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Abstract
Group Decision-Making techniques have been applied to combine a group of decision maker’s preferences to deal with
an evaluation of alternatives in a static environment. However, these conventional techniques are only concerned with
an evaluation in a static environment. They cannot solve the policy evaluation problems in a dynamic environment or
under uncertainty. This paper has presented a novel proposed model to handle the policy evaluation problems under
uncertainty by integrating the Picture fuzzy set with the traditional TOPSIS-AHP model. The qualitative and quantitative
factors are been quantified by using Picture fuzzy set to evaluate alternatives in order to make complex decisions in a
dynamic environment. To validate the proposed model, a numerical example was illustrated meticulously. The
experimental results also proved that the proposed method based on the indicator groups in the final urban development
project in Vietnam combined with the expert's expertise and the decision-maker's preference gives the more confident
evaluation result compared to the state-of-the-art works by applying the fuzzy decision point of the policy.
Keywords- Fuzzy, Picture fuzzy set, TOPSIS, AHP, GDM, Policymaking.

1. Introduction
Policymaking is one of three steps (promulgation, implementation organization, and evaluation) in
policy cycles (Kaya et al., 2019; Munro and Cairney, 2020). It is a policy designing process to meet
societies real needs. Policymaking is an extremely important task because the new policy draft is
built whether it is agreed on by concerning agencies as well as citizens or businesses? After
promulgating, does the new policy get support from people or businesses? How to apply the new
policy effectively? Therefore, policymaking must focus on making decisions, especially base on the
high priority decision (Pluchinotta et al., 2019; Long et al., 2021). A conventional Group DecisionMaking (GDM) model is commonly known as collaborative decision-making when decision-makers
give the right decisions in the evaluation of alternatives (de Farias Aires and Ferreira, 2019; Salih et
al., 2019). GDM can be used to combine experts’ preferences to solve complicated problems (Philip
and Hai, 2012). The TOPSIS and AHP model are considered the very strong traditional techniques
for GDM to support the multi-criteria evaluation problems. Hai and Esichaikul (2008), Akram et al.
(2021) combined these techniques to propose the TOPSIS-AHP model to evaluate lecturers based on
the ICT Newhouse Factors. Zaidan et al. (2015) and Kahraman et al. (2018) have also proposed the
integrated AHP-TOPSIS model for software selection using multi-criteria decision-making. These
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methods have demonstrated the effectiveness of the lecture evaluation based on multi-criteria with
the many experts attending. Though, these methods could not solve the quantifying issues when input
data contain the linguistic values.
Recently, the direction of the multi-criteria decision-making approach based on fuzzy techniques has
received much attention from the researcher community around the world. For example, the fuzzy
AHP method is introduced in many works (Kara, 2019; Liu et al., 2020; Salimi and Edalatpanah,
2020), the picture fuzzy set-based decision-making approach is given in studies (Cuong, 2014; Son
et al., 2016; Tang and Liao, 2019; Khan et al., 2020; Lan et al., 2020; Garg et al., 2021; Si et al., 2021;
Sirbiladze, 2021), the fuzzy AHP multi-criteria analysis and mathematical model for the evaluation
of availability based on expert judgment is presented in works by Djenadic et al. (2019) and
Edalatpanah (2020). However, the main limitation in the state-of-the-art works shows that they have
not still handled the evaluation problems in real life when the input information of the attributes
contains vague values. For instance, in relevant examples of real-world problems in terms of
policymaking, suppose that the e-government strategy is evaluated by 300 voters who participate in
the voting process. The results show that 150 voters agree on the government strategy, 80 voters
abstain from the voting process, 40 voters disagree on the strategy, and 30 voters refuse selection.
Their voting scales can be divided into four types, namely, vote for, abstain, vote against, and refuse
the voting government strategy. Besides, these investigations have only been assessed in a static
environment, while decision maker’s preferences, using GDM, can be divided into scales such as the
positive, negative, neutral, and refusal degree of the voting scales in the evaluation of alternatives.
Furthermore, most of the research mainly focused on other sectors’ evaluation problems but bit
attention to the policymaking problems.
Motivated by the mentioned limitations, this paper proposes a novel multi-criteria evaluation model
by integrating the picture fuzzy set technique into the traditional models (e.g., TOPSIS-AHP, Fuzzy
TOPSIS, Fuzzy AHP), the so-called PFS-TOPSIS-AHP model. The proposed model has the
outperformed advantages compared to the other state-of-the-art models in terms of policy evaluation
in a dynamic environment and in recommending the confidence of the new policy by using the fuzzy
decision point. These help the evaluation result to emphasize the positive, neutral, negative, or refusal
degrees of the new policies under uncertainty. The key contributions of this paper are given in Figure
1, namely:

Figure 1. The key contributions of the paper.
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Firstly, the novel PFS-TOPSIS-AHP model is proposed to evaluate policymaking under uncertainty.
This proposed model has quantified both qualitative and quantitative factors to evaluate the policies
to make complex decisions under uncertainty.
Secondly, the PFS technique is integrated successfully into the TOPSIS-AHP model to solve the
limitations in the state-of-the-art investigations. The detailed contributions are shown in the light blue
highlighted steps of the evaluation phase in Figure 1.
•
•

The positive, neutral, and negative degree formulas are proposed to quantify the inadequate
or vague values for the policy evaluation problems at Step 5 (Module preprocessing data
from experts).
In addition, a new formula is given to find the fuzzy decision point to recommend the
confidence of the policy at Step 7 (Module PFS for evaluating policy’s confidence).

