle concentration. Figure 14
explains the ramifications of M and Kp on Concentration. Increasing M reduces convective transport,
enhance diffusion, and potentially hikes the boundary layer thickness, all of which can contribute to a
higher nanoparticles-concentration in the hybrid-nanofluid. Also, increased porosity may result in a
thicker boundary layer, resulting in higher surface nanoparticle concentration, which ultimately hikes the
concentration.

Sc=0.6;Kr=0
0.8 Sc=1;Kr=0
Sc=2;Kr=0
Sc=2;Kr=0.1
0.6 Sc=2; K’=0.15
E Sc=2K =-0.1
he Sc=2;K =-03
0.4
0.2
0
0 1 2 3 4 5 6 7 8

Figure 12. Impacts of Sc and K, on concentration.
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Figure 13. Impacts of Ge¢ & Gr on concentration.
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Figure 14. Repercussions of Kp & M on concentration.

e FEffect on Entropy Generation in the Flow Analysis:

From Figure 15, it is concluded that, enhancement in the M enhances the resistance to fluid motion
caused by the Lorentz force, which subsequently amplifies viscous dissipation and Ohmic heating. These
effects collectively result in elevated entropy generation, reflecting greater irreversibility’s within the
system. Figure 16 demonstrates the consequences of 4 and 4’ on Ng. The temperature-difference

parameter is commonly linked to the magnitude of thermal gradients within the system. A hike in this
parameter suggests that the system permits greater heat transfer with minimal accumulation of

irreversibility’s, potentially reducing thermal entropy generation. Enhancement in the 4’ leads to greater
mass transfer irreversibility’s, which in turn contributes to greater entropy generation. This underscores
the trade-off between concentration gradients and system efficiency, as larger concentration differences
result in enhanced entropy production and diminished overall efficiency. Figure 17 demonstrates the
repercussions of B on Ng. The diffusion parameter relates to the mass diffusion rate within the fluid. As
this parameter hikes, mass-transfer by diffusion becomes more prominent, resulting in greater mass
transfer irreversibility’s. It can be seen from Figure 18 that rise in Br indicates stronger viscous
dissipation in the system and rises entropy generation. This is because greater viscous heating leads to
higher thermal irreversibility’s, thus amplifying the total entropy generation.
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Figure 15. Repercussions of M on Ng.
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Figure 16. Repercussions of 4 and 4" on Ng.
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Figure 17. Repercussions of B on Ng.
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Figure 18. Repercussions of Br on Ng.
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o Effect on Skin Friction, Nusselt Number and Sherwood Number:

In contrast to the effect of magnetic-parameter, we can conclude from Figure 19 and Figure 20 that
elevating ¢ and ¢, enhances the effective viscosity and momentum-transfer within the fluid, leading to
higher surface shear stress and thus a higher skin friction coefficient. Figure 21 makes it quite evident
that augmenting the values of Gr reduces the impact of solutal-buoyancy, resulting in a lesser
concentration driven shear at the surface and a reduction in the skin-friction coefficient against Gc.

1.1 : ; , :
- -~ $,=0.01
1.05 1 1
—— ¢,=0.02
- - - ¢,=0.05
‘._><
(&)
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()} 0.2 0.4 0.6 0.8 1

Figure 19. Skin friction coefficient for different values of @ .
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Figure 20. Skin-friction coefficient for different values of @, .
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Figure 21. Skin friction coefficient for different values of Gr vs Ge.

Figure 22 demonstrates the influence of M on the Nu_ against Kp. An elevation in the M inhibits fluid

flow via the Lorentz force, hence diminishing convective heat transfer irrespective of porosity. This
results in decline of Nusselt-number as the augmented heat transport from flow in the porous media is
reduced. From Figure 23 it is observed that as Biot-number grows, it facilitates the fluid's heat absorption
from the surface and enhancement in convective heat-transfer is seen when copper nanoparticles are
added because they increase the fluid's thermal-conductivity. This synergy raises the Nusselt-number as
the Bi increases against @, . Figure 24 demonstrates the repercussions of K, on the Sherwood-number

against Sc. Augmenting the values of K, accelerates the depletion of species near the surface, reducing the
concentration gradient necessary for convective mass transfer. This leads to a decrease in Sherwood
number, even when the Sc is high, as the reaction limits the effectiveness of both diffusion and convection
for mass transfer.
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Figure 22. Nu, for varying-values of M vs Kp.
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Figure 23. Nusselt-number for varying-values of Bi verses 4, .
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Figure 24. Sh_for various-values of K, versus Sc.

o Comparison with Single Nanoparticle Nanofluid:

The aim of this comparison is to pick out the contributions of each nanoparticle in terms of thermal and
transport behavior type & evaluate their combined impact. So, a comparative study was done between
two conventional fluids: Cu / water, ALO3 / water and AlL,O3-Cu / water HNF to assess the performance
advantages of hybrid nanofluids. The comparison was carried out under identical boundary conditions and
parameter settings by selectively nullifying one nanoparticle’s volume fraction while keeping the total
volume fraction constant.

