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Abstract

Generally, the majority of the inventory models work on the concept that overall units produced must be perfect in terms
of quality and that the storage capacity of the warehouse is unlimited. In fact, under realistic conditions, it is not possible
to manufacture products with complete perfection. Furthermore, there are always some limits associated with storage
capacity of the warehouse. This paper formulates an inventory model that considers the impact of imperfect quality items
and shortages. The cost of storage in rented warehouse (RW) is greater than own warehouse (OW) due to fact there are
better preservation facilities in RW. This work considers that defective items are completely withdrawn after the
inspection process. The purpose of this inventory model is to establish the optimal order quantity and backorder size that
maximize the total profit. Some numerical examples are solved, and a sensitivity analysis is included.

Keywords- Two warehouse, Imperfect quality items, Shortages.

1. Introduction

In the traditional economic order quantity (EOQ) inventory model there are two assumptions: i) the
manufactured products are of good quality; and ii) all units are stored in one warehouse only. The
perfection of products’ quality is not always possible because it is affected straightaway by the
reliability of manufacturing process and the handling system used during transportation.
Furthermore, the availability of storage space along with the fixed budget to invest upon the raw
materials are limited. Due to the restricted capacity of the own warehouse (OW) there is a need of
an extra storage with better preserving facilities which has unlimited storage capacity. This extra
storage facility is known as rented warehouse (RW). In this direction, some researchers have built

869


mailto:aasthapanwar7417@gmail.com
mailto:psarla13@gmail.com
mailto:lecarden@tec.mx
mailto:mittal_mandeep@yahoo.com

International Journal of Mathematical, Engineering and Management Sciences E@EE
Vol. 5, No. 5, 869-885, 2020
https://doi.org/10.33889/IIMEMS.2020.5.5.067

inventory models by relaxing the two mentioned assumptions.

One inventory model with warehouse was proposed by Hartley (1976). Later, Sarma (1987)
generalized Hartley (1976)’s inventory model by including the shipment cost from rented
warehouse to own warehouse. Yang (2004) developed a deteriorating inventory model with
shortages under inflation in two-warehouse environment. Moreover, Das et al. (2007) formulated
a two-warehouse inventory model with supply chain. Hsieh et al. (2008) studied a two warehouses
inventory model by optimizing the total cost for deteriorating items. Chung et al. (2009) extended
Salameh and Jaber (2000)’s inventory model by applying two warehouse facilities in it. It is
important to mention that Salameh and Jaber (2000) postulated an inventory model in which the
products in the lot received are of imperfect quality. Wee et al. (2007) presented another variant of
the inventory model of Salameh and Jaber (2000) by imposing the assumption that in each cycle of
the supply chain the shortages are backlogged and proved that backordering cost is inversely
proportional to total profit. Eroglu and Ozdemir (2007) developed another extension of Salameh
and Jaber (2000)’s inventory model in which the shortages are allowed. They suggested that there
exists a quantity of items with good quality which can covert the existing demand as well as
backorders. They concluded that an increment in the proportion of imperfect items in a lot leads to
a decrement in total profit per unit time. Table 1 shows some research works related to inventory
models.

Table 1. Some research works related to inventory models

Author(s) Supply chain Defective Two Shortage
items warehouses

Salameh and Jaber (2000)
Cérdenas-Barrén (2000)

Goyal and Cérdenas-Barron (2002)
Yang (2004)

Papachristos and Konstantaras (2006)
Eroglu and Ozdemir (2007)

Das et al. (2007)

Maddah and Jaber (2008)

Chung et al. (2009)

Sarkar (2012)

Jaggi et al. (2013)

Jaggi et al. (2014)

Jaggi et al. (2015a)

Jaggi et al. (2015b)

Tiwari et al. (2016)

Jaggi et al. (2017)

Mukhopadhyay and Goswami (2017)
Yadav et al. (2018)
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This paper develops an inventory model for imperfect quality items with shortages in a two
warehouses environment. All shortages are fully backordered. The inventory model accounts the
impact of imperfect quality items into the two warehouses on total profit.
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2. Assumptions and Notation
2.1 Assumptions
(i) A known, constant, and continuous demand rate is considered.

(i) Instantaneous replenishment rate.

(iii)  Assingle product is considered.

(iv)  Proportion of imperfect quality items p follows a uniform distribution [a, 8] where
0<a<p<1]

(v)  The shortage are allowed and fully backlogged.