Finally, to validate the proposed model, a numerical example is presented meticulously. The
experimental results also illustrate the proposed model using PFS to enhance the policy evaluation
confidence under uncertainty for urban development problems of the Ministry of Construction in
Vietnam.
The remaining of this paper is structured as follows. Section 2 presents the basic concepts related to
GDM, fuzzy, and picture fuzzy sets. The problem statement and proposed model are given in Section
3. Section 4 shows a numerical example to demonstrate the proposed model. Additionally, Section 5
describes experimental results for a case study of building urban database development, applied the
proposed model. The conclusion and further works are delineated in the last section.

2. Preliminaries
2.1 Fuzzy Set
Definition 1. A fuzzy set (FS) (Zadeh L.A., 1965) 𝐴 on a universe 𝑋 is an object of the form 𝐴 =
{〈𝑥, 𝜇𝐴 (𝑥)〉|∀𝑥 ∈ 𝑋, 𝜇𝐴 (𝑥) ∈ [0,1]} where 𝜇𝐴 (𝑥) is called the degree of membership of 𝑥 in 𝐴.

2.2 Picture Fuzzy Set
Definition 2. A picture fuzzy set (Cuong, 2014) is a non-empty set 𝑋 is 𝐴 =
{(𝑥, 𝜇𝐴 (𝑥), 𝜂𝐴 (𝑥), 𝜈𝐴 (𝑥))|𝑥 ∈ 𝑋}, where 𝜇𝐴 (𝑥) ∈ [0,1] is the positive degree of each element 𝑥 ∈
𝑋, 𝜂𝐴 (𝑥) ∈ [0,1] is the neutral degree and 𝜈𝐴 (𝑥) ∈ [0,1] is the negative degree, and where 𝜇𝐴 , 𝜂𝐴
and 𝜈𝐴 satisfy the following conditions: (∀𝑥 ∈ 𝑋) (𝜇𝐴 (𝑥) + 𝜂𝐴 (𝑥) + 𝜈𝐴 (𝑥) ≤ 1), and 𝜉𝐴 (𝑥) =
1 − (𝜇𝐴 (𝑥) + 𝜂𝐴 (𝑥) + 𝜈𝐴 (𝑥)) is the refusal degree of an element 𝑥 ∈ 𝑋. Let 𝑃𝐹𝑆(𝑋) denote the
set of all the PFSs on a universe 𝑋.

2.3 Formulation and Problem in GDM to PFS
Let 𝑿 be a set of alternatives 𝑿 = {𝑋1 , … , 𝑋𝑛 }. Let a PFS 𝑬 = {𝑒(𝑋1 ), … , 𝑒(𝑋𝑛 )} on 𝑿, where
𝑒(𝑋𝑖 ) = ((𝑋𝑖 ), (𝑋𝑖 ), 𝜈(𝑋𝑖 )), 0 ≤ (𝑋𝑖 ), (𝑋𝑖 ), 𝜈(𝑋𝑖 ) ≤ 1, and (𝑋𝑖 ) + (𝑋𝑖 ) + 𝜈(𝑋𝑖 ) ≤
1, ∀𝑖. The GDM problem is to rank the set of alternatives and to select the best alternative. Several
steps are ordered as follows.
Firstly, score functions are defined on 𝑿 𝑓1 (𝑋𝑖 ) = (𝑋𝑖 ); 𝑓2 (𝑋𝑖 ) = (𝑋𝑖 ); 𝑓3 (𝑋𝑖 ) = (𝑋𝑖 ) +
(𝑋𝑖 ) − 𝜈(𝑋𝑖 ), ∀𝑖. Then, 𝑑efine order ≳1 on 𝑿 by using 𝑋𝑖 ≳1 𝑋𝑘 iff 𝑓1 (𝑋𝑖 ) ≥ 𝑓1 (𝑋𝑘 );
define order ≳2 on 𝑿 by using 𝑋𝑖 ≳2 𝑋𝑘 iff 𝑓2 (𝑋𝑖 ) ≥ 𝑓2 (𝑋𝑘 ); define order ≳3 on 𝑿 by using
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𝑋𝑖 ≳3 𝑋𝑘 iff 𝑓3 (𝑋𝑖 ) ≥ 𝑓3 (𝑋𝑘 ). Finally, define on 𝑿 aggregation order ≳∗ by using ≳1 , ≳2 , ≳3 ,
then rank the set of alternatives and select the best alternative.

3. The Proposed Method
This section presents some key contents for illustrating the proposed method, such as a problem
statement and a novel proposed model for evaluating the new policymaking under uncertainty.

3.1 The Problem Statements
By using GDM, the general problem is given in this subsection that describes the detailed input and
output. The evaluation result can be applied to help decision-makers in several domains (such as
construction, science and technology, and so on).
Input: Suppose that we have the below list of the new proposed policies in Table 1 after gathering
data from a set of evaluating experts 𝐸 = {𝐸1 , 𝐸2 , 𝐸3 , … , 𝐸𝑚 }, based on a set of the criteria 𝐶 =
{𝐶1 , 𝐶2 , 𝐶3 , … , 𝐶𝑛 }. Each criterion set (𝐶𝑖 ) can have one or more sub-criteria. The value of subcriteria (𝑐𝑖𝑗 ) can be a digit or linguistic value. A set of the proposed policies 𝑃 =
{𝑃1 , 𝑃2 , 𝑃3 , … , 𝑃𝑘 } needs to be evaluated before the policy-maker gives a final decision to approve
a new policy.

