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Abstract
In this model, an inventory model for deteriorating products with dynamic demand is developed under time-dependent
selling price. The selling price is supposed to be a time-dependent function of initial price of the products and the
permissible discount rate at the time of deterioration. The object is sold with the constant rate in the absence of
deterioration and is the exponential function of discount rate at the time; deterioration takes place. Here, the demand
not only dependent on the selling price but also on the cumulative demand that represents the saturation and diffusion
effect. First, an inventory model is formulated to characterize the profit function. The Classical optimization algorithm
is used to solve the optimization problem. The objective is to maximize the total profit of the retailers with respect to
the initial selling price and cycle time. Concavity of the objective function is discussed through graphs. At last, a
sensitivity analysis is performed by changing inventory parameters and their impact on the decision variables i.e.
(initial price, cycle time) together with the profit function.
Keywords- Dynamic demand rate, Deterioration rate, Time-dependent selling price, Variable holding cost, Discount.

1. Introduction
Initially, retailers would have belief that goods have infinite life time, while the hypothesis is not
true in real world. Due to the scientific reasons, the implication of deterioration has been tinted.
Products such as electronics goods, gasoline, blood, grains start getting deteriorate after a
particular time period and losses its originality. Therefore, deterioration plays a vital role in
inventory management and is the issue of major concern. Company may reduce the loss, by
generating different marketing strategy and promotional tools like discount policy. Consumer’s
demand is dependent on products life time as well as on the selling price. In classical inventory
models, demand rate is considered to be constant, independent of selling price, time and stockavailability that is not true in actual. Demand rate is highly affected by the selling price. Selling
price is the key factor that directly influences the optimum solution. For examples, customers
prefer to shop during sale. Hence, applying proper pricing policy facilitates the companies in
handling the inventory system. Not surprisingly, hotels, airlines are using dynamic pricing
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strategies related to the demand and rate of deterioration and will offer certain opportunities for
profitability. Here, in this model an inventory model for perishable objects with time-dependent
selling price is introduced with permissible discount rate for the products that are getting damage
with time. Additionally, the model considers variable holding cost as it increases with time, for
taking care of perishable objects to prevent the spoilage and maintain the freshness. The demand
rate for the objects depends not only on the selling price of the products but also on the
cumulative demand or sale. Because of the dynamics of supermarkets and product characteristics,
companies are facing problems. In fields like electronic products and fashion designing, a
demand for the product decreases with time. Initially, people got attracted towards the new
product, as human mind is always anxious to know something new but with time it slows down
and losses its demand. By considering demand as a function of dynamic pricing is a powerful
strategy. Dynamic pricing will help to change the demand according to the desire and need.
Company have to face many challenges with constant selling price when dealing with perishable
products. These problems inspire the study. Instead of taking constant selling price, dynamic
pricing policy is more effective to maximize the revenue rate. Also, to recover loss due to
deterioration, the model introduces discount policy with variable holding cost. The model is
formulated for dynamic demand with dynamic pricing under permissible discount for perishable
products.
The rest of the article is structured as follows: Section 2 includes literature review. Section 3
represents the notation and assumptions that are used throughout the paper. Section 4 represents
an inventory model to maximize the total profit. Computational algorithm to find feasible solution
is carried out in Section 5. Section 6 describes numerical examples followed by managerial
implications. Section 7 concludes the article with future scope.