2.2 Notation

The inventory model is built utilizing the following notation.
Symbol Description
Parameters:

fixed space of OW (units)

demand rate (unit/unit of time)

screening rate (units/unit of time)

selling price of items with good quality ($/unit)

selling price of defective items,v < j ($/unit)

ordering cost ($/order)

variable cost ($/unit)

cost for screening ($/unit)

holding cost for the items in RW where h,. > h,, ($/unit/unit of time)
holding cost for the items in OW

backordering cost per unit ($/unit/unit of time)
proportion of defective items in u

screening time in RW (unit of time)

screening time in OW (unit of time)

time when all the inventory used up of RW (unit of time)
time when all the inventory used up of OW (unit of time)

ST oS Fa~ X vuRr e

ts time period of shortages (unit of time)
T length of the inventory cycle (unit of time)
Functions:

f(p) probability density function of p
TR(w) total sale revenue ($)
TC(u,B)  total cost ($)
TP(u,B)  total profit per cycle ($/unit of time)
Decision variables:

u lot size (units)
B backorder quantity (units)
3. Modelling

At the beginning a lot size of u units come into the inventory system at time ¢ = 0. It is assumed
that from this lot size w units are stored in the own warehouse (OW) and (x — w — B) units are
stored in the rented warehouse (RW).The rent warehouse has better preserving facilities than own
warehouse which implies that the cost of holding the stock in rent warehouse is higher than that of
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own warehouse. The behavior of the inventory model is illustrated in Figure 1 and Figure 2 for two
cases that can occur. Due to certain reasons such as improper transport, low labor skills, low quality
of raw material, among others, the production process manufactures some goods that are not of
high-quality. Due to this, a screening process must be conducted with the rate of x units per unit
time when the complete lot enters the inventory system. It is presumed that each lot u contains an
p percent of imperfect items, where p is a random variable whose probability density function is,
f(p), and its mean is E[p] = p.Thus, the lot u has pu imperfect quality items and (1 — p)u
perfect items. The imperfect quality items are kept in store and sold at the termination of the
screening phase (t,-) at a salvage value of v per unit, where v < j. During time t, all the demand
is fulfilled from RW until the inventory level of RW reduces to zero. After, the upcoming demand
is now covered from OW during time t,. When the inventory level reduces to zero in OW, then the
shortages occur during the time t5. The time horizon (T') of total inventory is given by

B
T=Q0-pg+7 (1)
The expected value of time horizon (T) is

E[T] = (1—E[p]) %+ 222 )

Then, the whole revenue is defined as TR (u) and the total cost is denoted as TC (1, B). The TR(u)
is the sum of sales of perfect items and the imperfect items,

TR(w) = su(1 — p) + vpp )

TC(u, B) = ordering cost + purchase cost + screening cost + holding cost + backordering cost
. 1
TC(w,B) = K + ju+du+h, [(;tl(u ~w-B)({1 —p)) +top(u—w—B)| +

(w(l_P))tZ] + Bbts (4)

he [a)pta, + wt;(1—p) + > >

The times ¢, t,,, t1, ty, and t5 (See Figure 1) are given by

t, =422 5)
ty =~ (6)
t, = Le=D0p) (7)
t, = 22 ®)
ty == 9)

By substituting the times ¢, t,,, t1, t,, and t5 into equation (4),
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. 1 -w-B)?
TC(uB) = K+ ju+du+hy |35 (1= w = BY (1 = p)? + 2220

YLy
2R

wu-w-B)(1-p)* | w?p , ©*(1-p)*] , B*b
h“’[ R += 2R ]+_ (10)

The total profit per unit of time, TPU (u, B), is determined by the difference between total revenue

per unit of time @ and total cost per unit of time @. Hence,
TPU(u,B) = w (1)

Since p is a random variable that follows a uniform distribution with known p.d.f. f(p) then the
expected value of total profit E[TPU (u, B)] is

E[TR(W)]~ E[TC(1,B
R . 1
E[TPU(u, B)] = G ED it BED] [Sﬂ(l —E[p]) + vE[p]u — (K + ju+du+hy [ﬁ h—w-

2 2 | Elp)(u-w-B)? w(u-w-B)1-E[p)? | w?E[p] | w*(1-E[p]?] , B%b
B)*(1 —E[pD* + x ]+h‘”[ R t— T 2R ]+E)] (13)

Case I. Whent; > t,, , this case is illustrated by Figure 1.