Table 1. List of the policies for evaluation.
Criteria
𝑪𝟏

𝑪𝟐
⋮
𝑪𝒏

Policies

𝑬𝟏

𝑬𝟐

𝑬𝟑

⋯

𝑬𝒎

𝑃1

{𝑐11 , 𝑐12 , ⋯ , 𝑐1𝑠 }

{𝑐11 , 𝑐12 , ⋯ , 𝑐1𝑠 }

{𝑐11 , 𝑐12 , ⋯ , 𝑐1𝑠 }

⋯

{𝑐11 , 𝑐12 , ⋯ , 𝑐1𝑠 }
{𝑐11 , 𝑐12 , ⋯ , 𝑐1𝑠 }

⋯

{𝑐11 , 𝑐12 , ⋯ , 𝑐1𝑠 }

{𝑐11 , 𝑐12 , ⋯ , 𝑐1𝑠 }

{𝑐11 , 𝑐12 , ⋯ , 𝑐1𝑠 }

⋯

𝑃𝑘

{𝑐11 , 𝑐12 , ⋯ , 𝑐1𝑠 }

{𝑐11 , 𝑐12 , ⋯ , 𝑐1𝑠 }

{𝑐11 , 𝑐12 , ⋯ , 𝑐1𝑠 }

⋯

{𝑐11 , 𝑐12 , ⋯ , 𝑐1𝑠 }

𝑃1

{𝑐21 , 𝑐22 , ⋯ , 𝑐2𝑡 }

{𝑐21 , 𝑐22 , ⋯ , 𝑐2𝑡 }

{𝑐21 , 𝑐22 , ⋯ , 𝑐2𝑡 }

⋯

{𝑐21 , 𝑐22 , ⋯ , 𝑐2𝑡 }

⋯

{𝑐21 , 𝑐22 , ⋯ , 𝑐2𝑡 }

{𝑐21 , 𝑐22 , ⋯ , 𝑐2𝑡 }

{𝑐21 , 𝑐22 , ⋯ , 𝑐2𝑡 }

⋯

{𝑐21 , 𝑐22 , ⋯ , 𝑐2𝑡 }

𝑃𝑘

{𝑐21 , 𝑐22 , ⋯ , 𝑐2𝑡 }

{𝑐21 , 𝑐22 , ⋯ , 𝑐2𝑡 }

{𝑐21 , 𝑐22 , ⋯ , 𝑐2𝑡 }

⋯

{𝑐21 , 𝑐22 , ⋯ , 𝑐2𝑡 }

⋮

⋮

⋮

⋮

⋯

⋮

𝑃1

{𝑐𝑚1 , 𝑐𝑚2 , ⋯ , 𝑐𝑚𝑣 }

{𝑐𝑚1 , 𝑐𝑚2 , ⋯ , 𝑐𝑚𝑣 }

{𝑐𝑚1 , 𝑐𝑚2 , ⋯ , 𝑐𝑚𝑣 }

⋯

{𝑐𝑚1 , 𝑐𝑚2 , ⋯ , 𝑐𝑚𝑣 }

⋯

{𝑐𝑚1 , 𝑐𝑚2 , ⋯ , 𝑐𝑚𝑣 }

{𝑐𝑚1 , 𝑐𝑚2 , ⋯ , 𝑐𝑚𝑣 }

{𝑐𝑚1 , 𝑐𝑚2 , ⋯ , 𝑐𝑚𝑣 }

⋯

{𝑐𝑚1 , 𝑐𝑚2 , ⋯ , 𝑐𝑚𝑣 }

𝑃𝑘

{𝑐𝑚1 , 𝑐𝑚2 , ⋯ , 𝑐𝑚𝑣 }

{𝑐𝑚1 , 𝑐𝑚2 , ⋯ , 𝑐𝑚𝑣 }

{𝑐𝑚1 , 𝑐𝑚2 , ⋯ , 𝑐𝑚𝑣 }

⋯

{𝑐𝑚1 , 𝑐𝑚2 , ⋯ , 𝑐𝑚𝑣 }

Output: The evaluation result for each proposed policy.
To handle the above problem, a new method is proposed in this work to evaluate the proposed
policies in an uncertain environment. This helps the decision-maker who can give the final decision
accurately before promulgating a new policy. In the next part, we present a novel model for
applying to evaluate policymaking under uncertainty.

3.2 The Proposed Model
This part gives a novel proposed model to evaluate the policies (so-called PFS-TOPSIS-AHP
model) that is illustrated in Figure 2. It includes ten steps divided into three phases (preparation
phase, evaluation phase, and decision phase).
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3.2.1 Preparation Phase
This phase is described as follows: First of all, the criteria and the sub-criteria (if have) need to be
identified before conducting the evaluation of the policies. This is a very important step not only in
the proposed method but also in the traditional method as well as in the state-of-the-art method.
Then, the rating scale of the criteria and the policies are given to gain the consensus among experts
during gathering data and evaluating the policies. This step helps also to quantify the criteria’s
value in case the surveying data includes linguistic or vague values. Finally, the evaluating data is
collected from experts by surveying and is stored in the database. The results of this phase are used
as the input data for the evaluation phase in the next part.

