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Abstract 
We focus on double irregular fluctuations under jump in the operation performance of open source software (OSS). Then, 

this paper proposes the method of cost optimization based on flexible jump diffusion process (JDP) model in order to 

consider several noisy cases for maintenance effort in the OSS operation with version upgrade. In particular, we discuss 

a method of effort optimization based on the flexible JDP model with the unexpected irregular continuous fluctuation in 

version upgrade for OSS projects. The proposed method will be useful for the OSS project managers to decide the optimal 

version upgrade and maintenance time of OSS under the OSS project management. Furthermore, we show several 

analysis examples of the optimization method considering the properties of version upgrade under OSS projects. 

 

Keywords-Fault big data, Jump diffusion process, Software effort, Effort optimization. 

 

 

 

1. Introduction 
A large number of open source software (OSS) have been developed around the world such as 

OpenStack, Firefox, Apache HTTP server, OpenOffice, and PostgreSQL, etc. Many OSS include 

various versions known as bug-fix version, minor version, and major version. Considering the OSS 

management projects, the system performance of OSS management will take an unexpected 

irregular continuous fluctuation in the specified terms of operation under specific version, because 

many users become committed to the OSS maintenance in specific version. In particular, the styles 

of management and usage take on different forms depending on each version of OSS. Several 

research papers for OSS reliability assessment have been published by specified researchers 

(Norris, 2004; Yamada and Tamura, 2016). However, several research papers discussed the effort 

expenditures of OSS project have not been proposed. At that time, many research papers have been 

focused on the software reliability by analyzing the fault data. For example, the analysis methods 

of software reliability by using the classical software reliability growth models have been discussed 

by several researchers (Kapur et al., 2011; Yamada, 2014). Moreover, our OSS research team 

has been proposed the analysis method of OSS reliability (Yamada and Tamura, 2016). In 

particular, it is very important for the project managers to supervise the OSS maintenance effort for 

quality management. The proper control of OSS maintenance effort has an indirect influence on 

the reliability, cost, and quality. Furthermore, the proper control of OSS effort indirectly decrease 
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the software faults. Therefore, it will make an improvement the OSS quality if the control effort of 

OSS management is appropriately controlled under the operation. 

 

This paper discusses a stochastic model for OSS effort management with unexpected irregular 

continuous fluctuation in performance from the characteristics with version upgrade of OSS 

development. This paper proposes the method of effort optimization based on the flexible jump 

diffusion process (JDP) models in terms of effort in order to consider the properties with version 

upgrade of OSS. Then, we formulate the optimal OSS maintenance effort expense problem based 

on the discussed flexible JDP models. Then, we determine the optimum OSS maintenance time 

minimized the expected total OSS maintenance effort. In particular, we discuss the progress 

stability of OSS project under the specified version by using the estimated sample path of expected 

total OSS effort based on the flexible JDP model. Furthermore, this paper shows the analysis 

examples for the proposed method of OSS maintenance effort optimization using flexible JDP 

models. 

 

2. Flexible JDP Model 
We discuss a JDP model to control the OSS maintenance effort in the operation. Let 𝛹(𝑡) be 

the cumulative OSS maintenance effort expenditures up to time 𝑡 (𝑡 ≥ 0) in the operation. 

𝛹(𝑡) is the real values continuously. Then, 𝛹(𝑡) gradually increases as the progress of OSS 

operation, because the estimated maintenance effort are recorded during the OSS operation. 

By using the modeling technique of classical software reliability growth models, the 

following typical linear differential equation considering the OSS maintenance effort is given 

as follows: 

 
𝑑𝛹(𝑡)

𝑑𝑡
= 𝛽(𝑡){𝛼 − 𝛹(𝑡)},                                                                                                                                      (1) 

 

where 𝛽(𝑡) is the effort expenditure rate of OSS at time 𝑡 and a non-negative function, 𝛼, 

means the estimated OSS maintenance effort expended until the end of specified version. 