2. Literature Review
The study is mainly related to dynamic demand with dynamic pricing for perishable objects.
Avinadav et al. (2017) analysed an EOQ model for perishable objects where demand rate is a
function of selling price, product’s expiration date and promotion expenditure. Moreover, the
independence of selling price on promotion expenditure is shown. Bakker et al. (2012) presented
an up-to-date review of inventory model for perishable objects. Contribution to the inventory
models are highlighted through terms like lost sale, discount policy and backordering. Feng et al.
(2013) presented an optimal control model to minimize total cost function by considering
production cost, remanufacturing cost, disposal cost and loss generated due to damages.
Additionally, it is proved that the dynamic optimal policy is much better than static optimal
policy. Feng et al. (2018) proposed a model for perishable objects where the demand is sensitive
to time and price. The characteristic of production policy and joint dynamic pricing is discussed
by solving optimal problems through Pontryagin’s maximum principle. Shah et al. (2013) studied
the marketing policy for non- instantaneous perishable products where the demand rate is
dependent on selling price and advertisement of an item. An algorithm is formulated to maximize
the total profit. Shah and Vaghela (2017) developed an EOQ model for perishable products under
the effect of inflation. The demand rate is advertisement and time- dependent. Dynamic pricing
practices are highly useful to increase demand and recover the loss that causes due to
deterioration. Transchel and Minner (2009) analysed the effect of dynamic pricing on retailer’s
decision. The objective is to maximize total profit by considering an optimal order quantity and
pricing policy where the retailer is permitted to change the price with time. Gupta et al. (2006)
proposed a discrete-time model for arranging clearance price. Also, an algorithm is formulated
for calculating near-optimal prices and tests its accuracy by numerical experiments. Xue et al.
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(2016) developed a dynamic pricing problem for perishable products with respect to reference
price. The model is formulated to maximize total profit in which the demand is dependent on both
on current and historical price. Dasu and Tong (2010) introduced an inventory model for
perishable products under dynamic pricing policies. Cai et al. (2013) studies a dynamic pricing
where the selling price is a function of time and holding cost is a quadratic function of inventory
level. Rabbani et al. (2015) proposed a model for non-instantaneous perishable products for timedependent selling price. Xue and Zhu (2019) developed a model for deteriorating objects.
Partially myopic and forward –looking behaviour for dynamic pricing is being analysed. The
dynamic demand is not only dependent on the selling price but also on the cumulative sale of the
products. An optimization problem is solved through pontryagin’s maximum principle. Pang
(2011) studies an inventory model for dynamic pricing and inventory policies under fixed
additive demand and ordering cost. Bitran and Caldentey (2003) introduced an overview of
pricing models and examine the effect of dynamic pricing on profits. Qin et al. (2014) developed
a model for quality and physical quantity deterioration in which the demand is depending on the
stock-level and the selling price. Wee and Law (2001) introduced a pricing policy for perishable
products under time-value of money. An inventory model for perishable products under reference
price effect when demand is stock and price sensitive (Hsieh and Dye, 2017). The work is new as
first time a dynamic demand is considered that is effected both by the selling price and
cumulative demand where the selling price is taken as a time-dependent function with permissible
discount rate for the time interval when deterioration takes place to boost the sale. Feng et al.
(2020) developed an inventory-based pricing model under lost sale. Golrezaei et al. (2020)
introduced a model showing, dynamic pricing is more effective strategy for maximizing total
profit for heterogeneous time-sensitive customers. Also, modify the effect of holding cost and
production rate on the management. Hu et al. (2019) developed a model where companies are
facing problem due to product returns. The article allows dynamic pricing and resold those
products that are in good conditions. Shah and Naik (2018), permitting discounts under price and
stock-sensitive demand function. Stamatopoulos and Tzamos (2019) studied a model for
monopolistic firm that updates its pricing dynamically to maximize total profit. Pervin et al.
(2018) developed an inventory model for variable holding cost under trade-credit policy.
Taleizadeh et al. (2012) introduced a muti-product stochastic inventory model for dynamic
demand. Tan and Karabati (2013) structured a stock-out dependent dynamic demand model.

3. Notations and Assumptions
The notations as shown in Table 1 and assumptions used in model optimization problem are
given below:

3.1 Assumptions
The inventory system is for single product.

 p , 0  t  td
 p exp( (t  td )), td  t  T

(a) p(t )  

Here, p is the initial selling price and   0 is the discount variable, where td represents the
length of cycle time when there is no deterioration.
(b) The demand rate is a function of selling price and cumulative demand.
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 R1 (t )     p   R1 (t ), 0  t  td
R (t )   
 R 2 (t )     p exp( (t  td ))   R1 (t ), td  t  T


where,  represents market potential,  is price sensitivity function,  is reducing rate of sales.
It represents saturation effect. The parameter includes the ratio of marketplace that will not
purchase the units at time t because of market’s saturation effects.
(c) The units in inventory deteriorate at constant rate and no replacement of perishable units is
allowable during cycle time.
(d) During time period [0, td ] , the deterioration rate is zero and after that the objects are getting
deteriorate with constant rate  .
(e) Shortages are not permissible.
(f) The planning horizon is infinite.
(g) Replenishment rate is infinite with zero lead time.
(h) The retailer sells only single type of deteriorating objects during cycle time.