Figure 2. A novel PFS-TOPSIS-AHP model for evaluating policymaking under uncertainty.

3.2.2 Evaluation Phase
The evaluation phase is considered a core part of the proposed model. To easily and logically
understand the integration of picture fuzzy set (PFS) into the TOPSIS-AHP, the calculation process
in this phase is presented step by step as follows.
Step 1. Apply the data pre-processing module.
After collecting the data from the surveying process, the data pre-processing module is applied to
quantify the ambiguous data. In case, the value of the criteria is digits, we move the module TOPSIS
in Step 2. In other cases, the fuzzy technique is used to quantify the value of the criteria (e.g.,
linguistic or vague values). The output of this step is shown in Table 1.
Step 2. Calculate the criteria weights and rank the expert’s positive degree.
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Step 2.1 Construct a decision matrix based on input data. From data in Table 1, we construct a
decision matrix by applying Equation (1) below.
𝑐11 𝑐12
𝑐1𝑛
⋯
𝑐2𝑛
𝑐21 𝑐22
𝑀=[
(1)
⋮
⋱
⋮ ]
𝑐𝑚1 𝑐𝑚2 ⋯ 𝑐𝑚𝑛
Step 2.2 Construct the normalized decision matrix. A standard matrix is given by using Equations
(2) and (3) as follows.
𝑐𝑖𝑗
𝑟𝑖𝑗 =
(2)
2
√∑𝑚
𝑖=1 𝑐𝑖𝑗

𝑀′ = [

𝑟11
𝑟21

𝑟12
𝑟22
⋮

𝑟𝑚1

𝑟𝑚2

𝑟1𝑛
𝑟2𝑛
⋱
⋮ ]
⋯ 𝑟𝑚𝑛
⋯

(3)

where, 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛.
Step 2.3 Find the set of weights for criteria by using Entropy. by applying Equation (4) to calculate
the set of weights 𝑎 = {𝑎1 , 𝑎2 , … , 𝑎𝑛 } for criteria.
𝐺𝑗

1

𝐸𝑗 = − ln 𝑚 ∑𝑚
𝑖=1 𝑟𝑖𝑗 ln 𝑟𝑖𝑗 ; 𝐺𝑗 = 1 − 𝐸𝑗 ; 𝑎𝑗 = ∑𝑛

𝑗=1 𝐺𝑗

(4)

where, 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛.
Step 2.4 Establish the weighted normalized decision matrix by applying Equation (5).
𝑎1 𝑟11 𝑎2 𝑟12
𝑎𝑛 𝑟1𝑛
𝑣11 𝑣12
𝑣1𝑛
⋯
⋯
𝑎𝑛 𝑟2𝑛
𝑎1 𝑟21 𝑎2 𝑟22
𝑣21 𝑣22
𝑣2𝑛
𝑀∗ = [
⋮
⋱
⋮ ]=[
⋮
⋱
⋮ ]
𝑎1 𝑟𝑚1 𝑎2 𝑟𝑚2 ⋯ 𝑎𝑛 𝑟𝑚𝑛
𝑣𝑚1 𝑣𝑚2 ⋯ 𝑣𝑚𝑛

(5)

Step 2.5 Find vector pairs PIS (Positive Ideal Solution) and NIS (Negative Ideal Solution) given
by Equations (6) and (7) respectively.
𝐴∗ = {𝑣1∗,𝑣2∗,…, 𝑣𝑛∗ } where 𝑣𝑗∗ = Max {𝑣𝑖𝑗 }

(6)

𝐴− = {𝑣1− ,𝑣2− ,…, 𝑣𝑛− } where 𝑣𝑗− = Min {𝑣𝑖𝑗 }

(7)

𝑖=1→𝑚

𝑖=1→𝑚

Step 2.6 Calculate the distance to ideal solutions based on Euclidean distance formula given by
Equations (8) and (9) respectively.
2

𝑆𝑖∗ = √∑𝑛𝑗=1(𝑣𝑖𝑗 − 𝑣𝑗∗ ) where, 1 ≤ 𝑖 ≤ 𝑚.
2

𝑆𝑖− = √∑𝑛𝑗=1(𝑣𝑖𝑗 − 𝑣𝑗− ) where, 1 ≤ 𝑖 ≤ 𝑚.
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Step 2.7 Calculate the positive degree of the experts, expressed by Equation (10).
∗ |𝐶 ∗
𝐶 = {𝐶1∗ , 𝐶2∗ , … , 𝐶𝑚
𝑖 =

∑ 𝑆𝑖−

∑ 𝑆𝑖− +∑ 𝑆𝑖∗

, 1 ≤ 𝑖 ≤ 𝑚}

(10)

Step 2.8 Rank the expert’s positive degree according to the results at Step 2.7.
In case, the criteria have some sub-criteria, the output result with the sub-criteria will be gotten as
the input of the criteria of Step 2. Furthermore, they are used to find the set of weights for criteria
as well as the set of weights for experts in Step 3.
Step 3. Find the set of weights for experts by using fuzzy AHP. After ranking the expert’s positive
degree in Step 2, the AHP technique is applied to find the set of the criteria’s weights 𝑤𝑐 =
{𝑤1 , 𝑤2 , ⋯ , 𝑤𝑛 }. The level of the criteria’s importance is converted by using Equation (11).
𝜔𝑖𝑗 =