 

Considering Brownian motion, Eq. (1) is extended to the following stochastic differential 

equation (SDE) (Arnold, 1974; Yamada et al., 1994): 

 
𝑑𝛹(𝑡)

𝑑𝑡
= {𝛽(𝑡) + 𝜎𝜈(𝑡)}{𝛼 − 𝛹(𝑡)},                                                                                                            (2) 

 

where 𝜎  is added as a positive constant value representing a magnitude of the irregular 

continuous fluctuation, and 𝜈(𝑡) a standardized Gaussian white noise due to development 

environment. Then, Eq. (2) is extended to the following SDE based on an Itô type: 

 

𝑑𝛹(𝑡) = {𝛽(𝑡) −
1

2
𝜎2} {𝛼 − 𝛹(𝑡)}𝑑𝑡 + 𝜎{𝛼 − 𝛹(𝑡)}𝑑𝑤(𝑡),                                                                (3) 

 

where 𝑤(𝑡) means one-dimensional Wiener process. 𝑤(𝑡) can be formally defined as an 

integration of the white noise 𝜈(𝑡). 

 

The jump term is embedded to the SDE models of Eq. (3) in order to consider the unexpected 

irregular state around time 𝑡 by many external complicated factors in the OSS project. The 

JDP (Merton, 1976) is obtained as follows: 
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𝑑𝛹𝑗(𝑡) = {𝛽(𝑡) −
1

2
𝜎2} {𝛼 − 𝛹𝑗(𝑡)}𝑑𝑡 + 𝜎{𝛼 − 𝛹𝑗(𝑡)}𝑑𝑤(𝑡) + 𝑑 {∑ (

𝑌𝑡(𝜆)
𝑖=1 𝑉𝑖 − 1)} ,          (4) 

 

where 𝑌𝑡(𝜆) means a Poisson point process with frequency 𝜆 at time 𝑡. Also, 𝑌𝑡(𝜆) is the 

number of jumps, and 𝜆 the rate of jump. 𝑉𝑖 means the range of 𝑖-th jump. We assume that 

𝑤(𝑡), 𝑌𝑡(𝜆), and 𝑉𝑖 are independent mutually. Moreover, we define the increase rate of OSS 

maintenance effort for 𝛽(𝑡) as: 

 

∫ 𝛽
𝑡

0
(𝑠)𝑑𝑠 ≐

𝑑𝑅∗(𝑡)

𝑑𝑡

𝛼−𝑅∗(𝑡)
,                                                                                                               (5) 

𝑅𝑒(𝑡) = 𝑎(1 − 𝑒−𝑏𝑡),                                                                                                                                          (6) 

𝑅𝑠(𝑡) = 𝑎{1 − (1 + 𝑏𝑡)𝑒−𝑏𝑡}.                                                                                                                         (7) 

 

In this paper, 𝛽(𝑡) is assumed the mean value functions in Eqs. (6) and (7) based on software 

reliability models as the OSS effort expenditure function of the proposed model, where 𝑎 ≐ 𝛼 is 

the expected number of latent faults, and 𝑏 ≐ 𝛽 the fault detection rate per fault in terms of software 

reliability growth models. 

 

Based on Itô’s formula (Arnold, 1974; Yamada et al., 1994), the solution of Eq. (4) can be 

derived as follows: 

 

𝛹𝑗𝑒(𝑡) = 𝛼 [1 − exp {−𝛽𝑡 − 𝜎𝑤(𝑡) − ∑ log
𝑌𝑡(𝜆)
𝑖=1 𝑉𝑖}],                                                                              (8) 

𝛹𝑗𝑠(𝑡) = 𝛼 [1 − (1 + 𝛽𝑡)exp {−𝛽𝑡 − 𝜎𝑣(𝑡) − ∑ log
𝑌𝑡(𝜆)
𝑖=1 𝑉𝑖}].                                                        (9) 

 

Moreover, we extend the existing JDP model obtained from Eq. (4) to the following time-

delay JDPes: 

 

In case of (𝑡 ≥ 0): 

 

𝑑𝛹𝑓𝑗(𝑡) = {𝛽(𝑡) −
1

2
𝜎2} {𝛼 − 𝛹𝑓𝑗(𝑡)}𝑑𝑡 + 𝜎{𝛼 − 𝛹𝑓𝑗(𝑡)}𝑑𝑤(𝑡) + 𝑑 {∑ (

𝑌𝑡(𝜆1)
𝑖=0 𝑉𝑖

1 − 1)}       (10) 

 