Table 1. Notations.
C

Purchasing cost per unit (in $/unit)

Cd

Disposing cost per unit (in $/unit)

p(t )

Time dependent selling price per unit (in $/unit)

td

The length of time when there is no deterioration. (in years)

h

Holding cost per unit per unit time during interval [0, td ] (in $/unit)

h   (t  td )

Holding cost per unit per unit time during [td , T ] (in $/unit), where   0 is rate of increase in holding cost
Ordering cost per order(in $/order)
Market potential ;   0
Price sensitivity factor ;   0

A




Decreasing rate of sales ;   0

R(t )

Dynamic demand rate at t time

R1(t )

Demand rate for the time [0, td ]
Demand rate for the time [td , T ]

R2 (t )
I1 (t )

Constant deterioration rate, 0    1
Inventory during time [0, td ]


I 2 (t )

Inventory during time [td , T ]

T

Cycle time (in years)

Q

The total order quantity

TP(T , p )

Total profit per unit time of inventory model (in $/year)
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4. Mathematical Model
In this section, a dynamic demand for deteriorating objects with time-dependent selling pricing is
presented. The study focuses on monopolistic market. Figure1 represent the model.

Figure 1. Inventory system.

In the beginning of each cycle, Q units of product arrive at the firm. During time [0, td ] , the
inventory system reveals no deterioration and the quantity goes on decreasing due to demand
only. In this case, the selling price of the product is given by p (t )  p and the differential
equation of dynamic demand rate for the time interval [0, td ] is


R1 (t )     p   R1 (t ), 0  t  td

(1)

with boundary condition R1 (0)  R0 . The solution of equation (1) i.e. the R1 (t ) is given by

R1 (t ) 


p
1  exp  t    R0 exp  t  

 exp  t   1



(2)

The differential equation governing inventory level for time [0, td ] is

dI1 (t )
p


  R1 (t )    1  exp  t    R0 exp  t  
exp  t   1 

dt




(3)

With boundary condition I1 (0)  Q , solving equation (3) yields,

I1 (t ) 

  exp  t   R0 exp  t   p  exp  t  
 R p

tQ 2  0  2
t 


 


 


 



(4)

During time [td , T ] the items start getting deteriorates with constant rate and the selling price in
this case is given by p(t )  p exp( (t  td )) . The dynamic demand rate is given by,
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R 2 (t )     p exp( (t  td ))   R2 (t )

(5)

With boundary conditions, R1 (td )  R2 (0) . Solving, equation (5) the dynamic demand rate i.e.

R2 (t ) is,

  p exp   td  t   

  exp  t   exp    t  td     R0 exp    t  td  

 

p

p

exp    t  td    exp  t    exp  t  
exp  t   td 



 

R2 (t ) 

(6)

In this case the objects are start getting deteriorate. The inventory level decreases due to effect of
both demand and deterioration. The differential equation of the inventory level during time
interval [td , T ] is,
   p exp   td  t   

exp  t   exp    t  td  
 
 



dI 2 (t )
p
  R2 (t )   I 2     R0 exp    t  td   
exp    t  td    exp  t 
dt


p
 
   exp  t      exp  t   td 














   I2





(7)

having boundary condition I 2 (T )  0 .The solution of equation (7) is,

R0


exp  T  t     1 
exp  m2   exp  m1   

 exp  m1   exp  m2  


    
   
p
p

exp  m5   exp  m3   

 exp  m2   exp  t   exp  m1   exp  m4  
    
       
 p exp  td 
(8)

 exp  t   exp  m4  
       
I 2 (t ) 

where, m1  td  T   T  t , m2  td  t , m3   td  T   T  t ,

m4  T   T  t and m5   td   t .
The initial inventory level Q is given by,
T

Q  R1 (td )td   I 2 (td )dt

(9)

td

By substituting (9) into (4), equation (4) gives:
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T
  exp  t   R0 exp  t   p  exp  t  

 t   R1 (td )td   I 2 (td )dt
t 


 