𝑥𝑖
𝑥𝑗

(11)

where, 𝑥𝑖 , 𝑥𝑗 are value of the criteria 𝐶𝑖 , 𝐶𝑗 .
Next, the compared matrix among the importance levels for each criterion is established to find the
eigenvectors of each criteria set. Thereafter, we calculate the set of the expert’s weights
𝑤𝐸 = {𝑤1 , 𝑤2 , ⋯ , 𝑤𝑚 }.
Step 4. Find the criteria’s PFS and calculate the fuzzy decision point of the policies.
Step 4.1 Give the PFS represents the positive degree of the policy. The PFS represents the positive
degree of the policy given by Equation (12) as follows.
P = {(𝑥, 𝜇(𝑥), 𝜂(𝑥), 𝜈(𝑥))|𝑥 ∈ [1,9]}
(12)
where,
0
𝜇(𝑥) = {𝑥−5
9−5

𝑖𝑓𝑓 𝑥 ≤ 5
(13)

𝑖𝑓𝑓 5 < 𝑥 ≤ 9

0

𝑖𝑓𝑓 𝑥≥7

7−𝑥
7−5
𝑥−3
5−3

𝜂(𝑥) = {

0

0
𝜈(𝑥) = {5−𝑥
5−1

𝑖𝑓𝑓 5≤𝑥<7

(14)

𝑖𝑓𝑓 3<𝑥<5
𝑖𝑓𝑓 𝑥≤3

𝑖𝑓𝑓 𝑥 ≥ 5
(15)

𝑖𝑓𝑓 1 ≤ 𝑥 < 5

Step 4.2 Find the fuzzy decision point of the policy with the sub-criteria, the value of the positive
degree, the neutral degree, and negative degree is given by Equation (16).
𝜇(𝑥) =

∑𝑛
𝑖=1 𝜇(𝑥𝑖 )
𝑛

, 𝜂(𝑥) =

∑𝑛
𝑖=1 𝜂(𝑥𝑖 )
𝑛

, 𝜈(𝑥) =

∑𝑛
𝑖=1 𝜈(𝑥𝑖 )
𝑛

For the criteria {𝐶1 , 𝐶2 , 𝐶3 , … , 𝐶𝑛 } with 𝑤𝑐 = {𝑤1 , 𝑤2 , ⋯ , 𝑤𝑛 }, we have:
𝜇(𝑥) = ∑𝑛𝑖=1 𝑤𝑖 𝜇(𝑥𝑖 ) , 𝜂(𝑥) = ∑𝑛𝑖=1 𝑤𝑖 𝜂(𝑥𝑖 ) , 𝜈(𝑥) = ∑𝑛𝑖=1 𝑤𝑖 𝜈(𝑥𝑖 )
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After calculating the final PFS, we get the fuzzy decision point of the policy by applying the
function 𝑆𝑃 given by Equation (18).
𝑆𝑃 = 𝜇(𝑥) + (𝜇(𝑥) − 𝜈(𝑥)) ∗ (1 − 𝜇(𝑥) − 𝜂(𝑥) − 𝜈(𝑥)) − 𝜈(𝑥)
(18)

3.3.3 Decision Phase
Base on the rating scale, the fuzzy decision point of the policy (SP ) shows the quality of the
proposed policy that is one of the results such as “Very Good”, “Good”, “Quite Good”, “Normal”,
or “Bad”. According to the evaluation result, the decision-maker combines the calculating result of
the PFS-TOPSIS-AHP model and his/her available information to give the final decision. The new
policy will be only promulgated by the decision-maker when the evaluation result of the policy
must gain “Quite Good” at least. To clearly crisp the proposed method, an illustrative example is
presented in Part 4.

4. The Illustrative Example
To validate the PFS-TOPSIS-AHP model, a numerical example is illustrated in this part. Suppose
that we have a new proposed policy about the urbanization problem of the cities in Table 2 after
gathering data from three experts {𝐸1 , 𝐸2 , 𝐸3 }, base on six criteria sets {𝐶1 , 𝐶2 , 𝐶3 , … , 𝐶6 }. Each
criterion set (𝐶𝑖 ) has some sub-criteria (𝑐𝑖𝑗 ). The new proposed policy needs to be evaluated based
on the rating scale of the policy given in Table 3 before giving a final decision by the decisionmaker. Besides, the scale of the criteria set importance is also given in Table 4.
Now, we use the proposed method to solve this problem step by step as follows.
Table 2. The gathering of data from evaluation experts for criteria.
Criteria set 1 (C1)
Criteria set 2 (C2)
Criteria set 3 (C3)
Criteria set 4 (C4)
Criteria set 5 (C5)
Criteria set 6 (C6)

Expert 1 (E1)
{3,5,7,9,6,5,6}
{3,5,7,9}
{5,6,3,8,2}
{6,3,5,7,9,6,2}
{7,7,9,7,5}
{6,9,5,7}

Expert 2 (E2)
{2,5,8,6,9,3,8}
{3,6,5,5}
{6,8,9,5,8}
{7,5,2,7,5,6,5}
{9,9,3,7,5}
{6,8,5,7}

Expert 3 (E3)
{6,7,9,8,5,9,8}
{2,7,3,9}
{3,4,7,8,6}
{8,9,9,7,8,8,6}
{9,4,9,7,5}
{5,7,6,4}

Table 3. The rating scale of the policy's quality.
Level
Very Good
Good
Quite Good
Normal
Bad