In case of (𝑡 ≥ 0, 𝑡′ ≥ 𝑡1): 
 

𝑑𝛹𝑓𝑗(𝑡) = {𝛽(𝑡) −
1

2
𝜎2} {𝛼 − 𝛹𝑓𝑗(𝑡)}𝑑𝑡 + 𝜎{𝛼 − 𝛹𝑓𝑗(𝑡)}𝑑𝑤(𝑡) 

+𝑑 {∑ (
𝑌𝑡(𝜆1)
𝑖=0 𝑉𝑖

1 − 1)} + 𝑑 {∑ (
𝑌

𝑡′(𝜆2)

𝑖=0
𝑉𝑖

2 − 1)}                                                                                         (11) 

 

where 𝑌𝑡(𝜆1)  and 𝑌𝑡′(𝜆2)  are Poisson point processes with parameter 𝜆1  and 𝜆2  at each 

operation time (𝑡 ≥ 0) and (𝑡′ ≥ 𝑡1), respectively. Moreover, 𝑉𝑖
1 and 𝑉𝑖

2 are 𝑖-th jump ranges 

in each operation time (𝑡 ≥ 0) and (𝑡′ ≥ 𝑡1), respectively. We assume that 𝑌𝑡(𝜆1), 𝑌𝑡(𝜆2), 𝑉𝑖
1, 

and 𝑉𝑖
2 are mutually independent in this paper. 
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From Itô’s formula (Arnold, 1974; Yamada et al., 1994), the solution of Eqs. (10) and (11) 

can be obtained as follows: 

 

In case of (𝑡 ≥ 0): 

 

𝛹𝑓𝑗𝑒(𝑡) = 𝛼 [1 − exp {−𝛽𝑡 − 𝜎𝑤(𝑡) − ∑ log
𝑌𝑡(𝜆1)
𝑖=1 𝑉𝑖

1}]                                                      (12) 

𝛹𝑓𝑗𝑠(𝑡) = 𝛼 [1 − (1 + 𝛽𝑡) ⋅ exp {−𝛽𝑡 − 𝜎𝑤(𝑡) − ∑ log
𝑌𝑡(𝜆1)
𝑖=1 𝑉𝑖

1}]                                                   (13) 

 

In case of (𝑡 ≥ 0, 𝑡′ ≥ 𝑡1): 
 

𝛹𝑓𝑗𝑒(𝑡) = 𝛼 [1 − exp {−𝛽𝑡 − 𝜎𝑤(𝑡) − ∑ log
𝑌𝑡(𝜆1)
𝑖=1 𝑉𝑖

1 − ∑ log
𝑌𝑡′(𝜆2)
𝑖=1 𝑉𝑖

2}]                                      (14) 

 𝛹𝑓𝑗𝑠(𝑡) = 𝛼 [1 − (1 + 𝛽𝑡) ⋅ exp {−𝛽𝑡 − 𝜎𝑤(𝑡) − ∑ log
𝑌𝑡(𝜆1)
𝑖=1 𝑉𝑖

1 − ∑ log
𝑌𝑡′(𝜆2)
𝑖=1 𝑉𝑖

2}]                 (15) 

 

Considering the time-delay over 𝑡2 (𝑡2 ≥ 𝑡1), we can formulate the flexible JDP models as 

follows: 

 

𝛹𝑓𝑗𝑒(𝑡) = 𝛼 [1 − exp {−𝛽𝑡 − 𝜎𝑤(𝑡) − ∑ ∑ log
𝑌

𝑡𝑘(𝜆𝑘)

𝑖=1
𝐾
𝑘=1 𝑉𝑖

𝑘}],                                                         (16) 

𝛹𝑓𝑗𝑒(𝑡) = 𝛼 [1 − (1 + 𝛽𝑡)exp {−𝛽𝑡 − 𝜎𝑤(𝑡) − ∑ ∑ log
𝑌

𝑡𝑘(𝜆𝑘)

𝑖=1
𝐾
𝑘=1 𝑉𝑖

𝑘}],                                        (17) 

 

where 𝑡𝑘(𝑘 = 1,2, ⋯ , 𝐾) means 𝑘-th specific time for major version upgrade, and 𝐾 is the number 

of major version upgrade. 