With respect to Case |1 the total revenue TR(u) is given as in Case | and the total cost TC(u, B) is
given below

Tde%=K+ju+mH4»K%ﬂu—w—BXl—m)+QMM—w—Bﬂ+

)2
ho [ty + 5T 4 (6, — ) (@ = (6 = E)R) +5 (0 + £ = 1) (@ = (ty — t)R = pw) | +

Bbtg
. (14)
Since,
(u—w-B)(1-p) u—w-B w w(1-p) B
h="7% b= lb=pb="72"1=;

Then equation (14) is expressed as follows:

—w—B)? —w—-B)(1—
TC(,u,B)=K+ju+du+hr[i(/x—w—B)2(1—p)2+M]+hw[w+

R (g _ (u—w—B)(l—p))Z n (g _ (#—w—B)(l—p)) (w _R (% _ (u—w—B)(l—p))> n ’

x R x R R
%((#—w—B)(l;pr(l—p) _ %) (a) _R (% _ (#—w—i)(l—p)) _ pw)] n % (15)
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Figure 1. The inventory level of items in stock of two warehouse if t; > ¢t,,
Case 1. When t; < t,, , this case is depicted in Figure 2.
The total profit per unit of time, TPU (u, B), is given by
TPU(u, B) = TRW=TCWE) (16)

T

Since p is a random variable that follows a uniform distribution with known p.d.f. f(p) then the
expected value of total profit E[TPU(B,u)] is

R , 1
EITPU Gt BY) = gz sl = Elpl) + vElpli — (K + ju+ dia+ oy [ (0 = 0 -

—w—B)2 —— _ Cy— _ 2
B)2(1 — E[p])? +Ml+hw [(u ® 3)1(;1 E[p])w_l_R(“’_w) +(2_

X R

X
(u—w—B;(l—E[P])) ( w—R (% _ (u—w—B;(l—E[p]))> n % ((u—w—s)(1—ELp])+w(1—E[p]) _ %) ( w—
® _ (u-w-B)(1-E[p]) B”b
R(- R )- E[P]w)] + E)] (17)
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Figure 2. The inventory level of items in stock of two warehouse if t; < t,,

4. Solution Procedure
The aim is to calculate the optimal order quantity u* and optimal backorder quantity B*. The

necessary conditions for that the expected profit to be maximized are: aE[TZ—lL(”’m =0 and
E’E[%L;(M)] = 0. Additionally, for that the expected total profit E[TPU(u, B)] to be concave, the

sufficient conditions are as follows:

d%E[TPU(u,B)]

(—auz )<o (18)
0%E[TPU(u,B)]

( B2 ) =0 (19)
d%E[TPU(u,B)]\ (9%E[TPU(u,B)] 02E[TPU(u,B)] 2

( ou? ) ( aB2 ) - ( dudB ) =0 (20)

If the solution (u*, B*) satisfies the conditions given by the equations (18), (19) and (20) prove that
the function E[TPU (u, B)] is strictly concave with a negative-definite Hessian matrix. Therefore,
the solution (u*, B*) is optimal. Thus, the solution procedure for each case is presented below.
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Algorithm for Case I. Whent; > ¢t,,
Step 1. Determine u* and B* by solving simultaneously equation (A1) and equation (A2) given in

Appendix A.

O2E[TPU(1B)]
ou?

92E[TPU(u.B)]
0B?

Step 2. If ( ) < 0 given in equation (A3); ( ) < 0 given in equation (A4)

and the Hessian determinant (A3)(A4)-(A5) > 0 then the solution is optimal.
Step 3. Calculate the expected total profit E[TPU(u, B)] with equation (13).
Step 4. Compute the values of t,.*, t,,*, t; ", t,%, t3*, and T*.

Step 5. Report the optimal solution.

Algorithm for Case Il. When t; < t,,
Step 1. Calculate u* and B* by solving simultaneously equation (A6) and equation (A7) given in

Appendix B.

9%E[TPU(u,B)]
ou?

d%E[TPU(u,B)]

Step 2. If ( =

) < 0 given in equation (A8); ( ) < 0 given in equation (A9)

and the Hessian determinant (A8)(A9)-(A10) = 0 then the solution is optimal.
Step 3. Compute the expected total profit E[TPU (u, B)] with equation (17).
Step 4. Determine the values of t,*, t,,*, t; ", t,*, t3*, and T*.