Notation
M1
M2
M3
M4
M5

Value
9
7
5
3
1

Meaning
The best quality policy evaluation
The good quality policy evaluation
The pretty quality policy evaluation
The moderate quality policy evaluation
The bad quality policy evaluation

Table 4. The scale of the criteria set importance.
Level
Extreme importance
Very strong to extreme importance
Very strong importance
Strong to very strong importance
Strong importance
Moderate to strong importance
Moderate importance
Equal to moderate importance
Equal importance

Value
9
8
7
6
5
4
3
2
1
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Reciprocal Value
0.1111
0.1250
0.1429
0.1667
0.2000
0.2500
0.3333
0.5000
1.0000
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Step 1. Establish a decision matrix based on input data for the criteria sets from the data in Table
2, we construct a decision matrix for the criteria set (C1) in Table 5 as follows.
Table 5. The decision matrix for the criteria set (C1).
E1
E2
E3

C11
3
2
6

C12
5
5
7

C13
7
8
9

C14
9
6
8

C15
6
9
5

C16
5
3
9

C17
6
8
8

C16
0.4663
0.2798
0.8393

C17
0.4685
0.6247
0.6247

Then, a standard matrix is given by using Equations (2) and (3) in Table 6.
Table 6. The standard matrix for the criteria set (C1).
E1
E2
E3

C11
0.4286
0.2857
0.8571

C12
0.5025
0.5025
0.7035

C13
0.5026
0.5744
0.6462

C14
0.6690
0.4460
0.5946

C15
0.5035
0.7553
0.4196

By applying Equation (4), a set of the sub-criteria’s weights {C11, C12, C13, C14, C15, C16, C17} is
found.
aj = (0.1903, 0.1238, 0.1180, 0.1244, 0.1371, 0.1857, 0.1206).
Then, we construct a weighted normalized decision matrix by applying Equation (5) in Table 7.

Table 7. The weighted normalized matrix for the criteria set (C1).
E1
E2
E3

C11
0.0816
0.0544
0.1631

C12
0.0622
0.0622
0.0871

C13
0.0593
0.0678
0.0763

C14
0.0832
0.0555
0.0740

C15
0.0690
0.1035
0.0575

C16
0.0866
0.0519
0.1558

C17
0.0565
0.0754
0.0754

Next, the vector pairs PIS (Positive Ideal Solution) and NIS (Negative Ideal Solution) are given by
using Equations (6) and (7), we have the results of the PIS and NIS as follows.
𝑨∗ = (0.1631, 0.0871, 0.0763, 0.0832, 0.1035, 0.1558, 0.0754).
𝑨− = (0.0544, 0.0622, 0.0593, 0.0555, 0.0575, 0.0519, 0.0565).
Thereafter, we calculated distances to ideal solutions based on Euclidean distance formula by
handling Equations (8) and (9).
𝑺∗ = (0.0139, 0.0241, 0.0022).
𝑺− = (0.0028, 0.0025, 0.0242).
Finally, a similar measure to the ideal solution is calculated by using Equation (10). We have the
positive degree of the experts E1, E2, E3 (0.1697, 0.0955, 0.9167 respectively). This output result
of the sub-criteria {C11, C12, C13, C14, C15, C16, C17} will be gotten as the input of the criteria set C1.
Similarly, with the five remaining criteria sets {𝐶2 , 𝐶3 , … , 𝐶6 }, we gain a decision matrix for the
criteria sets in Table 8 as follows.
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Table 8. The decision matrix for the criteria sets.
E1
E2
E3

C1
0.1697
0.0955
0.9167

C2
0.9301
0.4063
0.2890

C3
0.1015
0.9675
0.5929

C4
0.1811
0.1595
0.9976

C5
0.9096
0.3565
0.6660

C6
0.9235
0.8807
0.0765

Step 2. Rank the level of the positive degree evaluations of the experts. By similar calculation as
Step 1 for the criteria sets, we gain the level of the positive degree of the evaluation experts E1 <
E2 < E3 (0.2254 < 0.3011 < 0.7567). We easily recognize that if the result of the expert E3 is used,
the final result will be gotten the best positive evaluation result. However, the best positive degree
is not always the best. To give a reasonable selection with most of the experts, we should select the
evaluation result of the expert E2 to estimate the effect of the criteria sets at the moderate level.
Step 3. Find the set of weights for experts by using fuzzy AHP. As mentioned, the evaluation result
of the expert E2 in Table 9 is selected to establish the effect matrix among the criteria sets.

Table 9. The impact evaluation data among the criteria sets of the expert E2.
C1
0.0955

E2

C2
0.4063

C3
0.9675

C4
0.1595

C5
0.3565

C6
0.8807

We conduct to convert the data in Table 9 into the compared matrix among the criteria sets in Table
10 by using Equation (11) as follows.

Table 10. The compared matrix among the criteria sets.
C1
1
4
10
2
4
9

C1
C2
C3
C4
C5
C6

C2
1/4
1
2
1/3
1
2

C3
1/10
1/2
1
1/6
1/3
1

C4
1/2
3
6
1
2
6

C5
1/4
1
3
1/2
1
2

C6
1/9
1/2
1
1/6
1/2
1

An eigenvector of the compared matrix among the criteria sets is calculated.
w = (0.0333, 0.1418, 0.3376, 0.0556, 0.1244, 0.3073).