 

3. Parameter Estimation for Flexible JDP Models 
We use the method of maximum-likelihood for the unknown parameters 𝛼, 𝛽, 𝑏, and 𝜎. In 

particular, it is difficult to make a decision the jump parameters of JDP models because of 

the complexity in likelihood function included multiple distributions based on the Wiener 

process and jump diffusion one. Several estimation methods for jump parameters of JDP 

model have been proposed by the specified researchers. However, there are no effective 

methods of such an estimation. This paper discusses the estimation method of parameters in 

terms of jump terms. Then, a genetic algorithm (GA) is used in this paper (Holland, 1975; 

Honoré, 1998; Tamura and Yamada, 2015) in order to make a decision the jump parameters 

of the discussed model. 

 

For example, we assume that our JDP models includes the parameters 𝜆1 and 𝜆2 for 𝑌𝑡  and 𝑌𝑡′, 

similarly, 𝜇1, 𝜇2, 𝜏1, and 𝜏2 for 𝑉𝑖
1 and 𝑉𝑖

2 in Eqs.(11) and (12). Then, the set parameters 𝑱 in terms 

of 𝜆1, 𝜇1, and 𝜏1 are estimated by GA algorithm in case of (𝑡 ≥ 0). Similarly, the set parameters 𝑱′ 
in terms of 𝜆2, 𝜇2, and 𝜏2 make a decision by using the GA algorithm in case of (𝑡′ ≥ 𝑡1). 
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Exponential type model in case of (𝑡 ≥ 0):  

 

{

min
𝑱𝑒

 𝛹𝑖
𝑒(𝑱𝑒)

 

𝛹𝑖
𝑒 = ∑ {𝛹𝑓𝑗𝑒(𝑖) − 𝑥𝑖}

2𝐾
𝑖=0 ,

                                                                                                                                       (18) 

 

S-shaped type model in case of (𝑡 ≥ 0): 

 

{

min
𝑱𝑠

 𝛹𝑖
𝑠(𝑱𝑠)

 

𝛹𝑖
𝑠 = ∑ {𝛹𝑓𝑗𝑠(𝑖) − 𝑥𝑖}

2𝐾
𝑖=0 ,

                                                                                                                                         (19) 

 

Exponential type model in case of (𝑡′ ≥ 𝑡1): 

 

{

min
𝑱𝑒′

 𝛹𝑖
𝑒(𝑱𝑒′)

 

𝛹𝑖
𝑒 = ∑ {𝛹𝑓𝑗𝑒(𝑖) − 𝑥𝑖}

2𝐾
𝑖=0 ,

                                                                                                                                        (20) 

 

S-shaped type model in case of (𝑡′ ≥ 𝑡1): 

 

{

min
𝑱𝑠′

 𝛹𝑖
𝑠(𝑱𝑠′)

 

𝛹𝑖
𝑠 = ∑ {𝛹𝑓𝑗𝑠(𝑖) − 𝑥𝑖}

2𝐾
𝑖=0 ,

                                                                                                                                         (21) 

 

where 𝛹𝑓𝑗𝑒(𝑖) and 𝛹𝑓𝑗𝑠(𝑖) are the cumulative amount of OSS maintenance effort at time 𝑖 in the 

JDP model, 𝑥𝑖 the actual project data in terms of the cumulative amount of OSS maintenance effort.  

 

 

4. Maintenance Effort Optimization 
As with the classical optimal software release problems (Yamada and Osaki, 1985; Yamada and 

Osaki, 1987), the effort parameters are defined as follows: 

 

𝜌1:             the importance rate of OSS maintenance effort expended during the operation, 

𝜌2:             the rate of OSS operation effort expenditures per unit time, 

𝜌3:             the importance rate of OSS operation effort after the upgrade. 