 



td
 R p
 2 0 2

I1 (t ) 





(10)



The terms included in total profit of the system are explained as follows:
(I) Sales revenue (SR) =

td

T

0

td

 pR1 (t )dt   p exp    t  td  R2 (t )dt ,

(II) Ordering cost (OC) = A ,
(III) Holding cost (HC) =

td

T

0

td

 hI1 (t )dt    h   t  td  I 2 (t )dt ,


T





(IV) Purchasing cost (PC) = CQ  C  R1 (td )td  I 2 (td )dt  ,




td




T



(V) Disposing cost (DC) = Cd  I 2 (t )dt .
td

Hence, the total profit function per unit time is given by,
1
Total cost (TP) =  SR-OC-HC-PC-DC 
(11)
T
The total cost per unit time is continuous function of cycle time (T ) and initial selling price ( p ) .

5. Computational Algorithm
To solve the problem, classical optimization method is used. The objective is to maximize the
total profit function. The solution steps are as follows:
Step 1: Assign numerical values to all inventory parameters.
Step 2: Calculate first-order partial derivative for total profit function with respect to T and p as
follows:
TP
TP
(12)
 0,
0
p
T
Step 3: To examine the concavity of total profit function, minor determinant
Hessian matrix is used and is given by,
  2TP  2TP 
 2TP


T 2 T p 
T 2
 2TP
H  2
,with
minor
determinant
as
D

,
D

1
2
  TP  2TP 
T 2
 2TP


p 2 
pT
 pT

516

is evaluated. A

 2TP
T p
 2TP
p 2

International Journal of Mathematical, Engineering and Management Sciences
Vol. 6, No. 2, 510-521, 2021
https://doi.org/10.33889/IJMEMS.2021.6.2.031

For concavity, Hessian matrix H must be negative definite i.e. D1  0, D2  0 .
Step 4: The obtained value of decision variables (T , p) are being used in equation (11) to
calculate the optimal profit function.

6. Numerical Example and Sensitivity Analysis
Example 1: Take  =30,  =0.1, C =$50/unit, Cd =$55/unit, h =$2/unit/year, A =$25/order, 
=0.2,  =0.005,  =0.4,  =0.35, R0 =5, td =0.04 year. Using the above solution procedure, the
optimum value of decision variables are T =0.759 year, p =$ 230.09/unit, TP=$1263.84.
To represent concavity, D1 , D2 are calculated according to step 3. The obtained values are

D1  662.76  0, D2  42.528  0 .
The above result ensures the concavity of profit function. Also, the graph shown in Figure 2
represents the concavity of the optimality function.
A sensitivity analysis is performed in Table 2, representing a change in decision variables
together with total profit function by changing inventory parameters up to -20%, -10%, 10% and
20%.
Results depending on the above sensitivity table are as follows:
(i)
Parameter  can be interpreted as maximum demand that can be analysed by the
companies at the initial stage of cycle time if the object is given for free i.e. market
potential. With an increase in market potential there is an increase in initial selling price
along with total cycle time. The increase is beneficial to the model as it helps the increase
the total profit of retailer.
 is the objects own price effects. It indicates that sale of the product decreases when its
(ii)
selling price increases. The increment shows negative impact as it decreases the
optimization problem. i.e. total profit function.
(iii)
When purchase cost (C ) and disposing cost (Cd ) increases, the selling price of the
products increases. It is obvious that an increase in selling price will directly influence
the demand rate. Due to decrease in demand the total profit decreases. Hence, the
increase is not preferable.
(iv)
By increasing ordering cost and holding cost, the total profit decreases. As with an
increase in deterioration rate, the retailers have to invest more to reduce damages.
(v)
Higher deterioration rate increases the selling price. The change is not advisable as it
decreases the total profit.
(vi)
The increase in td is good as it increases the total profit function. Depending on the
products quality, if the deterioration free time increases the selling price decreases that
helps to reduce the economic loss. One should prefer the products whose rate of
deterioration is low.
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Table 2. Sensitivity analysis.
Parameters




C

Cd

h



A

td







R0

Values of parameters

Initial selling price( p )($/unit)