From Table 6, it is evident that HNF invariably outperforms the single nanoparticle cases. Hybrid
nanofluid attains 16% higher heat transfer rate than 4/;O3/ Water and 11% higher than Cu / water. This
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enhancement is due to the combined thermal behavior of aluminum oxide & copper, Since Cu delivers
high thermal conductivity, while 4/:20s improves suspension stability and specific heat. These findings are
consistent with the trend, since Devi and Devi (2017) also concludes that A:Os—Cu/water HNF has upto
17% higher heat transfer compared to Cu/water. In terms of mass transfer (Sherwood number), the hybrid
nanofluid displayed improved behavior compared to Cu/water and similar/slightly improved performance
over AL:Os/water. In terms of skin friction, the hybrid fluid displays moderate shear stress at the wall,
balancing the high momentum diffusivity of Cu with the relatively lower viscosity increase from A4/:0s.

Also from Table 6, the entropy generation in the HNF was found to be lower than that of the conventional
fluids under equivalent operating conditions, especially in regimes dominated by viscous dissipation and
Joule heating.

Overall, the results reinforce the advantage of using hybrid nanofluids over single nanoparticle
formulations, offering better thermal performance, balanced hydrodynamic behaviour, and improved
system efficiency for a range of engineering applications.

Table 6. Comparison of single nanoparticle nanofluids and HNF for Ec = 0.1, n =2, Kp =2, M = 1.0, Gr = G¢ =2,
Sc=1,K.=0.5, Bi =0.5.

Nanofluid type Skin-friction coefficient Nusselt number Sherwood number Entropy generation
ALOs/ water 0.4886 1.5866 0.948 0.142
Cu / water 0.5379 1.6621 0.954 0.147
ALOs-Cu | water 0.5144 1.8455 0.962 0.128

7. Practical Applications

The findings of this study could lead to major advancements for real-world industrial and engineering
processes. The present study enables the outcomes directly applicable to the microchannel cooling
systems, optimization and design of heat exchangers, and thermal regulation in electronic devices. In
addition, the capacity to control entropy generation and flow stability could have a significant impact for
renewable energy technologies, such as bio-photoreactors, solar collectors, and geothermal reservoirs
where mass and heat transfer is essential. These insights offer a pathway for developing thermal
management systems and next-generation energy-efficient cooling.

8. Conclusion

Considering combined effects of buoyancy, Newtonian heating, viscous dissipation, this study analyses

the boundary layer hybrid-nanofluid (Cu-4/,0; / water) flow, as it passes a linear stretching sheet.

Below are the conclusions:

e Enhancing Gz, Gec and M raises temperature as well as concentration while reducing velocity. This is
useful in electronic cooling, where controlled heat transfer and reduced flow velocity ensure efficient
thermal management using magnetic and buoyancy effects.

e Reduction in the temperature and velocity of hybrid-nanofluid has been seen with the rise in Kp,
whereas reverse-effect has been observed for concentration, highlighting its role in packed-bed
reactors and porous media thermal devices.

o Bi, ¢1 and ¢, elevates the Nusselt-number, enhancing heat transfer but skin-friction coefficient lowers
for ¢1 and ¢2 .

e There is a hike in temperature of HNF with the raise in Ec and Bi, displaying the role of viscous
dissipation and surface heating to extrusion of polymers and lubrication processes.
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Chemical reaction parameter enhances the concentration whereas Schimdt number lowers the
concentration of HNF.

Brinkman number, Magnetic and concentration-difference parameter elevates the entropy generation
whereas reduced by temperature-difference parameter, demonstrating trade-offs in energy-efficient
thermal system design.

Hike in Q (>0) elevates temperature, whereas Q (<0 heat sink), cools the system effectively. This is
useful in thermal energy systems, where heat sources enhance temperature for efficient operation,
while heat sinks are used to prevent overheating and maintain system stability.

In contrast to the impact of M, elevating @ and ¢, enhances skin-friction coefficient. Opposite effect

has been seen for Nusselt-number when M is elevated against Kp.

Sherwood number elevated with the hike in K, against Sc by limiting mass diffusion near the surface.
Hybrid nanofluid exhibits superior heat transfer performance, with up to 16% higher Nusselt number
compared to single nanofluids, proving excellent heat transfer efficiency and thermodynamic
performance.

The rate of entropy-generation was lowest in the hybrid case, indicating better thermodynamic
efficiency.

Optimal parameter combinations are necessary to minimize entropy generation and maximize
thermodynamic performance.

Future Perspectives: Several extensions are still up for future research. This study may extend the model
by integrating non-Newtonian fluids, unsteady flow models, examining ternary hybrid nanofluids
alongside experimental validation to reinforce applicability in industrial systems. Moreover, incorporating
machine learning and optimization methods may open up new possibilities for biomedical applications,
for designing smart cooling system. Further, this study can be extended for a non-linear stretching sheet.

Limitations

Single-phase Tiwari—Das approach is used in the model, assuming uniform nanoparticle distribution
and neglects slip between particles and fluid.

The analysis is confined to 2D steady laminar boundary-layer flow over a stretching sheet, which
might be different from turbulent conditions and complex geometries in real-life systems.
Non-Newtonian rheology, Radiation effects are also not incorporated in this study.

The nanoparticles are considered to be spherical and of uniform size.
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