Table 11. The set of weights for the evaluation experts.
E1
E2
E3
w

C1
0.5813
0.3092
0.1096
0.0333

C2
0.6270
0.2923
0.0807
0.1418

C3
0.6405
0.2059
0.1537
0.3376

C4
0.5467
0.3844
0.0689
0.0556

C5
0.3201
0.1497
0.5302
0.1244

C6
0.2992
0.3452
0.3555
0.3073

W
0.4867
0.2673
0.2460
1.0000

By applying AHP, the eigenvectors of the criteria sets are also calculated based on the scale of the
criteria set importance in Table 4. We then find the set of weights for the evaluation experts in
Table 11.
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Step 4. Find the criteria’s PFS and calculate the fuzzy decision point of the policy. From the
information in Table 5, we get the sub-criteria’s PFS of the criteria set C1 by applying Equations
(12), (13), (14), and (15). The detailed results are expressed in Table 12.
Table 12. The sub-criteria’s PFS of the criteria set C1.
C11
(0,0,0.5)
(0,0,0.75)
(0.25,0.5,0)

C12
(0,1,0)
(0,1,0)
(0.5,0,0)

C13
(0.5,0,0)
(0.75,0,0)
(1,0,0)

C14
(1,0,0)
(0.25,0.5,0)
(0.75,0,0)

C15
(0.25,0.5,0)
(1,0,0)
(0,1,0)

C16
(0,1,0)
(0,0,0.5)
(1,0,0)

C17
(0.25,0.5,0)
(0.75,0,0)
(0.75,0,0)

By using Equations (16) and (17), we find the PFS of the criteria set C1.
𝑃𝐶1 = (0.39, 0.32, 0.08).
Similarly, we get the PFS of the criteria sets in Table 13 below.

Table 13. The PFS of the criteria sets.
𝑷𝑪𝟏
(0.39, 0.32, 0.08)

𝑷𝑪𝟐
(0.29, 0.29, 0.17)

𝑷𝑪𝟑
(0.32, 0.28, 0.16)

𝑷𝑪𝟒
(0.36, 0.29, 0.12)

𝑷𝑪𝟓
(0.45, 0.22, 0.06)

𝑷𝑪𝟔
(0.36, 0.41, 0.02)

We calculate the final PFS of the policy with the set of the expert’s weight by using Equations (16)
and (17).
𝑃 = (0.36, 0.30, 0.10).
Finally, we get the fuzzy decision point of the policy 𝑆𝑃 = 0.3231 by applying Equation (18).
From the rating scale of the policy's quality, we have the evaluation threshold for the policy by
using PFS in Table 14 as follows. Therefore, with this evaluation result, the proposed policy is
evaluated at the “Quite Good” level.
Table 14. The evaluation threshold for the policy’s quality.
Order
1
2
3
4
5
6

Evaluation threshold
𝑆𝑃 ≥ 1
0.75 ≤ 𝑆𝑃 < 1
0 ≤ 𝑆𝑃 < 0.75
−0.75 ≤ 𝑆𝑃 < 0
−1 ≤ 𝑆𝑃 < −0.75
𝑆𝑃 < −1

Policy's quality
Very Good
Good
Quite Good
Normal
Bad
Very Bad

5. Experimental Results
5.1 Experimental Environments
In this part, we present the experiments’ results to validate the proposed method in the real world.
One of the problems is selected to do the experiments based on the indicator groups in the final urban
development project of the Ministry of Construction in December 2019. The proposed method has
been tested in simulations with ten experts (various majors) {𝐸1 , 𝐸2 , 𝐸3 , 𝐸4 , 𝐸5 , 𝐸6 , 𝐸7 , 𝐸8 , 𝐸9 , 𝐸10 } to
vote for urban development policies in the construction sector. In the experiment, we have tested the
proposed model to show the advancement approach by using the PFS combined with the TOPSIS-
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AHP. The list of national urban development database indicators has six groups of indicators,
representing six groups of information with 47 indicators in policymaking of an urban development
database system in Table 15 as follows. We have designed simulation scenarios based on collected
data of the three cities in Vietnam (including Hai Phong, Da Nang, Can Tho) from January 2020 to
April 2021. The evaluation result is conducted at the beginning of the phase (in January 2020) and
after every quarter.

Positive Degree

The evaluation result of the expert's positive degree level
through the projects

E1

E2

E3

E4

E5

E6

E7

E8

E9

E10

Hai Phong City 0.6573 0.6090 0.3714 0.8656 0.7363 0.6018 0.6401 0.7332 0.6224 0.7422
Da Nang City

0.6448 0.4079 0.3486 0.6135 0.3571 0.2632 0.5388 0.6902 0.2412 0.8751

Can Tho City

0.8320 0.2820 0.7464 0.7225 0.7310 0.7607 0.6739 0.7871 0.7499 0.8830

Figure 3. The evaluation result of the expert’s positive degree.

Fuzzy Decision Point

The urban development policy evaluation result
by using PFS-TOPSIS-AHP

1.0000
0.7500
0.5000
0.2500
0.0000
Jan-20

Hai Phong City
0.3821

Da Nang City
0.8620

Can Tho City
0.3175

Projects

Figure 4. The urban development policy evaluation result by using PFS-TOPSIS-AHP model.

5.2 Results and Discussions
Firstly, the proposed model is applied to give the evaluation result of the expert’s positive degree.
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Figure 3 shows that the expert (E10) has the best positive degree level (approximation 0.8334 on
average) while the lowest positive degree expert is E2 (0.4329 on average). This result helps the
decision-maker to identify the experts who have the higher positive degree evaluation level to
recommend for the next evaluations.