30
33
36
0.09
0.1
0.11
0.12
40
45
50
55
60
44
49.5
55
60.5
66
1.6
1.8
2.0
2.2
2.4
0.16
0.18
0.20
0.22
0.24
20
22.5
25
27.5
30
0.032
0.034
0.04
0.044
0.048
0.004
0.0045
0.005
0.0055
0.006
0.32
0.36
0.4
0.44
0.48
0.28
0.315
0.35
0.385
0.42
4
4.5
5
5.5

230.09
241.17
255.26
249.31
230.09
214.99
203.22
220.38
224.97
230.09
236.07
243.71
228.73
229.41
230.09
230.78
231.49
229.82
229.95
230.09
230.22
230.36
227.31
228.68
230.09
231.53
233.02
230.71
230.38
230.09
229.81
229.56
232.09
231.06
230.09
229.18
228.32
229.99
230.04
230.09
230.13
230.18
230.07
230.08
230.087
230.09
230.10
229.07
229.52
230.09
230.80
231.67
216.78
222.46
230.09
245.55
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Cycle time
( T )(in years)
0.760
0.922
1.052
0.868
0.760
0.664
0.580
0.969
0.859
0.760
0.667
0.576
0.783
0.772
0.760
0.748
0.737
0.764
0.762
0.760
0.757
0.755
0.814
0.786
0.760
0.734
0.709
0.743
0.752
0.760
0.767
0.774
0.744
0.752
0.760
0.766
0.773
0.760
0.7599
0.7595
0.7591
0.758
0.7598
0.7597
0.7595
0.7593
0.7591
0.809
0.784
0.760
0.734
0.708
0.905
0.842
0.760
0.605

Total profit
( TP )(in $/year)
1263.85
1492.03
1755.33
1446.36
1263.85
1120.14
1004.33
1331.25
1294.28
1263.85
1238.79
1218.35
1270.05
1266.91
1263.85
1260.88
1257.98
1265.04
1264.45
1263.85
1263.27
1262.67
1275.13
1269.31
1263.85
1258.75
1253.94
1270.50
1267.16
1263.85
1260.57
1257.34
1254.77
1259.31
1263.85
1268.40
1272.94
1264.13
1263.99
1263.85
1263.71
1263.57
1263.90
1263.88
1263.85
1263.83
1263.80
1296.17
1279.69
1263.85
1248.64
1234.04
1115.18
1186.73
1263.85
1349.64
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(vii)

(viii)
(ix)
(x)

 represents the saturation effect. It represents the ratio of the market who will not buy
the products as they already have it. The change shows negative impact because it
reduces the sale that influences the total profit function. The total profit function
decreases with an increase in saturation effect.
Increase in discount rate  increases the sale but decreases the total profit function.
With an increase in  , the holding cost after time td increases because of deterioration.
Hence, the total profit function decreases.
The total profit increases significantly by increasing R0 .

Figure 2. Concavity of total profit function through graphs.

7. Conclusion
This work is useful where the demand plays an important role in increasing the sale. The model
helps to solve problems when the company is facing problems due to spoilage. During that time
instead of constant selling price they can have variations with suitable discount for perishable
products. Dynamic pricing is an effective tool in inventory models. This will help them to fulfil
consumer’s requirement according to their need. Specifically, when the consumer’s demand is
price sensitive, a firm can change the price accordingly with time. The model considers dynamic
demand for perishable products in which the selling price is time sensitive and is an exponential
function of discount rate when deterioration takes place. To reduce the complexity the rate of
deterioration is assumed to be constant. The model uses classical optimization method to
calculate the initial selling price and cycle time. The purpose of the model is to maximize the total
profit function with respect to the decision variables. Concavity of the optimization problem is
presented through graphs. Furthermore, sensitivity analysis is performed related to the inventory
parameters along with some managerial insights. It shows that with an increase in deterioration
rate the holding cost increases to prevent the spoilage which in turn decreases the total profit
function. Also, the discount given during time period [0, td ] is not advisable as it increases the
loss. Moreover, it is observed through sensitivity table that with an increase in deterioration free
cycle time the total profit increases. Also, it is suggested that the company must sold as many
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products as possible before deterioration take place. For further research one can consider
shortages, preservation technology investment, backordering and trade-credits. It may be
extended further by taking multi-products at a time with more than one retailer or manufacturer.
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