Step 5. Report the optimal solution.

5. Numerical Examples
This section presents two numerical examples for illustrating the solution of two cases that can
happen in the inventory model.

Example 1. This example illustrates the Case | when t; > t,,. The values for the parameters are
taken from Chung et al. (2009). These values are as follows:

w =800 units; R =50000 units/year; x = 175200 units/year; s =50 $/unit; v = 20 $/unit; K =100
$/order; j =20 $/unit; d = 0.5 $/unit; h,. = 7 $/unit/year; h,, = $5/unit/year. Additionally, the
backordering cost is included as b =10 $/unit/year;

The proportion of imperfect items is a random variable (p) which follows a uniform distribution
. _( 25,0<p <£0.04 _
with p.d.f. as f(p) = { 0, otherwise Therefore, E[p] = 0.02.

By applying the algorithm for Case | we obtain the following optimal solution:

w B E[TPUGW W) t° tw' ty’ t," ts" T*
8559.474 3511.078 1444999 0.02424884  0.00456621 0.08326857 0.01568 0.07022155 0.1691701
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Notice that t; > t,, as it is expected.
The optimality test that ensures that the solution is optimal is as follows:

(62E[TPU(M,B)]

o ) = —-0.07987011 <0 ; (w)

> = —0.001969006 < 0 and
0B

0%E[TPU(u,B)]\ [(9%E[TPU(u,B)] 9%E[TPU(u,B)] 2 _ _ _
( o )( 252 )—( 2108 ) = (—0.07987011)(—0.001969006)

(0.001233618)% = 0.0001557429 > 0.

The developed inventory model is realistic in nature as occurrence of shortages is common in the
majority of business. This numerical example proves the fact as the proposed inventory model is

profitable as compared to Chung et al. (2009)’s inventory model because there is an increment in
the total profit of 232971 (1444999-1212028).

Example 2. This example illustrates the Case Il when t; < t,,. The data for the parameters are:
® =17000 units; R =98000 units/year; x = 175200 units/year; s = 65 $/unit; v = 21 $/unit;
K =110 $/order; j =26 $/unit;d = 0.69 $/unit; h,, = 11 $/unit/year; h,, = $7/unit/year; b =69
$/unit/year; E[p] = 0.02.

By applying the algorithm for Case 11 we obtain the following optimal solution:

w B E[TPUG, )] t," tw' ty’ t," ts" T*
18641.55 79.65707 3665681 0.008914928 0.09703196 0.01561895 0.17 0.0008128273 0.1864318

Note that t; < t,, as it is expected.

The optimality test that guarantees that the solution is optimal is given below.

2 2
(D) = 2802276 < 0 ; (ZEEED) = 0004736280 < 0 and
ou 0B2
d%E[TPU(u,B)]\ (9%E[TPU(u,B)] d%E[TPU(u,B)] 2 _
(T ) () — (EE2) = (-2.802276)(—0.004736280) -

(0.0009596589)2 = 0.01327144 > 0.

6. Sensitivity Analysis

The sensitivity analysis is executed for the example 1. The effects of fraction defective items (E[p])
on the values of order quantity (u*), backorder quantity (B*) and the expected total profit
(E[TPU(u*,u*)]) are shown in Figure 3, Figure 4 and Figure 5, respectively.
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Figure 3. Effect of fraction of defective items (E[p]) on optimal expected total profit
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Figure 4. Effect of fraction of defective items (E[p]) on optimal order quantity (u*)
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Figure 5. Effect of fraction of defective items (E[p]) on backorder quantity (B*)
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Figure 3 reveals that the expected total profit decreases significantly as the fraction of imperfect
items increases while the optimal order quantity and backorder quantity increase as the fraction of
imperfect items increases (see Figure 4 and Figure 5).

7. Conclusion

This research work proposes a two-warehouse inventory model with shortages by seeing the impact
of defective items. It was demonstrated as percentage of defective items increases then the expected
total profit decreases. This inventory model extends the inventory model of Chung et al. (2009) by
including shortages with full backordering. The proposed inventory model shows that expected
total profit increases as compared to the expected total profit of Chung et al. (2009)’s inventory
model. The proposed inventory can be extended under carbon emission constraints with
international supply chain, trade credit and deterioration.
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