 

The expected OSS effort expenditures in the software operation phase can be formulated by: 

 

𝑀1(𝑡) = 𝜌1E[𝛹(𝑡)] + 𝜌2𝑡.                                                                                               (22) 
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The expected OSS maintenance effort expenditures after the version upgrade of OSS is formulated 

as follows: 

 

𝑀2(𝑡) = 𝜌3{𝛼 − E[𝛹(𝑡)]}.                                                                                               (23) 

 

Finally, using Equations (22) and (23), the total OSS effort is represented by 

 

𝑀(𝑡) = 𝑀1(𝑡) + 𝑀2(𝑡).                                                                                                   (24) 

 

As for the sample path for several jump terms, we can consider as the following equations. The 

sample path of exponential type model is given as 

 

𝑀𝑓𝑗𝑒(𝑡) = 𝜌1𝛹𝑓𝑗𝑒(𝑡) + 𝜌2𝑡 + 𝜌3{𝛼 − 𝛹𝑓𝑗𝑒(𝑡)}.                                                                 (25) 

 

Similarly, the sample path of S-shaped type model is given as 

 

𝑀𝑓𝑗𝑠(𝑡) = 𝜌1𝛹𝑓𝑗𝑠(𝑡) + 𝜌2𝑡 + 𝜌3{𝛼 − 𝛹𝑓𝑗𝑠(𝑡)}.                                                                 (26) 

 

 

5. Numerical Examples 
We discuss the actual data in Apache HTTP Server (The Apache Software Foundation). 

Apache HTTP Server is developed under Apache Software Foundation as OSS. The actual 

data set is shown in Figure 1. Figure 2 is the estimated cumulative effort for OSS operation 

expenditures in case of 𝐸𝑓𝑗𝑒(𝑡). In Figure 2, the long-dash line shows the start line of version 

4.1.31 major-version-upgraded from version 3.x line. Also, the dot-dash line shows the start 

line of beta version 7.0.0 major-version-upgraded from version 6.x line. In Figure 2, we find 

that the noises based on unexpected jumps become large after the operation time 1,826 days. 

Moreover, the estimated OSS maintenance effort for 𝐸𝑓𝑗𝑠(𝑡) is shown in Figure 3. From 

Figure 3, we find that the 𝐸𝑓𝑗𝑠(𝑡) fits better than 𝐸𝑓𝑗𝑒(𝑡) for the practical effort data. 

 

Moreover, Figure 4 shows the estimated sample path of total OSS effort expenditures for 

exponential type model. Similarly, the estimated sample path of total OSS effort in case of 

S-shaped type model is shown in Figure 5. From Figure 4, we found that the optimum OSS 

maintenance time is derived as 𝑡 ∗= 13.635 years. This result shows that there is need to 

make a transition to major upgrade after 13.6 years from the release of specified version. 

Similarly, Figure 5 means that the optimum OSS maintenance time is estimated as 𝑡 ∗=
17.314 years. In particular, the noise becomes large after 4,000 days. Therefore, the software 

manager has to move up the optimum maintenance time from 𝑡 ∗ to 4,000 days (11 years) in 

terms of the noise. Thus, the proposed method can support the stability by using several 

noises. Moreover, it will be useful to control the maintenance effort considering the OSS 

operational environment.  
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Figure 1. The actual effort data set 

 

 

 

 

 

 
 

Figure 2. The estimated cumulative OSS maintenance effort expenditures for 𝐸𝑓𝑗𝑒(𝑡) 
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Figure 3. The estimated cumulative OSS maintenance effort expenditures for 𝐸𝑓𝑗𝑠(𝑡) 

 

 

 

 

 

 
 

Figure 4. The sample path of estimated total OSS effort for exponential type model 
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Figure 5. The sample path of estimated total OSS effort for S-shaped type model 

 

 

 

6. Concluding Remarks 
Various versions are included in many OSS. There are many types of version such as bug-fix 

version, minor version, and major version.  The proper control of OSS maintenance effort will 

indirectly relate to the cost and reliability of OSS. However, it will be difficult for the OSS 

managers and users to make a progress management of OSS project considering the periods of 

specified version according to several version upgrade. Considering the characteristics included 

several version upgrade of OSS development and management, this paper has discussed the method 

of OSS maintenance effort optimization by using the flexible JDP model with the unexpected 

irregular continuous fluctuation with jump. This method will be useful as the determination method 

of the proper progress for version upgrade in OSS operation. Also, the optimal OSS maintenance 

effort expense problem with OSS project stability in order to decide the optimal time has been 

discussed in Section 4. In particular, the amount of noise for the total maintenance effort will be 

helpful to make a decision the optimal time with progress stability of OSS project. 
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