Table 15. The list of national urban development database indicators.
Indicator Groups

Group 1 (Urbanization)

Group 2 (Income and poverty)

Group 3 (Social infrastructure)

Group 4 (Technical infrastructure)

•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•

Group 5 (Environment quality and
climate change)

Group 6 (Investment and urban
administration)

•
•
•
•
•
•
•
•
•

Indicators
Urban type/Classification year
Latest approved general planning for urban development (year of approval)
Population of the inner city (1000 people)
Population density of the inner city (people/km2)
Population of the entire city (1000 people)
Population density of the entire city (people/km2)
Female proportion in the urban population (%)
Land area of the entire city (km2)
Land area of the inner city (km2)
Land area for urban construction (calculated according to plan) (km2)
Transportation land area on total urban population (m2/person)
Transportation land area on inner-city population (m2/person)
Fiscal balance (sufficient/ abundant)
Annual average income per capita compared to the entire nation (times)
Average income per capita of the inner city compared to that of the nation (times)
Non-agricultural labor proportion in the entire urban population (%)
Poor family proportion of the entire urban city in a multi-dimensional approach (%)
Poor family proportion of the entire urban city in a multi-dimensional approach (%)
Solid building proportion in the inner city (%)
Semi-solid building in the inner city (%)
Average home floor area of the inner city (floor m2/person)
Number of poverties in urban (number of areas)
Size of parkland, public gardens of inner-city, urban (km2)
Urban Heath Facility (beds/ 1.000 people)
Urban Educational and Training Facility (facilities)
Urban Culture building (buildings)
Urban Sport and Training building (building)
Urban Commercial and Service building (building)
Traffic road density (up to a width ≥ 7.5m of vehicles section) (km/km2)
Ratio of the urban people get clean water (%)
The average amount of water per person (l/person/day/night)
Ratio of urban wastewater treated to meet technical regulations (%)
Residential electricity consumption (Kwh/person/year)
Ratio of housing area roads, alleys to be lighted (%)
Number of internet subscribers (fixed broadband and mobile broadband) (internet
subscribers / 100 people)
Ratio of mobile communication coverage in urban population (%)
Ratio of waterlogging areas with prevention solutions to reduce waterlogging (%)
Ratio of houses in dangerous locations due to natural disasters that have not been
relocated (%)
Ratio of life solid waste collected (%)
Ratio of life solid waste treated
Urban has developed an action plan to cope with climate change (annually) (yes/no)
Points affected by flooding, storm surges, flash floods, landslides in urban areas
(points)
Days of water loss in the year due to droughts, flooding (days)
Total investment for urban construction (billion VND/year)
Number of deploying urban development projects (quantity)
Urban development programs approved (yes/no)
Ratio of the publicly administrative procedures on the website of urban authorities
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Secondly, the evaluation result of the projects is given by applying the PFS-TOPSIS-AHP model
in Figure 4. From the rating scale for the policy’s quality evaluation given in Table 14 and the
project evaluation result in Figure 4, we can see that the policy of Da Nang city is evaluated at the
“Good” level while the policies of the remaining cities are “Quite Good” level. This information
gives assistance to the decision-maker to know the quality of the new policy before promulgating
it.
Finally, the evaluation results every quarter are given by using the PFS-TOPSIS-AHP model to
validate the quality of the projects when they are affected by newly enacted laws. Figure 5 shows
that the fuzzy decision point of the projects varied slightly for all projects (less than 10%) when the
weights of the indicator groups are adjusted following the new laws. This demonstrates that the
evaluation quality of the projects by applying the proposed method is assured even in case some
new laws are promulgated.

The result of the PFS-TOPSIS-AHP graph simulation by time
(every quarter)
Fuzzy Decision Point

1.0000
0.7500
0.5000
0.2500
0.0000

Hai Phong City

Da Nang City

Can Tho City

Jan-20

0.3821

0.8620

0.3175

Apr-20

0.3118

0.8625

0.3181

Jul-20

0.2495

0.7803

0.3123

Oct-20

0.3089

0.8616

0.3168

Jan-21

0.3118

0.8625

0.3181

Apr-21

0.3137

0.8633

0.3189

Projects by time
Figure 5. The evaluation result of projects by time (every quarter).

6. Conclusions
This paper proposed the novel proposed model for GDM by integrating the PFS technique into the
TOPSIS-AHP method (shortly PFS-TOPSIS-AHP model). The proposed model quantified both
qualitative and quantitative factors to evaluate the policies to make complex decisions under
uncertainty. It is considered as an initial work to evaluate the policy’s quality under a dynamic
environment via the fuzzy decision point by applying the PFS technique in the real world.
Furthermore, the experimental result shows the proposed method based on the indicator groups in
the final urban development project of the Ministry of Construction in Vietnam combined with the
expert's expertise and the decision maker's preference to give the evaluation result of newly enacted
policy quality more confidence compared to the state-of-the-art works.
Further works are identified to recommend for researchers and developers in the future:  studying
how to quantify the input value as a matrix instead of a numerical or vector value for the proposed
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model when data sets are images or spatial data;  deploying the software to quantify the vague
value by applying PFS technique to calculate automatically the fuzzy decision point of the policy;
 investigating the combination of both: qualitative and quantitative factors; weighted
normalization methods and scaling techniques; calculated measures-based decision-makers and
preferences-based decision-makers.
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